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ABSTRACT

Since its introduction by Chari, Kehoe, and McGrattan (2007), Business
Cycle Accounting (BCA) exercises have become widespread. Much attention
has been devoted to the results of such exercises and to methodological
departures from the baseline methodology. Little attention has been paid to
identification issues within these classes of models. In this chapter, the authors
investigate whether such issues are of concern in the original methodology
and in an extension proposed by Sustek (2011) called Monetary Business
Cycle Accounting. The authors resort to two types of identification tests in
population. One concerns strict identification as theorized by Komunjer and
Ng (2011) while the other deals both with strict and weak identification as in
Iskrev (2010). Most importantly, the authors explore the extent to which these
weak identification problems affect the main economic takeaways and find that
the identification deficiencies are not relevant for the standard BCA model.
Finally, the authors compute some statistics of interest to practitioners of the
BCA methodology.
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1 INTRODUCTION

The business cycle accounting (BCA) procedure developed by Chari et al. (2007)
and recently revived by Brinca, Chari, Kehoe, and McGrattan (2016) has sparked
great interest among quantitative and theoretical economists. This tool allows to
look the data through the lens of a standard business cycle model and, most impor-
tantly, to detect and quantitatively assess to which extent and in which equilibrium
conditions the model performs better or worse. The so-called ‘wedges’ — which
in practical terms are whatever makes the equilibrium conditions not hold —
can be mapped into frictions of richer models and vice versa. In this context, the
BCA exercise can thus be thought of as some ex ante diagnosis tool for research-
ers to know in which broad classes of models it is worth or not worth investing
time if one wants to explain fluctuations in macroeconomic aggregates such as
GDP, investment and working hours during a particular economic episode.

BCA has become a standard tool of business cycle analysis and, since its
inception, literally hundreds of applications of the original methodology, have
been performed.

Examples can be found in Kobayashi and Inaba (2006) for Japan, Simonovska
and Soderling (2008) for Chile and Lama (2009) for Argentina, Mexico and
Brazil. The results seem to conclude, much in line with Chari et al. (2007),
that total factor productivity and distortions to the labour choice are relevant,
whereas distortions to the savings decision are considerably less important. Some
authors focus their analysis to one type of distortions as in Restrepo-Echavarria
and Cheremukhin (2010) or Cociuba and Ueberfedt (2010), where the focus is on
the labour-leisure margin, or other numerous studies which deal with total factor
productivity, such as Islam, Dai, and Sakamoto (2006). Another line of work
looks into a selected sample of countries and a specific periods of fluctuations
such as output drops (see, e.g., Dooyeon & Doblas-Madrid, 2012). Brinca (2014)
instead provides a comprehensive exercise for 22 OECD countries covering the
period from 1970 to 2012. It looks at the quantitative relevance of each distortion
over the whole business cycle and not just booms or busts. The results confirm
the findings of Chari et al. (2007) regarding the Great Depression and the 1981
recession in the United States, while stressing the relevance of the international
channels of transmission of these distortions.

In terms of methodological departures, Otsu (2009) extends the methodology
to a two-country setting. Sustek (2011) includes a Taylor-type nominal interest
rate setting rule and an extra asset, government bonds, to study the behaviour
of nominal variables such as the nominal interest rate on bonds and the infla-
tion rate, and gives it the name of monetary business cycle accounting (MBCA).
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These departures have also been explored. For instance, Brinca (2013) applies
Sustek (2011) model to perform a MBCA exercise for Sweden, comparing the
1990s crisis with the period of the Great Recession.

While much attention has been devoted to the BCA methodology, no efforts
have been made in investigating whether the parameter estimation procedure
associated with this tool is affected by identification deficiencies. The question of
identifiability in dynamic stochastic general equilibrium (DSGE) is an important
one as it might jeopardize the consistency and adversely affect the precision of
parameter estimates. This issue becomes even more important in light of the fact
that, in the past years, DSGE models have become a standard and important
asset within the toolkit of economic policy-makers to make quantitative state-
ments about real and nominal variables. When these models are brought to the
data researchers should be cautious in taking for granted the empirical credibility
of their estimated parameters and, thus, of the economic implications that the
latter entail. Indeed, due to identifiability issues inherent to DSGE models, it
is far from obvious that parameters can be inferred successfully even when one
has an infinite sample of observed data and when full-information methods such
as maximum likelihood (ML) are employed in estimation. Most importantly, as
pointed out by Canova and Sala (2009), in some cases these identification defi-
ciencies can result in significantly different economic inference from the theoreti-
cal models of interest. To the extent that the BCA exercises by Chari et al. (2007)
and Sustek (2011) draw quantitative conclusions from their respective DSGE
models of reference it is of outmost importance that their identification potential
is carefully analyzed.

This chapter builds up on the literature which studies local sample and popula-
tion identification issues specific to linearized DSGE models. Our methodological
approach to the analysis of such issues is closely related to the work by Canova
and Sala (2009) whose contribution was to provide: (i) a working language which
allows researchers to classify identification problems; (ii) formal graphical inspec-
tion tools to detect those problems; and (iii) possible ways to obviate them. Due
to the high number of parameters to be estimated in both models graphical
inspection quickly becomes unmanageable and dispersive. This leads us to bring
into our toolkit the formal identification tests developed by Komunjer and Ng
(2011) and Iskrev (2010).

The results presented in this chapter suggest that the standard and MBCA
model do not suffer from strict identification failures when estimation is restricted
to the parameters governing the law of motion of the latent variables and that this
is not true anymore once one extends the estimation to the deep parameters of the
model. We show that restricting estimation of some deep parameters can obviate
these strict identification failures. We also find that both models are affected by
weak identification deficiencies and that these are induced by several parameters
of the model not exerting a distinct effect on our objective function of inter-
est, namely the likelihood function of the model. Finally, we explore to which
extent this type of identification failure affects the main conclusions to be drawn
from (M)BCA exercises. We find that the main takeaways from a standard BCA
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exercise are not overturned when one explicitly takes into account the weak iden-
tifiability of the model’s parameters. We are still investigating whether this result
holds through in the MBCA framework.

Finally, we analyze how overall identification strength of the estimated param-
eter vector varies across sample sizes. To do so, we compute empirical distance
measures as in Qu and Tkachenko (2017). We find that in both models the param-
eter set is overall well identified even if a practitioner is faced with a data set of
only 20 data points per observable.

This chapter is organized as follows. Section 2 presents the prototype
MBCA economy. The methodology to run the identification tests is illustrated in
Section 3. Their results are reported in Section 4 while Section 5 discusses their
economic relevance. In Section 6, we present statistics of interest to practitioners
and then conclude in Section 7.

2 THE PROTOTYPE (M)BCA ECONOMY

We start by introducing the MBCA prototype economy as in Sustek (2011),
which is an extension of the prototype economy in Chari et al. (2007), a neoclas-
sical growth model with labour-leisure choice. The extension consists in allowing
for an extra asset (government bonds) and introducing a nominal interest rate
setting rule.

2.1 Description of the Economy

There is an infinitely lived representative agent that maximizes expected discounted
utility and a representative firm, both price-takers in all markets. The economy
experiences one of finitely many events s, where s' =(s,,...,s,) is the history of
events up to period # which occur with probability 7,(s"). There are six exogenous
stochastic variables which are all function of the random variable s'. Four of them
are the same as in Chari et al. (2007). These are the efficiency wedge Z (s"), the
labour wedge 1- 7, (s' )s the investment wedge 1/[1+7 | (s")] and the government
wedge g (s). With the Sustek (2011) extension, two more stochastic variables are
added: an asset market wedge 1/[1+ 7, (s")] and a monetary policy wedge f", (s").

The representative household chooses how much to consume ¢,(s") and how
much labour to supply / (s"). Given the discount factor 3 it solves the following
maximization problem:

o0

max  E,Y AU(c(s)1-I(s))(1+g,), 2.1)

{er (5T (5 k1 (5" )by (5T =0
subject to the budget constraint:
! -1
b(s") b, ()

[(1+R(s]p,(s)  p(s) ] (22)
=[1=7,()w, (), (s )+, (s Yk, (s ")+ T, (s")

e (s)+[1+7 (), (s)+[1+7,(s)] (1+g,)
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where x (s') is investment, gn the population growth rate, b (s') are bond hold-
ings paying a net nominal rate of return R (s') in all states of the world, p (s") is
the nominal price of goods in terms of a numeraire, w,(s") the wage rate, r(s")
the real rental rate of return on capital & (s') held at the beginning of period
and 7(s") lump-sum transfers from the government. Capital accumulation
follows:

(I+g )k, (s")=(1=6)k,(s")+x,(s") (2.3)

where § is capital’s depreciation rate. The production function for the representa-
tive firm is given by

y(s')= F(k, G WACH) (s’)), (2.4)

which is assumed to exhibit constant returns to scale (CRS). The aggregate
resource constraint is then given by

y, () =c(s)+g (s)+x,(s"). (2.5)

There is a monetary authority who reacts to deviations from steady-state out-
put y and inflation 7 by setting the nominal interest rate R (s') according to:

R(s')=(1-p)| R+, (In y,(s)~In y)+ o, (x,(s)~7)) 06
+p R _(s")+R(s")
where p, €[0,1) and 7,(s")=1n p,(s')—In p,_ (s"") is the inflation rate. In addition,
it is assumed that @_>1, thus eliminating explosive paths for inflation.
Just like in Chari et al. (2007) it is assumed that the state s, follows a Makov
process of the type

s, =P +Ps +Q¢ 2.7

s,0+1°

where € ., ~ N(0,7) . Moreover, the mapping between this process of the underly-
. 1 1 =
ingevent s, =(s,,,s,,s,, 2Syy> S ,5z,) and the wedges| Z ,1-7,, ’W,g’ ,H R

is one-to-one and onto. This setup is equivalent to assuming that agents use only
past realizations of wedges to forecast future ones. Note that in the case where the
matrix P is diagonal then, irrespectively of whether the covariance matrix QQ’ is
diagonal or not (i.e. whether the shocks are allowed to be correlated or not), the
MBCA model is block-recursive in the sense that shocks to the wedges of the
standard BCA setup only affect real variables while leaving the model’s nominal
variables — interest rate R and inflation rate = — unaffected. In this sense, we can
think of the MBCA theoretical framework as nesting the plain-vanilla BCA one.
This is why we avoid a detailed exposition of the latter.
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2.2 Equilibrium Conditions

Equilibrium allocations are pinned down by the production function in (2.4), the
aggregate resource constraint in (2.5) and the first-order conditions with respect
to labour, capital and bond holdings below:

Ul )—[ 1-7, (s)]w,(s"), (2.8)
U, (s
("D I+ T, (™A= 8) 47, 6™
_ (‘f+l x,t+1 t+l 29
1= ﬁE{ U, (s") | 1+7_ (s I3 @9)
12p g (L@ D16 26D Ly o)

Ucyt(s') 1+ Tb,r(sl) pm(s'”)

In Appendix B, we derive these conditions and present the full-fledged model.

The notation j=__ % _ 4 refers to model variables V/, which are

(I+g)  N(+g)
not only expressed in per-capita terms v, but also detrended ¥, .

2.3 Operational Model

In the operational version of the model which we bring to the data we consider
quantities which are not only expressed in per-capita terms but also detrended
(see Appendix B.5 for derivations). To highlight the differences between
this model’s and the previous model’s variables we introduce the notation

v V

t — t

(I+g.) N,(+g,)

The model is given by the CRS Production Function:

V=

3=k (z06D) .11
the aggregate resource constraint:
V() =E(s")+ g, +X,(5), (2.12)
the capital accumulation law:
(+g )1+g )k, (z')=(1-8)k (z7)+% (2, (2.13)
the Taylor rule:

R(s)=(-p, )[R+a)(lnyl(s) In $)+o_(7,(s")- n)]+pR R_(s"H+R, 214
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the F.O.C. for labour:

¢.(s")

l_ll(st):(l—r,,,)(l—a)k,(s‘) 2 (s e, (2.15)

the F.O.C. for capital:

I M A e L e Gl RN I
1=BB,j| 2t | |—t ’ (2.16)
c, -7 1+T”
and the F.O.C. Bonds:
~ c(s") 1+7 !
1= ﬁE, AC[ (SH?I b,t+1 pz (St31 [1+ Rt (St )] , (217)
c/+1 (S ) 1+ Tb,t p/+1 (S )

where B=8/(1+g.).
Notice that the operational model the efficiency wedge is thus given by

I

z, = z - and the government wedge by g, = & —
(I+g,) (I+g,)

The structural parameters of the BCA model are: (i) g,, population growth
rate of labour-augmenting technological process; (ii) g, growth rate of labour-
augmenting technological process; (iii) «, parameter which determines the share
of (and weight on) net capital stock in the Cobb-Douglas CRS production
function; (iv) 3, subjective discount factor, reflecting the time preference of the
household; (v) 6, depreciation rate of net capital stock; and (vi) ¥, Frisch elasticity
of labour supply. In the MBCA model the deep parameters also include (vii) p,,
weight on lagged nominal interest rate in the Taylor rule (extent of ‘interest rate
smoothing’); (viii) @_, coefficient on deviations of inflation from its steady-state
value in Taylor rule; (ix) W, coefficient on deviations of output from its steady-
state value in Taylor rule; and (x) 7, steady-state inflation.

3METHODOLOGY

The problem of identification emerges when a researcher seeks to infer the
parameters of his theoretical model from a sample of observed data. In general
and loosely speaking, the requirements for ‘successful estimation’ are that (i) the
objective function (e.g. the log-likelihood function) has a unique maximum,; (ii) the
Hessian at the mode is negative definite and has full rank; and that (iii) the objec-
tive function exhibits ‘sufficient’ curvature. Local identifiability is crucial as it
guarantees consistent parameter estimation and that the estimator has the usual
asymptotic properties, where by ‘local’ we mean that the maximum in condition
(1) above is at least locally unique. It is thus of outmost importance to investigate
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thoroughly whether the conditions for local identifiability are satisfied within the
standard and MBCA framework.

In this analysis, we employ strict and weak identification tests. Both are
performed in population, that is, given a theoretical sample of infinite length.
The former provides a yes or no answer to the question whether a parameter is
identifiable or not and, thus, whether condition (ii) above is satisfied or not. The
latter investigates condition (iii) above and is thus informative about whether the
likelihood exhibits small curvature, where small is in relation to an economically
relevant parameter range. The weak identification test also instructs about
whether the small curvature is due to the fact that the parameters have no effect
on the objective function or to the fact that the variation which they induce on
the objective function is not distinct enough from other parameters which are
being estimated.

As to the strict identification tests in population, consider the case where
the researcher has a sample of length 7 generated by (3.4) with 6 =6,. In this
context, one can ask the following question: If the sample was infinitely large,
thatis, 7 — o, under which conditions would it be possible to uncover the value
6, and the model that generated the data? Problems specific to the dynamic
nature of DSGE models make it difficult to test whether the conditions for
local identifiability mentioned above hold given a sample of data. Indeed,
as pointed out by Canova and Sala (2009), the mapping from the structural
parameters to the solution coefficients is typically unknown and the latter, in
turn, usually appear in a non-linear way in the objective function. These are
some of the reasons why the rank and order conditions of Rothenberg (1971)
derived for simultaneous system of equations cannot be applied. As pointed
out by Komunjer and Ng (2011) other reasons are that classical conditions:
(i) are derived for static models whose reduced-form errors are orthogonal to
the regressors, an assumption which is implausible for DSGE models given
that they are dynamic; (ii) do not recognize the fact that reduced-form param-
eters themselves can be not identifiable unless all state variables are observed:
and (iii) are for simultaneous system of equations which is not the form of
DSGE model solutions.

Alternative rank and order conditions for strict identification are derived by
Komunjer and Ng (2011) using the spectral density matrix and by Iskrev (2010)
using the likelihood function of the DSGE model. Both tests treat parameter
identification as a property of the underlying structural model. This is moti-
vated by the fact that DSGE models completely characterize the data generating
process. This is in contrast with other types of models where the mapping from
the model to the data is only partially known. Therefore, the economic model is
the origin of identification problems which appear in a particular data set. It is
then straightforward to see that identification problems may occur as an intrinsic
property of the model when, for instance, the restrictions that the model imposes
on the joint distribution of the observed variables do not contain sufficient infor-
mation about some parameters of interest. It is important to recognize the fact
that, in general, these restrictions are a function of the parameters. Hence, also
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the data crucially contributes to identify those parameter values for which the
model can account well for the movements in the data.

An advantage of the Iskrev (2010) approach over Komunjer and Ng (2011)
is that key objects of interest are obtained analytically rather than numerically.
Furthermore, it can detect not only strict but also weak identification problems. A
central tool in his analysis is the expected Fisher information matrix, as first sug-
gested by Rothenberg (1971). It is intuitive to understand why this matrix comes
handy to study identification problems. The information matrix measures the cur-
vature of the expected log-likelihood surface and, as pointed out by Rothenberg
(1971), it is informative about the (degree of) informational content available in
the sample about the unknown parameters. For instance, one should expect iden-
tification deficiencies to arise when the log-likelihood surface is flat or nearly flat
with respect to the parameters to be estimated. The degree of ‘flatness’ can be
detected and quantified via the information matrix.

There are two main reasons why parameters might be unidentifiable or just
weakly identifiable; they can be broadly classified as a ‘sensitivity’ and a ‘collin-
earity’ factor. They originate from the fact that the economic features which oper-
ate via the problematic parameters may be nearly or completely irrelevant with
respect to the variables of the model used in estimation. The ‘sensitivity’ factor
signals that the identification problem occurs because the features are inherently
unimportant while the ‘collinearity’ factor attributes it to the nearly redundant
nature of these features given others present in the model. The information matrix
can be used to assess the importance of the two factors via a simple decomposi-
tion. This analysis thus allows not only to flag problematic parameters but also
to quantify the strength and discern the nature of their identification deficiencies.

3.1 State Space Form
Following Chari et al. (2007) the state space form of the model is given by:

X, =A0)X +BO)k

1+1 +1°
Y =CO)X +a, (3.1)
o, =D®)a_+n,,

t

where, in the standard BCA model, the vectors of state variables and the vec-
tor of observables are, respectively, given by X, = [log(lgl)—log(k), log(z,)—log(z),
T,—7,,T,—7,log(g,)—log(g),1] ¥, =[log y, —log(y),log X, —log(%), log /, —log(/),
log g, —log(&)Y, whereasinthe MBCA model X, =[log(k,)—log(k), log(z,)—log(z),
T,-T,T,-T,, log(g,)—log(8),7, —7,,R - R,11, Y =[log §, —log(p), log %, —
log(1), log g, —log(?), R — R, m,—n].

The parameters of the model are collected in a vector 6 and belong to a set
© cR". The matrices 4, B, C and D are, respectively, the ones describing: (i) the
transition of the states; (ii) the variance covariance matrix of the shocks to the
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wedges u, = B(6)e, given by Q= BB’ since it is assumed that E[e¢, 1= I; (iii) the
mapping from the states to the observables; and (iv) the serial correlation of the
measurement errors (set to 0 here).

For both models, the state space matrices A(0) and B(6) are obtained by solv-
ing the rational expectations systems using the Gensys algorithm developed by
Sims (2002) (see Appendix C for more details).

Let us assume thatEnn’, = R and Ee,n’, = 0 for all periods ¢ and 5. Next, define
Y= Y, DY Then we can rewrite (3.1) as

t

X, =A0)X,+BO)k

_ _ Lo (3.2)
Y  =C6)X,+C(6)B(O)k,, +1,,

where C(8) = C(0)A(6)— D(6)C(6).
Stacking the vector of innovations and measurement errors into a n, x1 vector
e =(¢’,,n’,) yields the following representation:

X
Y,

t

= A(0)X, + B()z,,,,
=C(0)X, + D(0)e

1+1°

t+1

(3.3)

In all periods and all identification tests we set the measurement errors equal
to 0 so that (D =R= 04X4) and

X, = A(9) X +B(9)5,+1,
ny x1 nXan ny ><1 nA Xn. n, ><1 (34)
Y;Jrl = C(a) X + D(e) €t+] [l
Ty’x_; ny X"v( n.(><] "yX" n. ><1
where C(0) = C(0)A(0) and D(0) = C(0)B(0).
3.2 Estimated Parameters
The estimated parameters are those governing the stochastic process:
a=F+Ps,+0¢ ., (3.5)

underlying the wedges and are thus the ones appearing in the matrices P, P and
Q. More specifically, for the standard BCA model the stochastic process of the
wedge shocks takes the form:
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logz

t+1

T

It+1

T

xt+l1
logg,,,

Stel

aa{ oq A 9wy

pz pz,‘r, pz,‘r pz.g lOgZ'
+ pf/v ] 7T, p’/vg Tlt
prv, p'rx.r, p'rx er,g Tx/
pg,z 2.1, pg,ﬁ pg logg’
[ —
P K
qll 0 0 0 gz,r+1
" 4 9y 0 0 7+l i
G 9 9 0 | &
9y 99 Y95 9 Sg', "
[

65

(3.6)

The estimated steady-state vector of wedge shocks[logz,, ,7,.,,7.;,1088,.,]
are given by (I,,—P)"'P, =[log(z) 7, 7, log(g)] which we define as
[z, 7, 7. g,] forconvenience.

In the MBCA model the stochastic process of the wedge shocks takes the form:

logz

1+l

T

It+1

T

xt+l

10g §r+l

Thz+l

1+1

pz pz‘r, pz,‘rY pz,g pz‘rh pz,R logzl
pr,.z 7, pr,.z‘A p‘t,,g pr,,rh pr,,R T,
pr\,z prx,r, p'r\ pr),g prx,r,, pr R fw
" ¢ >
Pee Poe Poe Py Poo Por | 1088
pr,‘,z pr/,,‘r, pﬂ:,‘,rY pr,,.g pr,) p‘rh,R Tb’
R
Pr: Pis Pr: Prg Pre P !
.
P K
g, 0 0 0 0 0 | &m
q21 q22 0 0 7,0+l
+ 4 9 93 0 0 81]{,#1
Ay 9o 95 9 O 0 | £,
95 45, G5 9y 9ss O €
91 95 9o 9os Dos  Des Eﬁ,r +

(3.7)
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The estimated steady-state vector of wedge shocks [logz,,,,7;,,(>7,,.1,1028,,,,
Tw,ﬁ,ﬂ] is given by (I,,, — P) ' P, =[log(z) 7, 7, log(&) 7, R] which, again for
convenience, we define as [z, 7, 7 g T, R,1. Sustek (2011) imposes 7, =0
and R = 0 in estimation. In the identification tests we explore, inter alia, the case
where these two parameters are estimated as well.

In Section 4, we also present results for the case where the structural param-

eters of the respective models are included in the identification analysis.

3.3 Komunjer and Ng (2011) Test for Strict Identification

In a DSGE model two parameter vectors 6, and 6, are observationally equivalent
if' the spectral density matrix evaluated at 0 is equal to the spectral density matrix
evaluated at 0,. A parameter set 6, € © is defined to be locally identifiable from
the autocovariances of Y, if there exists an open neighboorhood of 6, such that 6,
and 0, being observationally equivalent necessarily implies 6, = 6.

Formally, Komunjer and Ng (2011) state that two triples (6,7, ,/, ) and
(6,,T,U) are observationally equivalent if ‘

A6)=T A@0,) T (3.8)
B(0,)=T B(6,)U (3.9)
C(6,)=C(0,)T" (3.10)

D(6,)=D(6,)U (3.11)

$(6,)=U 5(6,) U (3.12)

where A(-), B(*),C(-),D(-) and X(-) are the matrices of the state space model
described in (3.4) with T and U being full rank matrices.
A necessary sufficient condition for identification is thus checking that the

mapping

vec(T A8)T™)

vec(T B(O)U)

8O.7,U)=| vec(C(OT™) (3.13)
vec(D(0) U),

vec(U Z(O)U™)

has full rank. The rank condition for local identification at 6, when the state space
system is square (i.e. n. = n,) is thus given by

rank (A °(6,)) = n, +ny + 1, (3.14)
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where

A*(6,) =(A%(6,).47(6,).A;(6,))
98(6,.1, ,1,) 986,.1, .1,) 386,.1, ,1,) (3.15)
B a6 © ovecT  dvecU '

They also establish the following necessary order condition for identification:
n,+ny+n’ <nl =(n, +n,)ny +n)+n(n +1)/2. (3.16)

It requires the number of equations defined by 6 to be at least as large as the
number of unknowns in those equations and can be rewritten as:

_+1
—nf(n;_ )En§.
Minimality and left-invertibility of the state space system are maintained

assumptions of these conditions and we thus verify that they hold in our analysis.
The first condition gets fulfilled by rewriting (3.4) in the particular form:

n, <nyny +n_(ny +n, —n_)+ (3.17)

. X 40) 0 || X, B(6
= | J( ) v, ~l( ) e, GI8)
Xy 4,(6) 0 X,, B,(0)
A =~ Xl,t+l
1.,=(C.6)C,0)) g (3.19)
2,t1+1
so that
X, =40)X +B (0, (3.20)
A(0) B(6)

Y., =(C.(0)4(6)+C,(0)C,(0)) X,
c(0)
+(C,(0)B,(6)+C,(8)B,())e

D(6)

(3.21)

t+1°

Left-invertibility is ensured by the following assumption: For every 0 € O,

2 —A) B(O)
rank P(z;0) = n, 4+ n_in| z|> 1, where P(2;0)= ! ,zeC
—Cc0)  D(8)
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3.4 Iskrev (2010 ) Test for Strict and Weak Identification
In the following exposition, we closely follow Iskrev (2010).

3.4.1 Preliminaries

The log-likelihood function of a sample )} of data can be obtained using the
sequence of one-step ahead prediction errorse,, |, =Y, —C(0)X,, ;. The latter can
be easily constructed using the one-step ahead forecasts of the state vector X,
returned by the Kalman filter. Assuming that the structural shocks are Gaussian
implies that the conditional distribution of ¢, ,is Gaussian as well, withmean 0 and
covariance matrix S, , = C(0)B,, ,C(0)', where B, | = E(X, — Xt\r—l)(Xr X, )’
can also be obtained from the Kalman filter recursions and is the covariance
matrix of the one-step ahead forecasts conditional on information up to time

t — 1. The log-likelihood of the sample is then given by
1< 1< Janl
1(0) = const.—=> log(15, 1 1) =5 > ey "Syliess (3.22)
=1 t=1

Under some regularity conditions the ML estimator éT is consistent, asymp-
totically efficient and asymptotically normally distributed with

JT(6,-6,)5>NO,L1, (3.23)

where Z is the asymptotic Fisher information matrix evaluated at the true value
of 0. More formally,

T—oo

.1
I, = l1m(?IT J, (3.24)

where Z_ is the finite sample Fisher information matrix given by
dl.(0)|,]dl.(6
I,=E 11,19, 6) . (3.25)
00’ 00’

3.4.2 General Principles of Identification Analysis

Suppose that inference about the parameters of the model collected in the vector
0 is made using a sample with T observations of a random vector Y with a
known probability density function p(J};6), where V" =[Y",...,Y."]. The latter,
when considered as a function of 6, contains all available sample information
about 0 associated with the observed data. It is then straightforward to see that
a prerequisite for successful inference about 6 is that its values imply distinct
values of the density function p(}];6). More formally, a point 6, € © is said to
be identified if:

Pr(p(3};0)=p());6,))=1=60=6,. (3.26)
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That is, if the density function yields the same value when evaluated at 6 and at
6, this implies that 6 is equal to 6. It is possible to rewrite this condition in terms
of the log-likelihood function /() =log P()};0):

B, (6,)>E,L (6), V6. (3.27)

This follows from Jensen’s inequality, see Rao (1971), and the logarithmic
function being concave. It implies that the function H(6,,0)=E, (IT -1, (00))
achieves a maximum at 6 = 6, and that 6, is identified if and only if the maximum
is unique. The conditions2for local uniqueness of a maximum at 0, are that (i)
dH(6,,6) =0 and (ii) d H(GOiO) o
is locally unique then 6, is locally identified, that is, there exists an open neighbor-
hood of 6 where (3.26) holds V6.' One can show that, see Bowden (1973), the
condition in (i) is always fulfilled and that the Hessian matrix in (ii) is equal to the
negative of the Fisher information matrix. This leads to the following result by
Rothenberg (1971): Let 0, be a regular point* of the information matrix T _(6). Then
0, is locally identifiable if and only if 7 _(6,) is non-singular.

In general, non-singularity of the Fisher information matrix is both necessary
and sufficient for local identification.® The information matrix is singular when-
ever the expected log-likelihood function is flat at §,. In this case, due to the lack
of the variability induced by the parameters on the log-likelihood function, it is
impossible to make inference about the parameters even with an infinite sample
of data. There are two reasons why this might occur, following Iskrev (2010)
we call them the ‘sensitivity’ and ‘collinearity’ factors. Either the parameters
have no effect on the expected log-likelihood (‘lack of sensitivity’), or different
parameter values induce the same changes in the expected log-likelihood (‘per-
fect collinearity’). It is thus useful to formalize ideas in order to investigate to
which extent the two channels are at work. This can be done by using the fact
that the information matrix is equal to the covariance matrix of the scores and
can thus be expressed as:

is negative definite. If the maximum at 6,

7,(6,)=A"R,(6,)A", (3.28)

where A= diag(IT (90)) is a diagonal matrix containing the variances of the ele-
ments of the score vector, and R, (6, ) is the correlation matrix of the score vector.
Thus a parameter 6, € 0 is locally unidentifiable if:

(I) Lack of sensitivity: The expected log-likelihood is not affected by small
changes in 6, that is,

A= E(alT(eo)j = —E[az Mao)}: 0 (3.29)
' %6, 96
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(II) Perfect collinearity: The effect of small changes in 6, on the expected log-
likelihood can be offset by varying other parameters, that is,

0.=\1-1/R} =1, (3.30)

where R, is the ith diagonal element of the inverse of R,. As Iskrev (2010) puts its

[t]he intution about the meaning of ©. comes from a well-known property of the correlation
matrix Tucker, Cooper, and Meredith (1972), which implies that g, is the coefficient of multiple
correlation between the partial derivative of the log-likelihood with respect to 6, and the partial
derivatives of the log-likelihood with respect to the other elements of 6.

Conditions (I) and (IT) characterize the case in which the expected log-
likelihood is completely flat and the parameters are thus not identifiable in a
strict sense. The case of weak identification, on the other hand, arises when the
expected log-likelihood features little curvature with respect to some parameters.
We delve further into this issue next.

3.4.3 Identification Strength

Local identifiability guarantees, in general, consistent estimation of #. The pre-
cision with which @ is estimated is governed by the curvature of the expected
log-likelihood function in the neighborhood of 6, of which the rank conditions
above are not informative. Identification is weak whenever small changes in 6 do
not induce sufficiently large changes in /, () or, equivalently, when small changes
in /,(0) are associated with large changes in 6. By weak we mean that the esti-
mates are prone to be imprecisely estimated even in the presence of an infinitely
large sample of data. The degree of ‘weakness’ is thus related to the degree of
precision. The latter is not an absolute but rather a relative concept which varies
according to the application at hand.

We already saw that a central tool when investigating whether a parameter
is locally identifiable or not is the Fisher information matrix. This is because, as
shown in Rothenberg (1971), the latter is indicative of the degree of curvature
of the expected log-likelihood function. To understand the next logical step in
the analysis, namely the relationship between the curvature and the precision of
the ML estimator éT it is useful to recall its asymptotic distribution described in
(3.23). It is then straightforward to see that 7. 1((90) / T is the sample counterpart
of the covariance matrix of 8, and, analogously, Z,7'(6,)/ T is the sample coun-
terpart of the variance of 6.

Asymptotic efficiency of ML estimation implies that éT has the smallest
asymptotic covariance matrix within the class of consistent estimators. This
follows directly from the fact that, according to the Cramér-Rao theorem, the
lower bound of the asymptotic covariance of any consistent estimator 6 is
given by the inverse of its asymptotic information matrix Z,. Concurrently, the
covariance matrix of any unbiased estimator is bounded below by the inverse of
the sample information matrix Z, so that b, = Z;"' represents the lower bound on
the variance of any unbiased estimator 6. To measure identification strength we
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can thus construct bounds on 1 standard deviation intervals for the individual
parameters.

As shown in Iskrev (2010), it is possible to relate the size of the bounds to the
potential roots of identification deficiencies. Indeed, using the decomposition of
7,(6)in (3.25) and the properties of the correlation matrix one obtains:

1

h=—-—. (3.31)
" a0-p)

When can one ascribe the identification problem to the ‘sensitivity’ or ‘correla-
tion’ factor? In the first case, we know that the parameter does exert an irrelevant
or weak effect on the likelihood, in which case A, = 0. In the second case, the
effects induced on the likelihood by one parameter are compensated, and thus
made redundant, by changes in other parameters, in which case p, = 1. In both
cases, the sources of weak identification lead to a large b, and make inference
about a parameter value challenging at best.

Notice that the sensitivity factor alone cannot guarantee successful param-
eter identification. Indeed, even if A, is large, nearly perfect collinear effects of
a parameter ¢, with respect to the other parameters 6_, lead to values of p, close
to 1, in which case identification remains weak. This example illustrates well the
difference between the information about 6, contained in the likelihood when the
other parameters are known, see A, and when they are not known, see b, This
second source of information is smaller and the difference is increasing in the
‘correlation’ factor, see o..

4 RESULTS

In this section, we report results for the tests by Komunjer and Ng (2011) and Iskrev
(2010). Results for the case where investment adjustment costs are introduced
can be found in Appendix A. In the BCA and MBCA models, strict and local
identifications are checked at the parameter set estimated (or fixed, as it is the case
for the deep parameters) in Chari et al. (2007) and Sustek (2011), respectively.

4.1 Komunjer and Ng (2011)

We explore whether a parameter is identifiable in a strict sense. To answer this
question in population we show results of the test by Komunjer and Ng (2011)
first. Since this test requires computing the rank of the matrix A® (6,)1in (3.15) to
check whether the rank condition for strict identification holds we report results
for different tolerance levels. Indeed, the rank of a matrix is equal to the number
of its non-zero eigenvalues which are found by numerical routines using a cut-
off to establish whether they are sufficiently small. Matlab, for instance, uses the
tolerance Tol = max(size(M))EPS (|| M H), where EPS is the float point precision
of M. As pointed out by Komunjer and Ng (2011) this default tolerance does
not take into account the fact that the matrix A*(6, ) is often sparse and can thus
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be misleading. Results are thus reported for 11 tolerance values ranging from a
maximum tolerance of le—2 to a minimum of le—11, along with the Matlab
default one.

To isolate the parameters which are not strictly identifiable even with an infi-
nite sample of data combinations of parameters which cause full rank failures in
the A®(6,) are searched by inspecting its change in rank and its null space. This is
first done at a high tolerance level of le—3 to flag the most difficult parameters
to identify and then at the lowest tolerance level for which identification fails in
order to find additional problematic parameters. Komunjer and Ng (2011) choose
the highest tolerance level of 1e—3 ‘on the grounds that the numerical derivatives
are computed using a step size of 1le—3’. In Appendix D, we report results for the
case where a Matlab selected measure of the step size is being used when com-
puting numerical derivatives. When this other measure is used the results suggest
more identification power in both models.

In general, the lower the tolerance level the higher the rank of the matrix since
more of the smallest eigenvalues are considered to be numerically different from
0. Then, according to the rank-nullity theorem — which states that the sum of
the rank and the nullity of a matrix is equal to its number of columns — the null
space will be smaller as well. This would lead to think that the set of parameters
which are flagged as troublesome should be larger the lower the tolerance level.
However, the way the set of problematic parameters is found by identifying the
number of columns of the orthonormal basis for the null space of the matrix Ai
— obtained via singular value decomposition — whose (absolute) sum of elements
is greater than the tolerance value (i.e. numerically larger than 0). This is because
the vectors contained in a basis must be linearly independent and a null vector
would always be linearly dependent with the other vectors. Thus, the lower the
tolerance level, the more columns (and associated parameters) will fall within this
set, the lower is the null space of the matrix Ai and, hence, the smaller is the set
of parameters which are not strictly identifiable.

Finally, we perform conditional identification tests. More specifically, when
the rank condition for strict identification fails, we check which parameters, when
restricted, can enable identification of the remaining parameters.

4.1.1 Chari et al. (2007) BCA Model

Table 1 reveals that the model’s parameters are strictly identifiable at Tol = le—11
and at the Matlab default tolerance level. When inspecting the null space of
A®(6,) no problematic parameters are found. This result might be explained by
the fact that the lower is the tolerance level, the smaller is the set of problematic
parameters, as explained above.

Moving to the case where also the deep parameters of the model are included
in the identification test reveals a different picture, as reported in Table 2. Indeed,
the extended parameter set does not pass the test at any tolerance value and sev-
eral problematic parameters are found. At Tol = le—3 the latter mainly concern
some steady-state values of the wedge shocks, off-diagonal elements of the matrix
P and all deep parameters. Once the tolerance is further lowered to Tol = Default
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Table 1. Komunjer and Ng Test Results BCA Model.

Tol May Ay Ay AL A R
e—02 29 25 15 51 40 62 0
e—03 29 25 16 54 45 69 0
e—04 29 25 16 a 45 69 0
e—05 29 25 16 54 45 69 0
e—06 29 25 16 54 45 69 0
e—07 29 25 16 54 45 69 0
e—08 30 25 16 54 46 70 0
e—09 30 25 16 54 46 70 0
e—10 30 25 16 55 46 70 0
e—11 30 25 16 55 46 71 1
Default = 2.756906e—12 30 25 16 55 46 71 1
Required 30 25 16 55 46 71 1

Summary: n, =30,n, =5,n. =4.

Order condition: n, = 30,1, = 50.

Table 2. Komunjer and Ng Test Results BCA Model (Deep Parameters

Estimated).
Tol A3 A7 A7 Ay ARy A* Pass
e—02 33 25 15 52 44 64 0
e—03 35 25 16 57 51 71 0
e—04 35 25 16 57 51 71 0
e—05 35 25 16 58 51 71 0
e—06 35 25 16 58 51 71 0
e—07 36 25 16 58 52 72 0
e—08 36 25 16 59 52 74 0
e—09 37 25 16 60 53 75 0
e—10 37 25 16 60 53 76 0
e—11 37 25 16 60 53 76 0
Default = 5.513812e—12 37 25 16 61 53 76 0
Required 37 25 16 62 53 78 1

Summary: n, =37,n, =5,n.=4.

Order condition: n, = 37,n; = 50.

Problematic parameters at Tol = 1e—3: 2, 7/ , 8. 0. s s Pror)s Pors Prors Prygs D 8o 800 B s 0
Problematic parameters at Tol = 5.513812e—12:z , 7/ , T , &, Py 0s, 5 Pr 25 P> Pany Prs Prons Painys Pers
Prrris Prs Pars Prgs Prygs Pr oo P Gops Gaps Do U3 Qo G D> G &0 800 3 6 1), 0, v

also several off-diagonal elements of the Q matrix are flagged as troublesome. At
the default tolerance level, the model’s parameters might be strictly identifiable
if at least two restrictions are imposed. Indeed, all matrices are full rank with
the exception of A which is short rank by 2. We thus check whether fixing some
parameters alleviates the strict identification deficiencies. As emerges from Table 3
there are several sets of restricted parameter combinations which allow to do so.
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Table 3. Komunjer and Ng Conditional Test Results BCA Model,
Tol = 5.513812e—12.
Fixed A3 AS AS A3, A3, AS Pass
7, z, 37 25 16 62 53 78 1
P, .2, 37 25 16 62 53 78 1
P 2 37 25 16 62 53 78 1
Po e 37 25 16 62 53 78 1
Por, 37 25 16 62 53 78 1
pr 2y 37 25 16 62 53 78 1
Do % 37 25 16 62 53 78 1
0 2., 37 25 16 62 53 78 1
e 37 25 16 62 53 78 1
vz 37 25 16 62 53 78 1
8.7, 37 25 16 62 53 78 1
g7, 37 25 16 62 53 78 1
a7 37 25 16 62 53 78 1
Br, 37 25 16 62 53 78 1
p,. 8 37 25 16 62 53 78 1
p.. &, 37 25 16 62 53 78 1
P 2. 37 25 16 62 53 78 1
Do, €. 37 25 16 62 53 78 1
P 8 37 25 16 62 53 78 1
Do o 37 25 16 62 53 78 1
4y &, 37 25 16 62 53 78 1
4n . 37 25 16 62 53 78 1
e, 37 25 16 62 53 78 1
.. 37 25 16 62 53 78 1
&0, 37 25 16 62 53 78 1
rs 37 25 16 62 53 78 1
g0, 37 25 16 62 53 78 1
gp.. 37 25 16 62 53 78 1
Bp... 37 25 16 62 53 78 1
g . 37 25 16 62 53 78 1
ep. . 37 25 16 62 53 78 1
B, 37 25 16 62 53 78 1
2.0, 37 25 16 62 53 78 1
.0, 37 25 16 62 53 78 1
8p,., 37 25 16 62 53 78 1
Do Pro 37 25 16 62 53 78 1
g0, 37 25 16 62 53 78 1
en,, 37 25 16 62 53 78 1
Bp,. 37 25 16 62 53 78 1
8,0, 37 25 16 62 53 78 1
20, 37 25 16 62 53 78 1
8p,, 37 25 16 62 53 78 1
2, 4 37 25 16 62 53 78 1
37 25 16 62 53 78 1
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Table 3. Komunjer and Ng Conditional Test Results BCA Model,
Tol = 5.513812e—12. (Continued)

Fixed AS AS AS AS, AS, AS Pass
B4, 37 25 16 62 53 78 1
g,y 37 25 16 62 53 78 1
£.49, 37 25 16 62 53 78 1
B4, 37 25 16 62 53 78 1
hg, 37 25 16 62 53 78 1
Pg 37 25 16 62 53 78 1
v 37 25 16 62 53 78 1
Required 37 25 16 62 53 78 1

Summary: n, =37,n, =5,n. =4.
Order condition: n, = 37,n, = 50.

4.1.2 Sustek (2011) MBCA Model

The results for the MBCA model by Sustek (2011) resemble the ones just reported
for the standard BCA model. Indeed the MBCA model fulfils the rank condition
for strict identification established by Komunjer and Ng (2011) at Tol = le—11
and at the Matlab default tolerance when the baseline set of estimated parameters
is considered (Table 4) or when the latter contains also [7, , I?SS] (Table 5). This
is no longer true once the deep parameters are included in estimation. Indeed,
also in this case, several steady-state wedge shocks and off-diagonal elements of
the P and Q matrix are not strictly identifiable, though this is only true when
both [z, , R ] and the deep parameters of the model are included in estimation
(Table 6). Indeed, when only the deep parameters of the model are included in
estimation on top of the baseline set of parameters considered in Sustek (2011)
then this is only true at a low Tol = Default since at Tol = le—3 only a few
steady-state wedge shocks are found to not meet the requirements for strict

Table 4. Komunjer and Ng Test Results MBCA Model.

Tol A3 AS AS A3, A3, AS Pass
e—02 60 49 33 101 89 130 0
e—03 60 49 36 108 96 143 0
e—04 60 49 36 109 96 144 0
e—05 60 49 36 109 96 144 0
e—06 60 49 36 109 96 144 0
e—07 60 49 36 109 96 145 0
e—08 60 49 36 109 96 145 0
e—09 61 49 36 109 97 145 0
e—10 61 49 36 109 97 145 0
Default = 1.165290e—11 61 49 36 110 97 146 1
e—11 61 49 36 110 97 146 1
Required 61 49 36 110 97 146 1

Summary: n, =61,n, =7,n.=6.
Order condition: n, = 61,1, =105.
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Table 5. Komunjer and Ng Test Results MBCA Model (r, and R, Estimated).

Tol A3 AS AS A3, A3, AS Pass
e—02 62 49 33 103 91 131 0
e—03 62 49 36 110 98 144 0
e—04 62 49 36 111 98 146 0
e—05 62 49 36 111 98 146 0
e—06 62 49 36 111 98 146 0
e—07 62 49 36 111 98 147 0
Default = 1.193257¢—08 62 49 36 111 98 147 0
e—08 62 49 36 111 98 147 0
e—09 63 49 36 111 99 147 0
e—10 63 49 36 112 99 147 0
e—11 63 49 36 112 99 148 1
Required 63 49 36 112 99 148 1

Summary: n, =63,n, =7,n. =6.

Order condition: n, = 63,n; =105.

Problematic parameters at Tol = le-3:z , g_.

Problematic parameters at Tol = 1.000000e—10: 2, T, , T, , & P.s Py, 25 Pr s Py P, 25 P> Perys Prs Prrys
P> Pryp piz.f,? Pz Priris Pros Pors Pryrs piz,f" P> Prigo Prog /)g’ Pre0 piz,ga Py Prizyp Prory Pey> Pry
Prryo P- o pT,AR’ Pr ko Peio Pry o Pio D> D315 D515 D> D320 Dz D520 D330 D530 Doz Gaar

Table 6. Komunjer and Ng Test Results MBCA Model (r, , R, and Deep
Parameters Estimated).

Tol ALA A AL AL A R
e—02 70 49 35 106 100 134 0
e—03 71 49 36 114 107 147 0
e—04 71 49 36 118 107 149 0
e—05 71 49 36 118 107 150 0
e—06 71 49 36 118 107 150 0
e—07 72 49 36 119 108 151 0
Default = 2.386514e—08 72 49 36 120 108 153 0
e—08 72 49 36 120 108 154 0
e—09 73 49 36 120 109 154 0
e—10 73 49 36 121 109 156 0
e—11 74 49 36 122 110 157 0
Required 74 49 36 123 110 159 1

Summary: n, =74,n, =7,n.=6.

Order condition: n, = 74,n, = 105.

Problematic parameters at Tol = le=3: z, 7/, T., &, P Pros P> Peos Pros Pros Porp
pr,’ pr\.T,J ng',’ pr,,,r,’ piz_,,: /0:.7'\7 pr,,y'\ ’ /}r\ > pg.r\’ pr,,,,-‘v pihg p:,g7 pT,_ga pr\.g’ pgs pT,,Ag7 p[z,y p:,r,,’
Pr Prorys Poirys Pryp Proryo P Pry ko Pr ko P Pry o P D> D310 D510 D> D3> D> D50 D3> Daz> D53 D30 Qs> Dsao
Gop 53 89 8 3. 6.1, 0, ppy W L w, .

Problematic parameters at Tol = 1.000000e—11: z, 7, , 7., g, 7, R, Ps Prros Prois Pyos Pryos
pf{_:’ p:_7,> pr,’ pﬂ.n’ pll-ﬂ > pr,,,r,? pi{_ﬁ’ p:,T\’ pT,,T\ > pr\ > pg,T\’ pTh,T\’ p[é;g p:,g’ p,»,.g’ pT\,ga pg> pr,',,p pk‘ga p:,r,,a pr,,r,,’
Promys Porys Pryp Proys Poo Pry o Pr i Peio Pry o Pie Qi Do Do Dar> Dsi> Der> Do D> Dan> D> D> D> D> D
Doz Qap Dsa> Dop D552 Dos> Dooo & 80 B, & 0 0, 0 P Un s w0, T
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Table 7. Komunjer and Ng Test Results MBCA Model (Deep Parameters

Estimated).
o ML A A Ay, Ay, A P
e—02 68 49 35 104 98 133 0
e—03 69 49 36 113 105 146 0
e—04 69 49 36 116 105 148 0
e—05 69 49 36 116 105 148 0
e—06 69 49 36 116 105 148 0
e—07 70 49 36 117 106 149 0
e—08 70 49 36 118 106 152 0
e—09 71 49 36 118 107 153 0
e—10 71 49 36 119 107 154 0
Default = 2.330580e—11 72 49 36 120 108 155 0
e—11 72 49 36 120 108 155 0
Required 72 49 36 121 108 157 1

Summary: n, =72,n, =7,n.=6.

Order condition: n, = 72,n; =105.

Problematic parameters at Tol = le=3: 2, T, , T, , & s P, 2> Pr_s Pys Pryos Przs Prrps Prorys Porys Pryns
pRj,’ p:,r" p'r,,.q > pg.y"ﬂ pf,,.y"’ pR,T\! p:‘.g’ pf,,g’ p’f\.g’ p’.’/“g’ p}é‘g’ p:.r,,’ pr’,,‘f/,’ pr",’.'h’ pg,’rh’ pkm’ p_.'Rs pnﬁs pT_R’ pg.)is
Proi Pio s G530 8, 80 B, 01 0, oy W T

Problematic parameters at Tol = 1.000000e—11: z, 7/, T , & P Pros Prs Poss Prpos Prus

P Prps Prrys P> Pryr Prirp P> Prye s Pris P s Pryrs Prr > Pegs P oo Progr P Pryg Piig> Peiryo Py Prory»
Pgrys Prys PR‘T,,, P. k> PT“Ra /JT‘ N P)’,‘Rs Pw,p Pro 4115 Dr1> D315 D515 De1> 92> D320 D> D520 Doo> D330 Qi3> D530 D3> Dags D5
De4> D550 965> o> 810 8 B, 6,9, 0, Pro Wi W T

identifiability (Table 7). A similar pattern emerges once investment adjustment
costs are introduced in the model (see Appendix A).

As to the conditional identification tests, we find that when the parameter set
also includes the deep parameters of the model it is possible to fix some model
parameters so as to make the rest identifiable (see Table 8) only when 7, and fi’ss
are not included in estimation. The sets which restrict the least number of param-
eters are two and are found at Tol = le—11, namely (i) {7, z,; } and (ii) {7, g .}

4.2 Iskrev (2010)

In this subsection, we show the results of the parameter identification analysis of
the baseline BCA and MBCA models. We only summarize the results on the strict
identification tests and then focus on the weak identification analysis.

Table 8. Komunjer and Ng Conditional Test Results MBCA Model,
Tol = 2.330580e—11.

Fixed A3 A7 Ap A, N A’ Pass
7.z, 72 49 36 121 108 157 1
. 8. 72 49 36 121 108 157 1
Required 72 49 36 121 108 157 1

Summary: n, =72,n, =7,n.=6.
Order condition: n, = 72,n; =105.
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We start with the standard BCA model in the case where the deep parameters
of the model are estimated on top of the ones governing the VAR(1) process of
the innovations to the wedges, for a total of 37 parameters. The rank of the infor-
mation matrix is 33. Using population data it is possible to obtain g and g_can
assumed to be known since in our detrending it set to a value such that average
detrended output is equal to 0.* With 35 parameters, the rank of the information
matrix is still 33. By brute force, we check the rank of the information matrix for
all possible combinations of 33 parameters out of the 35 (595 such combinations)
being restricted and find that: (i) 21 combinations deliver a rank of 31; (i) 355
combinations give rank of 32; and (iii) 219 combinations result in a rank of 33.
Thus, we can fix 219 possible pairs of parameters and identify the ones left unre-
stricted in the respective cases.

As to the MBCA model, we start with 74 parameters which corresponds to the
case where the deep parameter of the model as well as the steady-state innovations
to the asset market and monetary policy wedge (7, and fess) are estimated on top
of the ones governing the VAR(1) process. Fixing g, and g_as discussed above
leaves 72 parameters and the rank of the information matrix is 68. There are
1,028,790 possible combinations of 68 out of 72 parameters which can be fixed, for
16,652 of them the resulting rank of the information matrix is 68. When all deep
parameters are excluded from the analysis, and thus only the wedge parameters are
considered 63 parameters are left. In this case, the rank of the information matrix
is 62 and fixing any one of the following set of parameters gives a full rank of 62:

{Th&\ ’ pr,,,z 4 prh,r, > prh,r‘ ’ pr,,.g’ pz,1:,y ’ pr,.g, ’ pfx,r,, > pg,‘r 4 pie,r,, 4 prh,R’ 951> 952> 953> D54 qSS}'
For instance, fixing 7, as done in Sustek ‘(201 f) gives a full rank of 62. If the
non-wedge parameters are added 71 parameters are estimated and the rank of
the information matrix is 68. There are 57,155 combinations of 68 out of 71
parameters and for 59 of them fixing the relevant parameters gives a rank of 68.

Next, we study whether the parameters are affected by weak identification
problems. We report Cramér-Rao lower bounds (CRLBs) as a measure of
parameter estimation uncertainty in absolute terms, and relative CRLBs,
rCRLB(0,)=CRLB(0,)/abs(8,), as a measure of relative uncertainty. The
CRLBs reflect the uncertainty which arises from both the ‘sensitivity’ and the
‘collinearity’ factors. This is because, as discussed in Section 3.4.2, the CRLB
is the product of these two components. The first component concerns the
sensitivity of the log-likelihood function with respect to 6, whereas the second
relates to the degree of collinearity between the derivative of the likelihood with
respect to 6, and the derivatives of the likelihood with respect to all other free
parameters 0.

In order to interpret them it is useful to recall the following facts. The sensitivity
factor for a parameter reports the value of the conditional CRLB, that is, the
lower bound of uncertainty given that all other parameters are known and no
collinearity is present. As to the collinearity factor, it is indicative of the increase
in the CRLB when the other parameters are unknown as well. The magnitude of
the sensitivity component, unlike the collinearity one, depends on the scale of the
parameters and is thus divided by the respective parameter values.
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4.2.1 Chari et al. (2007) BCA Model

Table 9 deals with the standard BCA model and the case where the structural
parameters are assumed to be known. The first column shows the values of the
parameters governing the stochastic process of the wedges, the second one the
CRLBs and the third one the relative CRLBs. The latter measure can be used to
compare the relative identification strength across parameters which take different
values. For instance, z__ is much worse identified than g_. This is because the CRLB
of z_ relative to its value is 6.3701 while only 0.3617 for g..- Further examination
of Table 9 suggests that the worst identified parameters, using (arbitrarily) a cut-
Off Value Of l are Z pT z’pr z’pgz’pzrl’p‘r 1,’pgr,’pkr ’pr,r ’pgr ’ng pr,g

G oy By G 4,20 4, .
Table 10 considers the case where all parameters in the BCA model are

estimated with the exception of four out of the seven structural parameters in
the BCA model being held fixed so as to guarantee strict identification of the
remaining parameters. As described above, there are many such combinations

Table 9. BCA, Parameter Identification (All Deep Parameters Fixed).

Value CRLB rCRLB

~0.0239 0.1524 6.3701
7, 0.3279 02513 0.7662
T 0.4834 0.3763 0.7783

—1.5344 0.5550 0.3617
p. 0.9800 0.0484 0.0494
p.. ~0.0330 0.0631 1.9123
P . ~0.0702 0.1135 1.6161
Por 0.0048 0.0627 13.0322
p... ~0.0138 0.0353 2.5588
’, 0.9564 0.0675 0.0706
P ~0.0460 0.1346 2.9252
Do ~0.0081 0.0578 7.1346
p.. ~0.0117 0.0825 7.0314
o, ~0.0451 0.0768 1.7024
o 0.8962 0.0994 0.1109
P, 0.0488 0.0964 1.9744
p., 0.0192 0.0791 41117
P 0.0569 0.0760 1.3357
Prs 0.1041 0.0866 0.8321
o, 0.9711 0.0907 0.0934
q, 0.0116 0.0007 0.0578
0, 0.0014 0.0028 2.0187
4, ~0.0105 0.0111 1.0555
a, —0.0006 0.0013 22905
@ 0.0064 0.0004 0.0633
. 0.0010 0.0099 9.6266
7, 0.0061 0.0085 1.3946
q, 0.0158 0.0110 0.6912
s 0.0142 0.0034 0.2412

Gy 0.0046 0.0047 1.0269
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Table 10. BCA, Parameter Identification (Some Deep Parameters Free).

Value CRLB rCRLB
~0.0239 17607 73.6039
7, 0.3279 0.4714 14376
T 0.4834 1.5796 3.2674
g, —1.5344 0.7628 0.4972
0. 0.9800 0.0609 0.0622
P, -0.0330 0.0683 20712
0. . ~0.0702 0.1159 1.6503
P 0.0048 0.0695 14.4480
p... ~0.0138 0.0571 4.1391
o, 0.9564 0.0750 0.0784
[ ~0.0460 0.1441 3.1325
Do, ~0.0081 0.0830 10.2360
0. ~0.0117 0.1214 10.3566
o —0.0451 0.0798 1.7692
o 0.8962 0.1288 0.1437
Do 0.0488 0.0970 1.9863
o, 0.0192 0.1046 5.4386
P 0.0569 0.1020 17917
P 0.1041 0.1243 11947
o, 0.9711 0.1141 0.1175
q, 0.0116 0.0057 0.4902
a0 0.0014 0.0040 2.8614
a, ~0.0105 0.0149 1.4217
a0y ~0.0006 0.0013 2.3349
7, 0.0064 0.0035 0.5488
a, 0.0010 0.0123 11.8844
a, 0.0061 0.0117 1.9119
a, 0.0158 0.0215 13562
4, 0.0142 0.0046 0.3233
a0, 0.0046 0.0068 1.4834
s 0.0118 0.0014 0.1215
o 1.0000 0.5176 0.5176
a 0.3500 0.3171 0.9059

which would have guaranteed a full rank information matrix. On top of leaving out
g,and g_which we can calculate using additional data we leave out 3 and 1) from the
analysis. Not surprisingly, the relative uncertainty measures increase. Moreover, the
set of worst identified parameters includes also 7 1T 2Py, and q,..

The ‘sensitivity’ and ‘collinearity’ components of the parameters’ CRLBs for
the case where the deep parameters are fixed are reported in Table 11 and labelled
as ‘sens.” and ‘coll.’. It is immediate to see that the channel which drives weak
identification is the collinearity one. Indeed, while all parameters exert a strong
effect on the likelihood, some of them induce a variation in the likelihood which
is very similar to other parameters. For some parameters, the sensitivity factor is
so strong that it outweighs the negative effect of the collinearity factor on their
overall uncertainty. For others, however, the collinearity factor predominates and
leads their relative uncertainty to be high. It is also interesting to take a look at
the largest multiple correlation coefficients between d/,(0)/96, and 9I,(0)/96 ,,
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Table 11. BCA, Information Matrix Decomposition (Observing 4 Standard

Variables).
CRLB/para. sens/para. coll. 0 %0 %)
z. 6.370 0.575 11.082 0995920  0.886 () 0.931 (g, p,.)
7, 0.766 0.018 41833 0999714 0739(r,)  0.905(r, .p..)
T 0.778 0.009 82492 0999927  0.886(g.) 0.934 (7, )
g, 0.362 0.006 59573 0999859 0.886 (r.) 0.971 (. 7))
. 0.049 0.000 153.520  0.999979  0988(p,.)  0.991(p,..p,.)
p.. 1.912 0.030 64792 0999881  0.907(p)  0.982(p, .p, )
D 1.616 0.026 62.859 0999873 0908(p,.)  0.974(p, .p, )
P 13.032 0.097 134773 0999972 0988 (p) 0.990 (p., p, )
p.., 2.559 0.014 176.574 0999984 0.988(p,.)  0.993 (o, .p.,)
o, 0.071 0.001 108.028 0999957 0978(p,,)  0.990(p, .p..)
oo 2.925 0.026 112,667 0999961 0969 (p, ) 0.986(p, .p, )
Do, 7.135 0.036 196423 0999987  0.988(p.,)  0.993(p,. .p,)
p... 7.031 0.012 600.752  0.999999  0.988 (p,.) 0.999 (p.. p..,)
P 1702 0.009 181791 0999985  0.983(p,,) 0998 (p, .p,,)
o, 0.111 0.001 126383 0999969  0978(p, ) 0997 (o, ..p, )
P 1.974 0.004 474827 0.999998  0.988 (p.. ) 0.999 (p, .. p,)
Py 4112 0.005 881973 0999999 0.988 (p,) 0.999 (p., p.., )
P 1336 0.005 272329 0999993  0983(p,.) 099 (o, .p. )
P 0.832 0.005 163.595 0999981  0.978(p,)  0.998(p, _.p. )
o, 0.093 0.000 684987 0999999  0988(p.,) 0999 (p,..p,.)
q, 0.058 0.036 1628 0788970  0.780(g,,) 0.788 (¢, 4))
7, 2.019 0.247 8160 0992462 0.747(q,) 0.756 (q,,. 4,,)
0, 1.056 0.038 27708 0.999349  0.951 (q,) 0.960 (¢, 4,,)
4, 2.291 0.654 3.504 0958421 0.951(q,) 0.958 (¢, 4
@ 0.063 0.045 1399 0.699484  0.622(q,) 0.632(r, . q,,)
7, 9.627 0.388 24829 0999189 0951 (q,) 0.951 (7., 4,,)
a, 1395 0.062 22658 0999026 0951 (q,) 0.955 (q,y» 4,)
q, 0.691 0.024 28643 0999390 0909(0,) 0911 (2., .q,)
4, 0.241 0.027 9.087 0993927  0.909 (q,) 0.909 (z_.. ¢,)
a0, 1.027 0.058 17.694 0998402 0.088(r,) 0173 (7,7, )

namely g, . We report the single and pairwise correlation coefficients in the col-
umns labelled by o,, and g, , respectively. The problematic parameters exert an
effect on the likelihood which is mostly collinear with the elements of the matrices
they belong to in the VAR(1) process of the innovations to the wedges (i.e. P, P
and Q). The fact that the steady-state innovations to the wedges are strongly cor-
related with elements of both the P and P matrix is due to the fact that they are
obtained as (/- P)"' P,

Table 12 presents the decomposition of parameter uncertainty into a sensitiv-
ity and collinearity component for the case where also some deep parameters
are estimated. The conclusions drawn about identification patterns drawn above
are largely unaffected. The only key difference is that steady-state parameters are
mainly collinear with the deep parameters of the model and vice versa. This is due
to the fact that the latter are directly informative about each other via the steady-
state equations of the model.
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Table 12. BCA (Some Deep Parameters Estimated), Information Matrix

Decomposition.
CRLB/para. sens/para. coll. 0 %) %2

z, 73.604 0.575 128.045  0.999970 0.886 (g,) 0.955 (g, @)
7, 1.438 0.018 78.490  0.999919 0.887 (o) 0.909 (=, )

3.267 0.009 346.308  0.999996 0.900 (6) 0.970 (p,, @)
g, 0.497 0.006 81.884  0.999925 0.886 (7, ) 0971 (=, 7,)
. 0.062 0.000 193.365  0.999987 0988 (p, ) 0.991 (p, . p,.)
P 2.071 0.030 70.178  0.999898 0.907 () 0.982(p, . ...
p. 1.650 0.026 64190 0.999879  0.908 (p,.) 0.974 (p, . p, )
P 14.448 0.097 149415 0.999978 0.988 () 0.990 (p., p,...)
p... 4.139 0.014 285622 0999994 0.988(p,, ) 0.993 (p,.... p..)
’, 0.078 0.001 120051 0.999965  0.978(p,,)  0.990(p, .p. )
p. 3.132 0.026 120.650  0.999966 0969 (p, ) 0.986 (o, . p, )
Do, 10.236 0.036 281808 0999994  0.988 (o) 0.993 (o, . p,)
P 10.357 0.012 §84.848  0.999999  0.988 (p,,) 0.999 (p.. p..,)
P 1.769 0.009 188.922 0999986  0.983(p,,)  0.998(p, .p,,)
p. 0.144 0.001 163.762 0999981 0.978(p, ) 0997 (o, ,p, )
Po. 1.986 0.004 477.688  0.999998  0.988 (p,, ) 0.999 (p, .. p,)
pey 5.439 0.005 1166579  1.000000 0.988 (p,) 0.999 (p.. p...)
P 1.792 0.005 365308 0.999996  0983(p, ) 0999 (o, .p, )
Prs 1.195 0.005 234875 0.999991 0.978 (p, ) 0.998 (o, _.p..)
o, 0.118 0.000 862241 0.999999  0.988 (p.,) 0.999 (p,... p,..)
a, 0.490 0.036 13.799  0.997371 0.780 (q,,) 0.788 (¢, 4,,)
a0, 2.861 0.247 11.566  0.996255 0.747 (q,)) 0.756 (¢, q,,)
7, 1.422 0.038 37321 0.999641 0.951 (¢, 0.960 (¢, q,,)
q, 2.335 0.654 3572 0.960019 0.951 (g, 0.958 (q» ¢5,)
0, 0.549 0.045 12.138  0.996600 0.622 (q,) 0.632 (7, q,,)
7, 11.884 0.388 30653 0.999468 0.951 (¢,)) 0.951 (7, q,,)
0 1912 0.062 31063 0.999482 0.951 (q,,) 0.955 (¢, 45,)
a, 1.356 0.024 56.198  0.999842 0.909 (q,,) 0.911 (p, . 4,,)
0 0.323 0.027 12.183  0.996626 0.909 (q,) 0.909 (=, q,)
0 1.483 0.058 25559 0.999234 0.408 (o) 0.660 (7, , o)
5 0.122 0.022 5444 0.982983 0.900 (7, ) 0.949 (=, )
o 0.518 0.015 35.581 0999605 0.752(r,) 0.868 (7. . q,,)
a 0.906 0.003 292762 0.999994 0.887 (7,) 0.973(r, . p,)

We thus conclude that weak identification can be attributed to the fact that
parameters in the steady-state vector, in the autoregressive matrix and in standard
deviations of the fundamental innovations have a similar effect on the likelihood
as other parameters appearing within the matrices they belong to. In order to
understand how this pattern comes about we perform the following experiment.
First, we assume that the observed variables are not output, investment, hours
and government consumption (ie. log §,,log X ,log1,log & ) but rather the four
innovations to the wedges (ie.log(z,), 7,, 7 ,,log(g,)). Second, we assume that
the parameters governing the VAR(1) process of the innovations to the wedges
are estimated in isolation of the BCA model. In other words, we perform iden-
tification analysis on the parameters assuming that a VAR is run directly on the
wedges, which are treated as observable in this experiment. This allows us to shed
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Table 13. BCA Model, Information Matrix Decomposition

(Observing 4 Wedges).
CRLB/para. sens/para. coll. o %) %)
z, 8.528 0.137 62.163  0.999871 0.997 (g.) 0.998 (7, .¢.)
7, 1.062 0.013 79708  0.999921 0.985 (g) 0.998 (7, .g.)
T 1.007 0.004 251762 0.999992 0.999 (g,) 1.000 (, .g.)
g 0.501 0.001 390.297  0.999997 0.999 (7, ) 1.000 (7, . 7, )
. 0.053 0.002 30412 0.999459 0937 (p..) 0.99% (.. ,p..)
P, 0.893 0.042 21480 0.998916 0.938 (p, ) 0.993 (o, . .p,.)
p.. 1.206 0.023 51881 0.999814 0.935(p, ) 0993 (p, .p. )
P 15.015 0.323 46481 0.999769 0.934 (p,. ) 0.993 (p,, . p,)
p... 2922 0.074 39262 0999676 0.991 (p. ) 0.996 (p... . p..,)
o, 0.024 0.001 27282 0999328 0.990 (p, ) 0.996 (o, .p.,)
[ 1.433 0.022 65457 0999883 0.990 (p, ) 0.996 (p, . p. )
Do, 6.950 0.118 58772 0.999855 0.989 (p,) 0.995 (p,, . p,)
p... 7.522 0.061 123.966  0.999967 0.992 (p. ) 0.999 (p.. p..,)
oo 1.110 0.013 84.669  0.999930 0.992(p, ) 0.99 (p, .p.,,)
o, 0.161 0.001 204424 0.999988 0.991 (p, ) 0.999 (p, ..p, )
Do 2512 0.014 182.688 0999985 0.991 (p,) 0.999 (p,... p,)
Py 4432 0.024 185122 0.999985 0.992 (.. ) 1.000 (., p.., )
P 0.851 0.007 127.227  0.999969 0.992(p, )  1.000(p, p. )
Prs 1.341 0.004 306.941  0.999995 0.991 (p, ) 1.000 (p, . p,.)
’, 0.122 0.000 274011 0999993 0.991 (p,. ) 1.000 (p,... p,.. )
q, 0.058 0.035 1.630 0.789720 0.781 (¢, 0.789 (¢, 45,
4, 0.378 0.247 1.530 0.756825 0.748 (q,,) 0.757 (q,,» 4,,)
4, 0.137 0.038 3.593 0.960488 0.951 (q,,) 0.960 (q,,, 4,,)
4, 2292 0.652 3.515 0.958676 0.951 (q,) 0.959 (¢, 45,
. 0.058 0.045 1.282 0.625594 0.624 (q,,) 0.625 (¢ 4.,
s 1.258 0.387 3253 0.951570 0.951 (q,,) 0.952 (¢, 4,
0 0.208 0.061 3.384 0.955345 0.951 (q,,) 0.955 (¢, 45,)
s 0.058 0.024 2.404 0.909374 0.909 (q,,) 0.909 (p, . . q,,)
0 0.064 0.026 2.404 0.909367 0.909 (¢,) 0.909 (p, . ;)
0 0.058 0.058 1.000 0.008064 0.002 (¢,,) 0.003 (p, . p,)

light on the question whether the weak identification patterns described above
are an intrinsic property of the model or of the VAR(1) process itself. Table 13
presents the information matrix decomposition for the case just described.

The main takeaways are that (i) the collinearity patterns are preserved and
(i) for almost all steady-state innovations to the wedges, collinearity is higher.
The intuition for result (ii) is that by fixing deep parameters the model imposes
additional restrictions on the steady states of the innovations to the wedges via
the steady-state equations. This results in additional information and, therefore,
improved identification strength.

To further develop intuition and visualize our findings, we plot pairwise corre-
lations coefficients between 0/, (0) /06, and d/,(6) / d6_, across the entire parameter
space in Figs. 1 and 2. Clearly, correlation coefficients between the derivatives
with respect to the same parameter are equal to 1, marked as dark red squares
on the main diagonal. The following results emerge. First, the figures confirm
the main finding that the steady-state innovations to the wedges (/- P)™' P,, the
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elements of the autoregressive matrix P and the Choleski decomposition of the
variance covariance matrix Q induce variation in the likelihood which is mainly
similar to that generated by other parameters in the matrix they belong to. Indeed,
in Fig. 2 the strongest collinearity is among elements of the same matrix and only
some elements of the P and Q have a weakly collinear effect. Second, collinearity is
less pervasive when innovations to the wedges are assumed to be observed and the
parameters are estimated using the VAR in isolation from the model. The additional
links between parameters and their likelihood introduced by the model equations are
thus not sufficiently rich to let each parameter in the VAR(1) matrices F,, P and Q
raise its own, distinct voice. In other words, estimating the wedge parameters within
a model does not obviate the collinearity patterns which emerge in isolation from it.

4.2.2 Sustek (2011) MBCA Model

Tables 14 and 15 contain information about the relative CRLBs as well as about the
sensitivity and collinearity components for the MBCA model wedge parameters.
Using again a cut-off value of 1 the set of worstidentified parametersis givenby z_,
pf,,z’ pTY,z’ pg,z’ pr,,,z’ pk,z’ pz,r, H pfx,r, H pg.f, H pr,},r, H pR,r, > pz,fY > pT,,TX H pg,rv‘ H prh,rv‘ H pR,rJ >
pz,g’ pr,,g’ p‘r\,g’ prh,g’ pR,g’ p:,r,, > pr,,fh > p‘r\,rh H pg,rh H pR,rb H pr(,f{’ pg,f?’ p1,7,[-€’ q41’ qSl’ q(xl’
Gy G5y D3 Aez G5y 9, a0 g This amount to 39 out of 61 parameters, that is,
roughly two thirds of the estimated parameters are weakly identified. As in the
standard BCA model these parameters concern the steady-state innovation to the
efficiency wedge z_ as well as the off-diagonal elements of the P and Q matrices.
Identification deficiencies can again be attributed to the strong collinearity between
the effects that parameters within the same matrix exert on the likelihood. We focus

Table 14. MBCA, Parameter Identification (All Deep Parameters, 7,
and R, Fixed).

Value CRLB rCRLB

—0.0246 0.1333 5.4109
7, 0.1267 0.0345 0.2720
T 0.4649 0.1310 0.2818
g, ~1.5389 0.0592 0.0385
R, 0.0000 0.0023 0.0023
. 0.8541 0.2833 0.3317
P, . —0.0437 0.1504 3.4424
p... —0.0557 0.1393 2.5014
P 0.0533 0.1774 3.3285
P, 0.0633 0.4210 6.6544
Pr. —0.0141 0.0229 1.6232
p.., —0.1482 0.4083 27553
P, 1.0580 0.2108 0.1993
P —0.0335 0.1629 4.8637
P, 0.0587 0.2139 3.6444
P ~0.2979 0.6935 2.3279

0.0295 2.0178

Pr, 0.0146
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Table 14. MBCA, Parameter Identification (All Deep Parameters, 7,

and R, Fixed). (Continued)

Value CRLB ICRLB
o, 0.2654 0.3643 13724
o ~0.0014 0.2048 146.3072
o 1.0877 0.1840 0.1692
Do ~0.0974 0.2229 2.2881
o 0.0850 0.6202 7.2964
oa. 0.0005 0.0358 71.6947
pos —~0.0094 0.1084 114917
Prs 0.0097 0.0619 6.3770
P, 0.0026 0.0326 12,5353
o 1.0053 0.0479 0.0477
prs ~0.0076 0.2253 29.6442
Pas 0.0004 0.0088 21.8878
po ~0.0654 0.1679 2.5674
P 0.0465 0.0865 1.8607
o ~0.0116 0.0763 6.5772
Do 0.0241 0.0940 3.9020
o, 0.8263 0.2712 0.3282
P, 0.0063 0.0137 2.1719
por 0.7994 0.7968 0.9967
P ~0.7219 0.4557 0.6313
i 0.4016 0.5299 13194
por 0.3411 0.5499 16123
o 4 0.1200 12617 105144
P 0.4412 0.1101 0.2495
a0, 0.0110 0.0006 0.0579
a0 0.0037 0.0009 0.2430
a0, 0.0058 0.0024 0.4065
4, 0.0009 0.0013 1.4043
a, 0.0005 0.0100 19.9724
a0, 0.0003 0.0003 11280
a0, 0.0092 0.0007 0.0717
0 ~0.0008 0.0028 35125
4, 0.0050 0.0014 0.2832
4, ~0.0175 0.0189 10819
7, 0.0000 0.0003 0.0003
a0, 0.0029 0.0022 0.7422
a0, 0.0117 0.0050 0.4255
0, ~0.0013 0.0237 18.2111
a0, 0.0001 0.0033 32.6605
0 0.0087 0.0067 0.7715
0. 0.0014 0.0292 20.8730
Ay ~0.0002 0.0045 22.4300
7. 0.0219 0.0116 0.5203
0 0.0040 0.0005 0.1246

0.0010 0.0012 11923
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Table 15. MBCA, Information Matrix Decomposition
(Observing 6 Standard Variables).
CRLB/para. sens/para. coll. o, % %)

5.411 0.437 12.388  0.996736 0.923(r,) 0.945(r, ,R.)
7 0.272 0.079 3436  0.956717 0.451 (g,) 0.630 (z., g.)
T 0.282 0017 16867  0.998241 0.923 (z,) 0.955 (-, R,)
e 0.038 0.009 4104 0.969858 0.736 (1, ) 0.850 (z,. 7,)
R, 0.002 0.000 5086  0.980482 0.496 () 0.676 (z, 7,)
. 0.332 0.001  420.889  0.999997 0.993 (., ) 0.999 (.. ,p.,)
P 3.442 0.018  187.343  0.999986 0.989 (p, ) 0.997 (o, . p.,.)
P 2.501 0.005  456.118  0.999998 0.992 (p, ) 0.998 (p, . p, )
P 3.329 0.021  159.247  0.999980 0.990 (p,., ) 0.997 (p,., . p,)
P, 6.654 0.035  191.861  0.999986 0.979 (p, ) 0.989 (p,. . .p..)
Pi. 1.623 0017 94732 0.999944 0.990 (o, ) 0.996 (o, . pz.)
p... 2755 0.014 194002  0.999987 0917 (p, ) 0.982(p, . .p,.)
P, 0.199 0.002  118.928  0.999965 0.790 (p,, ) 0.965(p, ., . p,,..)
P 4.864 0.024  201.703  0.999988 0.949 (p, ) 0.986 (p.,p,,..)
P, 3.644 0.045  80.899  0.999924 0.949 (p, ) 0.975 (p,.. . p,..)
P 2.328 0.013 185382  0.999985 0.790 (p,,) 0.939(p, . .p,)
Pa, 2.018 0.045 44361  0.999746 0.675 (p,) 0.931 (o . pz,,)
p... 1.372 0.003 435327  0.999997 0.993 (p.) 0.999 (p., p..,)
P 146.307 0.696  210.110  0.999989 0.989 (p, ) 0.997 (p, .. p.,.,)
o, 0.169 0.000  488.457  0.999998 0.992 (p, ) 0.998 (p, .0, )
Do, 2.288 0.014  163.487  0.999981 0.990 (p,.) 0.998 (p,... p,)
P 7.296 0032 231.052  0.999991 0.979 (p,, ) 0.990 (p,, .. p., )
Pi. 71.695 0.605 118481  0.999964 0.990 (o) 0.996 (0. pz.,)
Py 11.492 0.081  141.658  0.999975 0.929 (p, ) 0.988 (p, ...,
P 6.377 0072 88102  0.999936 0.824(p,, ) 0.921 (p., . pz.,)
P 12.535 0120  104.264  0.999954 0.937 (p,) 0.989 (p..» p,. )
p, 0.048 0.001 47.038 0.999774 0.937 (p, ) 0.952 (p. . p,, )
Pore 29.644 0222 133747 0.999972 0.824(p, ) 0.920 (p_.. p,. )
Pis 21.888 0.659 33218  0.999547 0.675 (py.,) 0.820 (p;_. Pz, )
p... 2.567 0.014  180.589  0.999985 0918 (p, ) 0.982(p, , .p,)
P 1.861 0.017  107.845  0.999957 0.767 (p,,) 0.967 (p,,.p,,)
P 6.577 0.031 212,675  0.999989 0.966 (p,,,) 0.986 (p... . p,..)
Do, 3.902 0.049  78.892  0.999920 0.966 (p, ) 0.977 (p,.... p...)
o, 0.328 0002 165624  0.999982 0.767 (p,, ) 0.947 (p,, .. p...)
Pis, 2.172 0.046 47425  0.999778 0.528 (p;..) 0.932 (o, ..,
P 0.997 0.038 25915  0.999255 0.889 (p, ) 0953 (p, 10, )
P i 0.631 0.039 16073 0.998063 0.500 (p,,) 0871 (p, 2. z)
P 1.319 0.038 34906  0.999590 0.899 (p, ) 0.969 (p_z. P, z)
Por 1.612 0.164 9.860  0.994844 0.899 (p, ) 0.924 (p_z: 0, 2)
P, 10.514 0367  28.685  0.999392 0.481 (p,) 0.868 (p,, 2 P)
Pa 0.249 0.016 15685  0.997965 0.846 (q.,) 0.941 (p,,_. 455)
4, 0.058 0.016 3584 0.960297 0.937 (4, 0.960 (4, 4,)
0 0.243 0.050 4.858  0.978583 0.939 (4, 0.968 (4, 4,)
@ 0.407 0.021 19.169  0.998638 0.937 (q,)) 0.950 (4, 4,,)
4, 1.404 0.720 1951 0.858718 0.840 (¢5,) 0.842 (¢y,» 4))
45 19.972 0.870  22.955  0.999051 0.970 (¢,,) 0.979 (¢,» 4))
4 1.128 0.273 4131 0.970260 0.970 (¢s,) 0.970 (¢,» 4,)
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Table 15. MBCA, Information Matrix Decomposition
(Observing 6 Standard Variables). (Continued)

CRLB/para. sens/para. coll. 0 O %)
9, 0.072 0.020 3.675 0.962262 0.912 (q,,) 0.939 (q,,- 45,)
95 3.512 0.154 22.840 0.999041 0.840 (q,,) 0.884 (p,, .~ 4,,)
9, 0.283 0.129 2.187 0.889370 0.840 (¢,,) 0.842 (q,,, 45,)
qs, 1.082 0.025 43.524 0.999736 0.970 (q,,) 0.976 (¢,,» 4,,)
96 0.000 0.000 4.237 0.971743 0.970 (q,,) 0.970 (¢, 45,)
qss 0.742 0.038 19.698 0.998711 0.745 (q,;) 0.786 (p, ,» 4,3
4, 0.426 0.055 7.692 0.991514 0.745 (q,,) 0.756 (p, ,» q5;)
s 18.211 0.335 54.425 0.999831 0.970 (¢,;) 0.973 (o, 2 4¢3)
9 32.661 0.819 39.874 0.999685 0.970 (q,,) 0.973 (p, 4> 4s;)
M 0.772 0.055 13.997 0.997445 0.515(p,, ) 0.580 (p. ,» P, ,)
qs, 20.873 0.311 67.113 0.999889 0.970 (q,,) 0.976 (o, z 4¢,)
9o, 22.430 0.410 54.717 0.999833 0.970 (q,,) 0.976 (p, 4> 4s,)
qss 0.529 0.019 27.447 0.999336 0.943 (q,5) 0.956 (pz, 45)
Qs 0.125 0.020 6.091 0.986429 0.943 (q,5) 0.943 (o, 2 ds5)
Do 1.192 0.058 20.582 0.998819 0.242 (p,) 0.454 (pz» 455

on the case where some deep parameters are included in the identification analysis
in Tables 16 and 17. Also in this case, we keep fixed the other deep parameters so as
to guarantee a full rank information matrix. Among the many available choices we
choose to leave out 3, 1 as well as steady-state inflation 7w and the weight on infla-
tion in the Taylor rule w,. Again, relative CRLBs increase as expected. Additional
parameters which are weakly identified are 7,,,, ..., 0. & @3> 433 943> 6 0 @, w, . The
collinearity patterns are similar to the ones in the BCA model.

Table 16. MBCA, Parameter Identification (Some Deep Parameters Free).

Value CRLB rCRLB
z —0.0246 2.1912 88.9226
T 0.1267 0.4744 3.7431
.. 0.4649 6.2711 13.4892
& —1.5389 0.0694 0.0451
R, 0.0000 0.0023 0.0023
p. 0.8541 0.5182 0.6068
P, - —0.0437 0.3059 6.9991
pr - —0.0557 0.1738 3.1195
Py 0.0533 0.3181 5.9690
P, - 0.0633 0.7185 11.3585
Pi. —0.0141 0.0880 6.2419
P —0.1482 0.4659 3.1440
o, 1.0580 0.3470 0.3280
. —0.0335 0.9381 28.0039
Per 0.0587 0.2177 3.7081
Doy, —0.2979 1.2796 4.2953
P, 0.0146 0.1146 7.8510
p-r 0.2654 0.4307 1.6228

Pryr —0.0014 0.4689 334.9210
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Table 16. MBCA, Parameter Identification (Some Deep Parameters Free).

(Continued)

Value CRLB rCRLB
o, 1.0877 0.5609 0.5157
Por. —0.0974 0.2500 2.5668
P 0.0850 1.1771 13.8482
P, 0.0005 0.0920 184.0737
P-yg —0.0094 0.5517 58.5039
e 0.0097 0.1280 13.1959
Pre 0.0026 0.2396 92.1551
P, 1.0053 0.2162 0.2151
Py —0.0076 0.2403 31.6135
Pa 0.0004 0.0235 58.7368
Py —0.0654 0.5120 7.8303
Do, 0.0465 0.0947 2.0375
Prss —0.0116 0.6453 55.6283
pgin 0.0241 0.1851 7.6786
s 0.8263 0.5197 0.6289
i, 0.0063 0.0362 5.7450
Pz 0.7994 2.0086 2.5127
Pk —0.7219 0.5524 0.7652
e 0.4016 7.3077 18.1964
Pei 0.3411 0.7627 2.2359
P i 0.1200 3.9863 33.2192
Pi 0.4412 0.1855 0.4204
q, 0.0110 0.0046 0.4202
q,, 0.0037 0.0012 0.3225
qy 0.0058 0.0188 3.2388
q, 0.0009 0.0014 1.5813
qs, 0.0005 0.0187 37.4840
G 0.0003 0.0005 1.6802
4, 0.0092 0.0061 0.6675
93, —0.0008 0.0189 23.6018
9y 0.0050 0.0015 0.2959
ds, —0.0175 0.0225 1.2844
9 0.0000 0.0004 0.0004
Gy 0.0029 0.0202 6.9657
Gy 0.0117 0.0815 6.9617
qs5 —0.0013 0.1007 77.4485
9 0.0001 0.0112 111.8444
Gy 0.0087 0.1096 12.5977
qs, 0.0014 0.0854 61.0234
A, —0.0002 0.0184 92.0608
s, 0.0219 0.0165 0.7539
Qs 0.0040 0.0029 0.7225
Qe 0.0010 0.0022 2.2075
g, 0.0037 0.0923 24.9454
g 0.0040 0.0112 2.8109
5 0.0118 0.1014 8.5917
o 1.0000 2.7391 2.7391
a 0.3500 0.3514 1.0039
Pr 0.7500 0.2378 0.3170
w 1.5000 1.8906 1.2604
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Table 17. MBCA (Some Deep Parameters Estimated), Information Matrix

Decomposition.

CRLB/para. sens/para. coll. o, % %)
z, 88.923 0437  203.582  0.999988 0.967 () 0.985 (6, @)
7, 3.743 0.079 47.283  0.999776 0451 (g,) 0.675 (g,,, @)
T 13.489 0017  807.496  0.999999 0.981 (g,) 0.990 (g,, 6)
g 0.045 0.009 4807 0978125 0.736 (r,) 0.853 ("1, ,a)
R, 0.002 0.000 5282 0.981918 0.566 (g 0.835 (g, @)
o 0.607 0.001 769.983  0.999999 0.993 (p..,) 0.999 (p.., . p..,)
P 6.999 0.018  380.905 0999997  0.989 (p, ) 0.997 (p.,, . p..)
P 3.120 0.005  568.821  0.999998 0.992 (p, ) 0.998 (o, ,p, )
P 5.969 0.021 285575  0.999994 0.990 (p,,) 0.997 (p,. . p,)
P, 11.358 0.035 327492 0999995  0.979(p, ) 0.989 (p, . . p,.)
Pi. 6.242 0.017 364272 0.999996  0.990 (py, ) 0.996 (pg. > Pz,)
p.., 3.144 0.014 221371 0999990 0917 (p, ) 0.982(p, ..p...)
o, 0.328 0.002 195729  0.999987  0.790 (p, ) 0.965(p,,, . p, )
P 28.004 0.024  1,161.364 1.000000 0.949 (p, . ) 0.986 (... 0,,.,)
Do 3.708 0.045 82311 0999926 0.949 (p, ) 0.975 (p,, . Py.)
P 4.295 0013 342062  0.999996 0.790 (p,) 0.939 (p, . .p,)
Prs 7.851 0.045 172.608  0.999983 0.675 (pg,,) 0.931 (o, > z.,.)
p... 1.623 0.003 514749  0.999998 0.993 (p.) 0.999 (p.. p..,)
P 334.921 0.696 480977  0.999998 0.989 (p, ) 0.997 (p, .. p,,,)
o 0.516 0.000  1,489.071  1.000000 0.992 (p, ) 0.998 (p, ..p,.,)
Per. 2.567 0.014 183404  0.999985 0.990 (p,.) 0.998 (p, .. p,)
por 13.848 0.032 438524 0.999997 0.979 (p,,..) 0.990 (p,, .. p,, )
Pi. 184.074 0.605  304.196  0.999995 0.990 (p,,.) 0.996 (p;.. Pz,)
Py 58.504 0.081 721.174  0.999999 0.929 (p, ) 0.988 (p, s 0.,
P 13.196 0.072 182309  0.999985 0.824 (p,, ) 0.921 (p,, . Pz.,)
P 92.155 0.120  766.509  0.999999 0.937 (p,) 0.989 (9, . p,, )
P, 0.215 0.001 212213 0.999989 0.937 (p, ) 0.952 (p..,. p., )
P 31.613 0222 142631  0.999975 0.824(p, ,) 0.920 (p, . p, )
Pis 58.737 0.659 89.143  0.999937 0.675 (o) 0.820 0z Pr.)
p... 7.830 0.014 550781  0.999998 0918 (p, ) 0.982(, p)
P 2.038 0.017 118.095  0.999964 0.767 (p,,) 0.967 (o, p,,..)
prs 55.628 0.031  1,798.754  1.000000 0.966 (p,.,.) 0.986 (p..,.. 0,.,)
Do, 7.679 0.049 155247  0.999979  0.966 (p, ) 0.977 (p, . Py
o, 0.629 0.002  317.345 0999995  0.767 (p, ) 0.947 (p,, . .p,..)
Prs, 5.745 0.046 125447  0.999968 0.528 (p;.) 0.932 (o » pz..)
poi 2.513 0.038 65329 0.999883  0.889(p, ) 0.953 (p, 4:p, o)
pox 0.765 0.039 19.483  0.998682 0.500 (p,) 0.871 (p, z-Pz)
P 18.196 0.038 481414  0.999998 0.899 (p, ) 0.969 (p_ 4, 2)
Por 2.236 0.164 13.674 0997322 0899 (p_,) 0.924 (p, 2P, )
P 33.219 0.367 90.628  0.999939 0.593 (p,) 0.868 (p,, 2> P)
P 0.420 0.016 26429 0.999284 0.850 () 0.950 (¢, w,)
a4, 0.420 0.016 26.007  0.999260 0.937 (¢,,) 0.960 (¢, 4s,)
0y 0.323 0.050 6.449  0.987903 0.939 (¢,) 0.968 (4, 4s,)
4y, 3.239 0.021 152717 0.999979 0.937 (¢,,) 0.950 (¢, 4,,)
s 1.581 0.720 2197 0.890440 0.840 (¢,,) 0.842 (¢, 43,
a5 37.484 0.870 43.082  0.999731 0.970 (¢,)) 0.979 (¢, 4,,)
» 1.680 0.273 6.153  0.986706 0.970 (¢,) 0.970 (¢, w,)

@ 0.668 0.020 34190  0.999572 0912 (¢,,) 0.939 (4, 4,)
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Table 17. MBCA (Some Deep Parameters Estimated), Information Matrix
Decomposition. (Continued)

CRLB/para. sens/para. coll. o, %) %0

45 23.602 0.154 153.473  0.999979 0.840 (q,,) 0.884 (p,, .., q,,)
4, 0.296 0.129 2.285 0.899189 0.840 (¢,,) 0.842 (¢,,, 45,
qs 1.284 0.025 51.670  0.999813 0.970 (q,,) 0.976 (¢, 4,
G, 0.000 0.000 4.512 0.975134 0.970 (q,,) 0.970 (¢,,, q,)
Gy 6.966 0.038 184.862  0.999985 0.745 (q,,) 0.786 (p,, .- 4.,
44 6.962 0.055 125.846  0.999968 0.745 (q,,) 0.756 (p,,,» 453)
s 77.448 0.335 231.461  0.999991 0.970 (¢,,) 0.973 (p, - 9¢3)
93 111.844 0.819 136.547  0.999973 0.970 (q5,) 0.973 (p, z» 4s)
qy 12.598 0.055  228.544  0.999990 0.515 (p,,,) 0.627 (p,, ;> 0)
Gs, 61.023 0.311 196.210  0.999987 0.970 (¢,,) 0.976 (p, z» 9s,)
Gy 92.061 0.410 224.580 0.999990 0.970 (q,,) 0.976 (Pe , 4y,
qss 0.754 0.019 39.094  0.999673 0.943 (q,,) 0.956 (03 4,5)
es 0.722 0.020 35319 0.999599 0.943 (q,) 0.952 (g4, py)
Qs 2.208 0.058 38.106 0.999656 0.535 (w,) 0.729 (pp. w,)
g, 24.945 0.037 666.842  0.999999 0.981 (7, ) 0.988 (1, .p,.)
g 2.811 0.120 23.506  0.999095 0.961 (6) 0.967 (g, 6)
6 8.592 0.039 222.782  0.999990 0.961 (g) 0979 (z, g)
o 2.739 0.016 174.691  0.999984 0.557(z) 0.723 (z, q,,)
el 1.004 0.003 370.406  0.999996 0.974 () 0.990 (z,, 7, )
Pr 0.317 0.006 52055  0.999815 0.850 (p,) 0.902 (p, . p)
w, 1.260 0.020 63.537  0.999876 0.738 (p,) 0.886 (¢4 p)

Finally, we carry out the identification analysis on the wedge parameters with
the twist of treating the innovations to the wedges as observables for the MBCA
model as well. We again find that (i) parameters of the same matrices having a
collinear effect on the likelihood is a property of the VAR process itself (Table 18)
and (ii) collinearity is less pervasive when the parameters are estimated in isola-
tion to the model (Figs. 3 and 4).

Table 18. MBCA Model, Information Matrix Decomposition

(Observing 6 Wedges).
CRLB/para. sens/para. coll. o %) %)
z, 5.486 0.099 55563 0.999838 0861 (r,) 0.998 (7, . 7,)
7, 0.308 0.016 18.980 0998611  0.977(r,) 0.995 (g, 7, )
. 0.233 0.004 64.877 0.999881 0.904 (g,) 0.998 (z, 7, )
8. 0.045 0.007 6.672 0988704  0.904(r,) 0.914 (z,, 7, )
7 0.080 0.004 20423 0998801  0.977(r,) 0.996 (7, . g,)
R, 0.002 0.000 6.817 0.989181 0.838 (7,) 0.908 (z, 7, )
o 0.095 0.001 113.826  0.999961 0.994 (.. ) 0.999 (p... .p...)
p.. 1.691 0.017 102092 0999952 0.9%(p, ) 099 (p, .p,.)
p... 0.875 0.009 102.811 0.999953 0.994 (p, ) 0.999 (o, .p, )
Pe.- 2.179 0.048 45.056 0.999754 0.991 (p,.) 0.999 (p, ., pg)
P 3.307 0.027 122830 0999967  0.9%(p. )  0.99(p, . .p, )
Pr. 2.189 0.023 95.026 0.999945 0.99%4 (o, 0.999 (py.  pz,)
p.. 0.575 0.016 35237 0999597 0952(p, )  0.977(p,.p, )
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Table 18. MBCA Model, Information Matrix Decomposition
(Observing 6 Wedges). (Continued)

CRLB/para. sens/para. coll. o O G2

o, 0.072 0.002 31.555 0.999498 0.937 (p,, ) 0977 (p,, . > P, ,)
e 1.511 0.049 30.748 0.999471 0.952(p.,) 0.976 (o, . p, .,)
Per, 2.055 0.127 16.157 0.998083 0.858 (p,) 0.982 (p, . »p,.,)
. 0.726 0.019 37.927 0.999652 0.963 (pz. ) 0.977 (p,, . » p.,)
P, 2.191 0.074 29.561 0.999428 0.963 (p,, ) 0.976 (o4, » Py,
p... 0.399 0.003 118.786 0.999965 0.994 (p)) 0.999 (p_, p.,)
P, 68.331 0.642 106.404 0.999956 0.994 (p,, ) 0.999 (p,,.,p,,,)
P.. 0.058 0.001 106.998 0.999956 0.994 (p, .) 0.999 (o, ..p. )
P, 1.542 0.033 46.985 0.999773 0.991 (p,.) 0.999 (p,... p,)
P, 3.188 0.025 128.102 0.999970 0.994 (p,, ) 0.999 (p,, .,p,, )
P, 79.866 0.807 98.976 0.999949 0.994 (p;.) 0.999 (py..0z,)
P 1.514 0.089 16.932 0.998255 0.953 (p, ) 0.977 (p,, ,»p: )
P.e 1.310 0.087 15.082 0.997800 0.937 (p,, ) 0.964 (p_,.p., )
Pr s 3.269 0.221 14.792 0.997712 0.953 (p.,) 0.967 (p. 4:p-, )
P, 0.020 0.002 8.356 0.992814 0.858 (p, ) 0.947 (p, .. p, .,)
Prre 4.759 0.262 18.154 0.998482 0.963 (pz ) 0.974 (p,, o0z,
Pre 13.415 0.945 14.195 0.997515 0.963 (p,, ) 0.967 (pz, 05,
p... 0.628 0.016 38.536 0.999663 0.952(p. ) 0.979 (p,,.,» -, ,)
. 0.792 0.023 33.771 0.999561 0.935 (p.,) 0.977 (p, ., p.)
. 2.103 0.061 34.475 0.999579 0.952 (p...,) 0979 (o, .. p. )
Pes, 2.409 0.144 16.731 0.998212 0.845 (p. ) 0.981 (p, ., p,.)
P, 0.126 0.003 40.518 0.999695 0.968 (o) 0.977 (p,, . -, )
Pic, 2.442 0.077 31.533 0.999497 0.968 (p,,) 0.977 (pz..» Pz,
P.x 0.380 0.037 10.192 0.995175 0.953 (p, ) 0.979 (o, 40, »)
O 0.379 0.042 9.006 0.993817 0.937 (p_, ) 0.966 (p_ 5. p,, 2)
P 4 0.450 0.050 9.012 0.993824 0.953 (p, z) 0.968 (p_z, 0, 2)
Po 1.255 0.312 4.017 0.968518 0.836 (p, ) 0.865 (p,., P, &)
J 6.461 0.595 10.849 0.995743 0.968 (p;) 0.976 (p, 4 P2
Pr 0.259 0.031 8.453 0.992978 0.968 (p_ ;) 0.969 (.. p,, )
q, 0.058 0.016 3.585 0.960317 0.937 (¢,,) 0.960 (g, 45,
qy 0.212 0.050 4.231 0.971666 0.939 (¢,,) 0.968 (q,, 5,
qy 0.072 0.021 3.389 0.955473 0.937 (¢,,) 0.950 (q,,- 9,
q, 1.404 0.719 1.952 0.858840 0.840 (¢, 0.842 (¢,,, 4,)
qs, 4.598 0.870 5.286 0.981945 0.970 (¢,) 0.979 (¢, 4,)
g 1.128 0.273 4.131 0.970265 0.970 (¢,) 0.970 (¢, g5))
9, 0.058 0.020 2.964 0.941350 0.912 (¢, 0.939 (¢, 45,
95 0.302 0.154 1.967 0.861055 0.840 (q,,) 0.861 (¢, 4,,)
qs 0.246 0.129 1.899 0.850068 0.840 (¢,,) 0.842 (¢,,, 45,
qs 0.118 0.025 4.746 0.977547 0.970 (¢, 0.976 (¢, 4,)
9 0.000 0.000 4.127 0.970205 0.970 (¢.,) 0.970 (g5, 45,)
0y, 0.058 0.038 1.538 0.759661 0.746 (q,,) 0.759 (4,3 45;)
4y 0.084 0.055 1.520 0.752922 0.746 (¢,,) 0.752 (¢ 43)
qs 1.383 0.334 4.133 0.970290 0.970 (¢, 0.970 (¢, 43
G 3.379 0.819 4.127 0.970198 0.970 (¢.,) 0.970 (q,3 95;)
q,, 0.058 0.055 1.052 0.310266 0.307 (¢,) 0.309 (g4, 4,
qs, 1.282 0.311 4.126 0.970180 0.970 (¢,,) 0.970 (q,,- 9,,)
G 1.689 0.410 4.124 0.970155 0.970 (¢,) 0.970 (q,4> 45,
qss 0.058 0.019 2.993 0.942520 0.943 (¢, 0.943 (p,. 45)
Qs 0.061 0.020 2.993 0.942515 0.943 (q,,) 0.943 (p,, 4s5)

4 0.058 0.058 1.000 0.007684 0.001 (p,,) 0.002 (.. p,,,)
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Fig. 3. MBCA, Pairwise Correlations (Observing 6 Standard Variables).

5 ECONOMIC RELEVANCE

To assess which wedge is most important in accounting for cyclical fluctuations in
the data Brinca et al. (2016) use the statistic f;” given by:

1y (Y, ~Y,)

Y t
/ >, ~Y,)")
Iy

where j={z,7,,7,,¢g} in the BCA and j={z,7,,7,,g,7,, R} in the MBCA
model. Y, is actual data of a given observable Y = {y,/,x} (output, labour or
investment)’ and Y, is the component of observable Y due to wedge i and with
£ efo,n, Z /¥ =1. For instance, f;* roughly measures the fraction of move-
ment and level in actual investment explained by wedge i. The statistic f;" ranges
from 0 to 1 and is increasing in the explanatory power of a wedge. Indeed, when
Y, =Y, then f" =1since f; =0 V) =i, whereas, in the limit, f;" = 0 when the
deviation of actual data from its component due to a given wedge goes to infinity.
Notice that since the MSE statistic is used a model can be penalized along both
the variance and the bias dimension. In other words both missing the data by a
constant and missing the variation in the data is penalized.
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Fig. 4. MBCA, Pairwise Correlations (Observing 6 Wedges).

When simulating the observables, we follow Chari et al. (2007) and consider
two classes of counterfactual economies, namely the ‘one-wedge-on’ and ‘one-
wedge-off”’ economies. These economies are constructed by feeding the estimated
wedges back into the model either one at a time (‘one-wedge-on’) or all but one
(‘one-wedge-off”). It is important to point out the fact that the wedges have both
a direct and a forecasting effect on the model. In the experiments, we seek to
retain the forecasting effect only. This is done by setting the inactive wedges equal
to some constant value (typically their intercept) at time ¢ while preserving the
estimated stochastic process and the realization of the wedges at time ¢ — 1 to
forecast their future realizations. Notice that this procedure would not be neces-
sary if the matrices P and Q in the VAR(1) law of motion of the wedge shocks
were diagonal.

The intuition behind the ‘one-wedge-on’ and ‘one-wedge-off” counterfactual
economies is the following. On one hand, the first seeks to understand how far a
single wedge channel can bring the model to replicate the movements in the data
while turning off the other margins. On the other hand, the second asks how
badly the model performs when freezing the same channel and while keeping the
others active.
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5.1 Charietal (2007) BCA Model

Table 19 shows the f;" statistic for different observables and counterfactual econ-
omies as well as its one standard error bands given by f, + /— Sd(f)), where the
standard deviations are computed using the delta method and the parameter
covariance matrix (inverse Fisher information matrix) for the case when only the
wedges parameters are assumed unknown (and thus the deep parameters of the
model are fixed). To calculate the statistics we focus on the 1982 recession episode
as in Chari et al. (2007) and use their original data.

The one standard deviation bands around f statistics for the one-wedge-on
counterfactual economies cover an economically non-negligible range. However,
these bands never overlap and are always quite far from each other. This means
that if one used this statistic to measure and rank the relative importance of the
wedges in replicating movements in the data, the main conclusions would not be
overturned.® Thus, the main result of Chari et al. (2007) still holds trough: the
labour and the efficiency wedge play primary roles in explaining business cycle
fluctuations during the period covering 1982 recession, whereas the investment
and government wedge are negligible.

This is no longer true if one considers the one-wedge-off economies since the
statistics exhibit such a higher level of uncertainty that the bands around them
overlap. Our analysis thus discourages from using this statistic only to evaluate
the relative importance of the wedges in a BCA model.

Table 19. BCA Model, Uncertainty Around f; Statistics.

Observable Counterfactual Economy f-8d(f) f Jf-8d(f)
Output Efficiency wedge on 0.63 0.78 0.93
Labour wedge on 0.05 0.13 0.20
Investment wedge on 0.00 0.04 0.09
Government wedge on 0.01 0.05 0.10
Hours Efficiency wedge on —0.07 0.06 0.20
Labour wedge on 0.69 0.89 1.09
Investment wedge on —0.02 0.02 0.06
Government wedge on —0.01 0.02 0.06
Investment  Efficiency wedge on 0.57 0.68 0.79
Labour wedge on 0.07 0.19 0.31
Investment wedge on —0.02 0.06 0.13
Government wedge on 0.04 0.07 0.10
Output Efficiency wedge off —0.01 0.04 0.09
Labour wedge off —0.07 0.20 0.47
Investment wedge off 0.11 0.46 0.80
Government wedge off 0.00 0.31 0.62
Hours Efficiency wedge off 0.43 0.90 1.36
Labour wedge off —0.06 0.02 0.10
Investment wedge off —0.18 0.05 0.28
Government wedge off —0.13 0.03 0.20
Investment  Efficiency wedge off —0.02 0.08 0.19
Labour wedge off —0.06 0.28 0.62
Investment wedge off 0.05 0.13 0.21

Government wedge off 0.07 0.50 0.93
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The intuition behind this result is that while the one-wedge-on f, statistics are a
function of only one object subject to uncertainty, the one-wedge-off f statistics
are a function of three such objects. Indeed, in the one-wedge-on counterfactual
economies only one wedge is active whereas in the one-wedge-off experiments
this is the case for three wedges.

5.2 Brinca et al. (2016) Multi-country BCA Analysis

We now explore whether the results above for the 1982 recession in the United
States, focus of the Chari et al. (2007), change if one considers multiple countries
and focuses on the 2008 recession, as in Brinca et al. (2016). Tables 20 and 21,
respectively, show the f; statistics for the one-wedge-on and one-wegde-off econo-
mies. Specifically, each table reports the f; statistics for each country, observable
and wedge. Numbers are marked in bold only if, for a given observable and coun-
try, the most important wedge’s f; statistic is significantly different from the others
(i.e. the bands do not overlap).’

Two results stand out from Table 20. First, across the vast majority of coun-
tries, the f statistics for output point to the efficiency wedge being the most rel-
evant wedge. This result can be established with precision, as the uncertainty
bands around the f; statistic for #" do not overlap with those of other wedges. In

Table 20. ¢ Statistics for Observable‘’s Components — Great
Recession — One-Wedge-On.

Countries Output Labour Investment

Australia 069 0.27 0.02 0.02 0.64 0.12 0.12 0.10 0.53 0.25 0.03 0.17
Austria 071 0.07 0.11 0.12 0.28 0.07 0.19 043 0.62 0.05 020 0.10
Belgium 0.87 0.05 0.05 0.03 0.19 056 0.15 006 057 0.18 0.15 0.08
Canada 049 0.13 0.16 020 0.17 016 0.27 035 040 0.09 039 0.05
Denmark 0.58 0.06 029 0.06 026 0.13 049 0.11 0.19 0.05 0.69 0.07
Finland 093 0.0l 0.03 0.02 0.38 002 0.09 049 0.60 0.03 029 0.06
France 093 0.0l 0.04 0.02 0.71 0.02 0.19 0.08 0.69 0.03 021 0.05
Germany 0.79 0.03 0.12 0.07 026 0.16 0.33 023 043 0.04 047 0.06
Iceland 0.25 0.14 051 0.09 036 025 026 0.12 0.02 0.02 094 0.03
Ireland 021 0.24 046 0.08 0.06 030 0.58 0.04 0.07 0.07 0.80 0.06
Israel 0.77 0.03 0.16 0.04 0.38 026 008 0.27 021 0.08 0.60 0.11
Italy 0.68 0.08 0.17 0.07 0.18 013 0.59 0.09 0.33 0.07 056 0.04
Japan 062 0.10 0.15 0.12 0.18 014 044 022 036 0.15 032 0.16
Korea 051 0.18 0.18 0.14 037 024 0.16 023 044 0.09 033 0.14
Luxembourg 096 0.01 001 0.02 0.61 0.16 0.14 0.07 038 0.12 0.07 042
Mexico 0.55 0.11 026 0.07 022 023 043 0.10 024 0.14 048 0.12

Netherlands 089 0.02 0.05 003 038 010 024 026 070 0.03 0.22 0.04
New Zealand 0.44 0.09 040 008 022 0.15 053 0.10 0.08 0.03 0.83 0.05

Norway 0.76 0.04 0.05 0.15 0.27 0.08 022 037 077 0.03 0.06 0.12
Spain 0.11 0.05 081 003 0.15 0.14 0.63 0.07 0.02 0.01 0.96 0.01
Sweden 098 0.00 0.01 001 0.63 0.02 0.19 0.15 074 0.02 0.22 0.02
Switzerland 0.89 0.02 0.06 002 0.86 0.03 003 0.07 005 002 091 0.02

Great Britain 065 0.12 0.14 009 0.15 026 039 0.10 033 0.14 038 0.12
USA 0.15 0.50 0.26 0.06 0.03 080 0.15 0.01 0.08 0.08 0.78 0.04
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Table 21. ¢ Statistics for Observable‘s Components —
Great Recession — One-Wedge-Off.

Countries Output Labour Investment

Australia 0.06 0.10 044 039 077 002 0.11 0.09 o011 021 0.15 0.50
Austria 0.03 035 0.17 044 052 0.16 0.08 020 0.02 0.14 0.02 0.82
Belgium 0.01 0.16 036 040 064 005 0.12 0.14 0.07 0.16 025 043
Canada 0.04 058 0.21 0.13 059 022 0.08 0.06 0.03 071 0.03 0.18
Denmark 0.02 025 003 0.69 0.69 0.06 001 020 0.02 0.17 0.01 0.80
Finland 0.02 0.15 0.16 0.64 079 0.02 0.02 0.12 0.0l 009 0.02 0.86
France 0.01 0.07 0.04 0.87 0.16 0.06 0.04 0.73 0.00 0.04 0.01 0.95
Germany 0.0l 0.04 0.10 0.84 026 0.03 0.07 0.60 0.03 0.15 0.07 0.74
Iceland 0.54 031 0.02 0.14 0.83 0.10 0.01 0.05 049 0.24 0.00 0.23
Ireland 0.19 0.12 006 0.61 095 0.0 000 0.04 0.19 0.09 0.00 0.68
Israel 0.05 0.15 0.09 0.71 094 0.01 001 005 0.06 0.16 0.01 0.75
Italy 0.01 020 003 0.76 041 0.09 001 043 0.04 059 002 033
Japan 0.01 047 0.07 040 049 021 0.03 0.18 002 035 0.02 0.53
Korea 0.01 0.01 0.02 096 0.16 0.01 002 0.81 0.04 0.03 001 092
Luxembourg ~ 0.02 035 023 0.38 090 004 0.02 0.04 002 029 0.03 0.65
Mexico 0.03 0.12 0.10 0.72 0.57 0.05 0.04 031 0.04 0.10 0.01 0.83

Netherlands 0.00 006 0.02 091 025 004 0.01 0.63 002 027 0.04 0.65
New Zealand  0.04 0.37 0.04 056 0.65 0.13 0.01 020 0.04 025 0.01 0.70

Norway 003 039 042 0.11 078 0.08 0.09 0.02 005 041 0.16 0.32
Spain 0.08 0.80 0.01 0.11 062 032 0.00 005 0.15 0.29 0.00 0.52
Sweden 0.01 012 021 0.65 048 006 0.10 033 0.02 0.19 0.09 0.69

Switzerland 0.07 0.15 0.06 0.73 071 0.05 0.02 022 0.19 049 0.03 0.28
Great Britain ~ 0.00 0.04 0.03 090 0.66 0.01 0.01 029 0.02 0.14 0.01 0.77
United States 043 0.07 0.15 027 089 001 003 005 022 018 0.01 0.35

other countries, the investment wedge takes a predominant role in explaining fluc-
tuations in output (see Iceland, Ireland and Spain) and can also be distinguished
from others. Second, the f, statistics for the United States are no longer statisti-
cally different from each other, as it was the case for the 1982 recession. These two
results are largely confirmed by the one-wedge-off results in Table 21, for which
we again find less discriminatory power due to lower precision of the f; statistics
in the case where multiple wedges are active.

Notice that Chari et al. (2007) use a longer sample than Brinca et al. (2016)
(specifically, 1959-2004 vs. 1980-2014) as the latter uses a balanced panel for 24
OECD countries for which the data availability is more limited. The larger uncer-
tainty in the f, statistics thus also points to the crucial role of sample size in BCA
applications, which we discuss in the next section.

6 STATISTICS FOR PRACTITIONERS

In this section, we present some statistics that might be of special interest to (mon-
etary) BCA practitioners. We show how the size of the sample available affects the
overall strength of parameter identification.
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6.1 Empirical Distance Measures

While the analysis in the previous sections has been carried out in the time domain
using the state space representation of the DSGE model solution the methodol-
ogy proposed by Qu and Tkachenko (2012) and Qu and Tkachenko (2017) takes
a frequency domain perspective to study identification issues. In particular, rank
conditions for local identification of dynamic parameters are established by stud-
ying the spectral density matrix which maps the structural parameters to func-
tions in the Banach space. Local identifiability occurs if and only if a local change
in the parameter values leads to a different image. This analysis thus requires to
study the Jacobian of the spectral density matrix w.r.t. the deep parameters of
the model. If steady-state-related parameters are estimated as well, like in our
case, it is possible to incorporate in the analysis also the first-order properties of
the model by considering an extra term involving the steady-state parameters. In
both cases, under some regularity conditions, the rank conditions are necessary
and sufficient for local identification also in the time domain. More specifically,
it can be shown that when the model is non-singular, like in our case, analyzing
the rank conditions in the frequency domain is equivalent to inspecting the rank
of the information matrix in the time domain. This analysis is thus expected to
deliver analogous results to Iskrev (2010) and Komunjer and Ng (2011). For a
more detailed comparison of these tests we refer the reader to Qu and Tkachenko
(2012).

In general, the solution of a DSGE model log-linearized around its steady
state can be expressed in state space form. Assuming no measurement errors, as it
is the case in the BCA and MBCA model, it is given by:

X, = AO)X,,, + B(O)e
Y,=C(0)X,

t+1

(6.1)

and can be rewritten as a vector moving average (VMA) representation using:
Y,(0) =C(O)A0)X, ,+ B,
= C(0)A(0)(AO)X, ,+ B(O)e, )+ B(O)e,
=C(0)A0) X, , +C(0)A0)B(0)e, , + B(O)e,

(6.2)

where, following the exposition in Qu and Tkachenko (2012) we made explicit the
dependence of Y, on . More generally the process can be expressed as:

Y,(0) = C(O)AD) X, , +C(0)A©0) " B(O)e

R t—k+1 (63)
+..+C(O)AB)B(O), , + B(0)e,.
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If all eigenvalues of A(#) then Alkim A(0)* X, , = 0. It thus follows that

Y.0)= 3 C0)40) BO), (64)
=S "m0k, | 6.5)
— H(L:0):,, (6.6)

where 11,(0) (j =0,...,00) are n, x n_matrices and H(L;0) = Zhj(H)Lf the matrix
of lagged polynomials. j=0

Equation 6.5 along with some standard assumption about the process of the
error term ¢ implies that y () is covariance stationary and has a spectral density
matrix f,(w) that can be represented as:

Jo(w) = ZL H (exp(—iw);0)X(0) H (exp(—iw);0)’, (6.7)
™

where X denotes the conjugate transpose of a generic complex matrix X.

In some cases, like in the BCA and MBCA methodological framework, not
only dynamic but also steady-state parameters are estimated. In this case, it is
useful to define the augmented parameter vector as @ = (6’,a’)’ and make explicit
the relationship between data observables Y,°, model observables Y, (¢) and steady
states (6

Y, = (@) +Y,(0), (6.8)

where it is important to recall the fact that the model observables are expressed as
log-deviations to form their respective steady-state values. This representation is
useful in the case where steady-state parameters are estimated since considering
only the second-order properties would omit the full identification potential of
these parameters. This is why, in this case, the identification of # will be examined
on the properties of (6) and J;(w) jointly.

Definition 6.1. The parameter vector g is said to be locally identifiable from the
first and second order properties of {Y,} at § = 6, if there exists an open neighbor-
hood of §, in which x(6,) = (6, ) and f3 (W)= f; (w) for all w € [, 7] necessar-
ily implies 6, = 6,.

Now consider the following object:

sy — [T [Ovec(fy (W) | dvee( Sy (w) o)\, 2p(0)
G(B)ff_ﬁ[ = ][ 5 ]dw+[ 7 ][ 7 ] (6.9)




100 PEDRO BRINCA ET AL.

Under some mild assumptions Qu and Tkachenko (2012) show that:

Theorem 6.1. 6 is locally identifiable from the first and second order proper-
ties of ¥ at a point 6, if and only if G(6,) is nonsingular. Establishing whether
the parameter set 0 is identifiable thus reduces to checking that the matrix G(6, )
is full rank.

Analogously to Komunjer and Ng (2011) the eigenvalues of G(8, ) are obtained
numerically, with the sole exception of the default Matlab tolerance level being
used to determine its rank. This is due to the fact that the matrix is not as sparse

0 ,
as the one considered by Komunjer and Ng (2011). Also, the derivatives fgeiw" )

are computed numerically as [f; .., (w;)— f, (w;)]/ where e, is a unit vector
whose kth element is equal to 1 and /, is the step size. Unlike Komunjer and Ng

(2011), however, the step size is not set to 1e—3 but to le—7.
9fy(w;)

To estimate ——— and to compute the integral in 6.9 we make use of the

k
symmetric difference quotient and Gaussian quadrature, respectively. We find
that both models are locally identifiable only when the first- and second-order
properties of the data are used since we find the matrix G(6,) in (6.9) to be full rank

but the matrix G(f) = fj dvec(fy(w)) 8vec(§]/‘0(w))

9/

If 6 is shown to be locally unidentifiable, as it is the case here for both the
BCA and MBCA models, it is possible to trace out a curve of points x which are
observationally equivalent to 6, in a local neighborhood of the latter. Indeed Qu
and Tkachenko (2012), following Rothenberg (1971), show that this curve can be
defined using the function 6(v) such that:

/

dw) to be rank deficient.

——2=1¢(0),0(0)=0,, (6.10)

where c(f,) is the eigenvector which corresponds to the smallest eigenvalue of
G(0), w is a scalar which varies in a neighborhood of 0 such that 6 (v) € 6(6,).®
As shown by Qu and Tkachenko (2012), along the non-identification curve

990) _ ) and thus () = 0.
ov

X the parameter set 6 is not identified at 6, since
which implies:
8vec(f§(‘,)(w)) B 8vec(f§(‘,)(w)) .

Ov a0 (v)

for all w € [—m,7].

The curve can be traced out recursively using the Euler method such that
5(1{“1 )= g(v,.)+ c(a(v,))h, where / is the step size (fixed at 1e—04).

We apply two methods (the first due to Qu & Tkachenko, 2012 and the latter
due to Qu & Tkachenko, 2017) can be used to robustify conclusions on both local
and global identifications success or failure.

The first method recognizes the fact that it is important to make sure that the
points on the curve result in identical spectral densities. It thus computes the maxi-
mum absolute and relative deviations of fg1 (w) from }%0 (w) across the frequencies:
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max ) | £y (@)= fi, (@)L and  {max, o | (@)= £ @) LN (@),
where fa (@) denotes the (h, I) element of the spectral densny matrix given the
parameter set # and is evaluated at the same frequency and element of fﬁu (w)
that maximizes the numerator. In the BCA model we find that at norm (6, —6)
= 0.1276 the maximum absolute deviation on the curve is 0.0015 whereas the
maximum relative deviation in relative form is 1.3811e—04. When norm (6, —6)
= is 1.30 the two measures are 0.0083 and 7.5130e—04, respectively. As to the
MBCA model, when norm (6, —0) = 0.0251 the maximum absolute deviation
on the curve is 1.0226e—04 and the maximum relative deviation in relative form
is 3.2755e—05. When norm (6, —6) = 2.1728 the two measures are 2.3858¢—04
and 7.4645e—05, respectively. In both models, the points on the curve 6, for the
smallest norm are chosen such that at least the absolute measure is bigger than
the numerical errors associated with the Euler method, which Qu and Tkachenko
(2017) say should remain near or below 1.0E—04.

The second method computes a so-called ‘empirical distance between DSGE
models’ using a range of sample sizes. It is equal to the testing power of the
likelihood ratio test of the null hypothesis that f;(w) is the true spectral density
against the alternative hypothesis that /4, (w) is the true spectral density. In the
context of our analysis, i, (w) is taken to "be fg (w) but the test is general enough
to accommodate dlfferent parameter vectors as well as different model structures.
The empirical distance measure has the following properties. First, its value is
between 0 and 1 for any sample size 7 and significance level a.. A higher value
thus means that it is easier to distinguish between the spectral densities implied
by the two parameter vectors # and 6, and thus argues in favour of stronger
identification. Second, consider what Qu and Tkachenko (2017) refer to as the
‘Kullback-Leibler (KL) distance between two DSGE models (and, more generally,
between two vector linear processes) with spectral densities fén (w) and f§U (w) . It
is given by

KL(0,6) = KL(0,,0)+ ( (6,)—1(8))" 1, ' (0)(1(8y)— p(B)))" (6.12)
Where

KL(eo,el):ﬁ f;{tr( 1) fy (@)~ logdet(f; (W) fy, (W) =y Jdw  (6.13)

To provide intuition, let /() denote the frequency domain approximate
likelihood (or the time domain Gaussian likelihood) based on Y,(#). Then,
T7'Ey 4,55 (L(6,)—L(6)) — KL(8,,6,). If the Kullback-Leibler distance
KL(6,6,) is non-zero its value increase consistently with 7 and approaches 1 as
T — oco. As becomes evident from Tables 22 and 23 all empirical distance meas-
ures (p-values of the likelihood ratio tests) are well above the 5% significance level
for all sample sizes considered, even for a small sample size of just 7' = 20, that
is, five years of observations, and for the smallest normed differences between
the points on the identification curve and the points at which local identification
is checked in the respective models. This is reassuring evidence for practitioners
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Table 22. BCA Model, Wedges Parameters, Empirical Distance Measures.

Empirical Distance Measures on the Curve When Norm (6, —0) = 0.13

Sample T=20 T=40 T=2380 T=120 T =160 =200 T=1,000
Size 0.12 0.17 0.24 0.32 0.38 0.44 0.96

Empirical Distance Measures on the Curve When Norm (9_O —0)=1.30

Sample T=20 T=40 =280 T=120 T =160 T=200 T=1,000
Size 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Table 23. MBCA Model, Wedges Parameters (no r, ,R,),
Empirical Distance Measures.

Empirical Distance Measures on the Curve When Norm (50 —0)=0.03

Sample T=20 T =40 T=280 T=120 T =160 T=200 T=1,000
Size 0.25 0.40 0.6204 0.77 0.87 0.93 1.00

Empirical Distance Measures on the Curve When Norm (50 —0)=2.17

Sample T=20 T =40 T =280 T=120 T =160 T=200 T=1,000
Size 1.00 1.00 1.00 1.00 1.00 1.00 1.00

since even with a relatively small sample size the overall identification strength is
sufficiently high.

7 CONCLUSION

In the past years, BCA exercises have sparked great interest among theoretical
and applied macroeconomists insofar as they can shed light on which classes of
models are able to explain fluctuations in macroeconomic aggregates during a
particular economic episode. These exercises involve ML estimation of the sto-
chastic process governing the latent variables. Even though they have been exten-
sively performed, the methodology has yet to be properly scrutinized in terms of
identification deficiencies. Given that quantitative recommendations are made the
statistical and economic relevance of potential identification issues of the meth-
odology is of the utmost importance.

In this chapter, we take seriously the notes of caution raised by the literature
which investigates identification issues in DSGE models. Indeed, we first perform
strict and weak local identification tests as theorized by Komunjer and Ng (2011)
and Iskrev (2010) on the parameters vectors estimated in Chari et al. (2007) and
Sustek (2011). We find that in both the standard and MBCA frameworks the
model parameters are strictly identifiable. This is no longer true once one extends
the estimation to the deep parameters of the model. In these cases, we show
how to obviate such failures by imposing restrictions on the space of estimated
parameters. Our analysis also points out that both models are affected by weak
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identification problems and thus suffer from a low degree of estimation precision.
In particular, we find that the elements which suffer from weak identification are
the off-diagonal elements of the VAR(1) law of motion of the latent variables.
This is due to the fact that while these parameters do affect the likelihood, the
effect which they exert on the latter is strongly collinear. We find that this is an
inherent property of the VAR(1) process evaluated at the estimated parameter
vectors. Indeed, we show that when innovations to the wedges are assumed to
be observed and the parameters are estimated using the VAR in isolation from
the model it is the off-diagonal elements which have a strongly collinear effect on
the likelihood. Second, we investigate the economic severity of these identifica-
tion problems by computing the uncertainty around a statistic which is used to
rank which classes of models best explain business cycle fluctuations. We find
that the main conclusion is not overturned for the standard BCA model. We are
currently investigating whether this result also holds for the MBCA framework.
Finally, we investigate a question of interest to practitioners, namely how identi-
fication strength varies across sample sizes. We show that even in small samples
the parameter sets in both frameworks are overall well identified by computing
empirical distance measures as in Qu and Tkachenko (2017).

NOTES

1. Global identification would extend the uniqueness requirement to the whole param-
eter space.

2. A point is regular if it belongs to an open neighborhood where the rank of the matrix
does not vary.

3. Please refer to Iskrev (2010) for further details.

4. This detrending method is used in Brinca et al. (2016) and is found to make the ML
estimation procedure very robust across a large set of OECD countries.

5. We use Chari et al. (2007) actual data for the study of the 1982 recession.

6. Testing that the f; statistics are not significantly different from each other would be the
most rigorous way of answering this question.

7. In cases where the upper bound and the lower bound only overlapped at a given
number (e.g. f; statistic of wedge 1 UB = 0.02 and f; statistic of wedge 2 LB = 0.02), we
still counted them as the f; statistic overlapping and so the number would not be reported
in bold.

8. As pointed out by Qu and Tkachenko (2012) it is usually the case that §(8,) is
unknown and, thus, so is the domain of the curve. This is why in constructing the non-
identification curve first a wide support is considered, the model solved and the spectrum
computed. The resulting curve is then truncated so as to exclude points which (i) are asso-
ciated with indeterminacy, (ii) violate the natural bounds of the parameters and (iii) yield
f;(w) different from fﬁ“ (w).

9. There is no need to consider w €[—,0] because f;(w) is equal to the conjugate of

Ji(=w).
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A. APPENDIX - BCA AND MBCA MODEL WITH
INVESTMENT ADJUSTMENT COSTS

A.1. Komunjer and Ng (2011)

A.1.1 Charietal. (2007) BCA Model

We introduce the version of the BCA model by Chari et al. (2007) which allows for
investment adjustment costs calibrated at the ‘normal’ intensity used by Bernanke
et al. (1999), see Appendix C.2. The results are similar to the baseline case with
the default parameters being strictly identifiable and several steady-state wedge
shocks, off-diagonal elements of the P and Q matrix as well as deep parameters
not being identifiable once the set of estimated parameters is extended to the lat-
ter (Tables A-1 and A-2).

In line with the analysis carried out for the baseline model, we check which
restricted parameter combinations would allow the other parameters to be strictly
identifiable. As reported in Table A-3 we find three such sets at the lowest toler-
ance level for which identification fails in A-2, mostly consisting of three param-
eters each. These sets are (i) {4, p, }, (ii) {b, p, } and (iii) {a, ¥} and thus involve the
parameters governing the degree of investment adjustment costs (a and b), the
autocorrelation of the government wedge and the inverse of the constant Frisch
elasticity of labour supply ).

Table A-1. Komunjer and Ng Test Results BCA Model With
Normal Adjustment Costs.

Tol T S S S
e—02 29 25 15 51 40 62 0
e—03 29 25 16 53 45 68 0
e—04 29 25 16 54 45 69 0
e—05 29 25 16 54 45 69 0
e—06 29 25 16 54 45 69 0
e—07 29 25 16 54 45 69 0
e—08 30 25 16 54 46 70 0
e—09 30 25 16 54 46 70 0
e—10 30 25 16 55 46 70 0
e—11 30 25 16 55 46 71 1
Default = 1.378453¢—12 30 25 16 55 46 71 1
Required 30 25 16 55 46 71 1

Summary: n, =30,n, =5,n. =4.
Order condition: n, = 30,1, = 50.

106
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Table A-2. Komunjer and Ng Test Results BCA Model With
Normal Adjustment Costs (Deep Parameters Estimated).

Tol AS AS AS AS, AS, AS Pass
e—02 34 25 15 53 45 64 0
e—03 36 25 16 57 52 71 0
e—04 36 25 16 57 52 71 0
e—05 36 25 16 58 52 71 0
e—06 36 25 16 58 52 71 0
e—07 36 25 16 58 52 71 0
e—08 37 25 16 60 53 74 0
e—09 37 25 16 61 53 75 0
e—10 38 25 16 61 54 76 0
e—11 38 25 16 63 54 77 0
Default = 1.378453e—12 38 25 16 63 54 78 0
Required 39 25 16 64 55 80 1

Summary: n, =39,n, =5,n. =4.
Order condition: n, = 39,n; = 50.
Problematic parameters at Tol = le=3: z, 7/, T, , & Pros Prs Pyzs Peris Prons Porss Poris Priris

Per s Prrgs Pr o Do Do G G B> das P 2 0, 4, b
Problematic parameters at Tol = 1.378453e—~12: 2 , T/ , T, , & Ps Pr, 25 Pr. 2 Pyos Pers Prs Prrys Pyirys Prrs

Prrris Pro> Pars Prgs Py Prog P Gaps aps Uy G Qs Gz Gay> Dago 80 80 B, 6,0, 0, v a, b

Table A-3. Komunjer and Ng Conditional Test Results BCA Model With
Normal Adjustment Costs, Tol = 1.378453e—12.

Fixed N N N N N N Pass
X AA AT AU AAT AAU A

ap, 39 25 16 64 55 80 1

b P, 39 25 16 64 55 80 1

a 1/§ 39 25 16 64 55 80 1

Required 39 25 16 64 55 80 1

Summary: n, =39,n, =5,n. =4.
Order condition: n, = 39, n, = 50.

A.1.2 Sustek (2011) MBCA Model

An analogous pattern to the one found in the baseline MBCA model and
reported in Section 4 emerges once investment adjustment costs are introduced in
the model (see Tables A-4 and A-7).

As to the conditional identification tests, we find that only for the MBCA
model with normal adjustment costs where 7, and Ry not included in estimation
it is possible to reparameterize the model in a way which makes the other param-
eters identifiable. We find 27 parameter combinations which restrict only four
parameters at the lowest tolerance level for which identification fails in A-6 (see
Table A-8). These sets mainly feature the steady-state innovations to the efficiency
and government wedge (z_ and g ) as well as steady-state inflation 7_ and some
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Table A-4. Komunjer and Ng Test Results MBCA Model With
Normal Adjustment Costs.

To AAL Ay AL AL At Pas
e—02 60 49 33 101 89 130 0
e—03 60 49 36 107 96 142 0
e—04 60 49 36 109 96 144 0
e—05 60 49 36 109 96 144 0
e—06 60 49 36 109 96 144 0
e—07 60 49 36 109 96 145 0
e—08 60 49 36 109 96 145 0
e—09 61 49 36 109 97 145 0
e—10 61 49 36 110 97 145 0
e—11 61 49 36 110 97 146 1
Default = 5.826450e—12 61 49 36 110 97 146 1
Required 61 49 36 110 97 146 1

Summary: n, =61,n, =7,n.=6.
Order condition: n, = 61,1, = 105.

Table A-5. Komunjer and Ng Test Results MBCA Model with Normal
Adjustment Costs (r, and R, Estimated).

Tol Na A Ay Ay A Pas
e—02 62 49 33 103 91 132 0
e—03 62 49 36 109 98 143 0
e—04 62 49 36 111 98 146 0
e—05 62 49 36 111 98 146 0
e—06 62 49 36 111 98 146 0
e—07 62 49 36 111 98 147 0
e—08 62 49 36 111 98 147 0
Default = 2.983143e—09 62 49 36 111 98 147 0
e—09 63 49 36 111 99 147 0
e—10 63 49 36 111 99 147 0
e—11 63 49 36 112 99 148 1
Required 63 49 36 112 99 148 1

Summary: n, =63,n, =7,n. =6.

Order condition: n, = 63,n; =105.

Problematic parameters at Tol = le—3:z, g .

Problematic parameters at Tol = 1.000000e—10: z, 7, , T, , & Pus Py s Pro s Pyos Pry oo Przs PersPrys Prorys
Porr> Pryrp Prap Prrs Prir> Prs Pero Pryro Prors Prgs Prigs Prog Py Prygr PR Prny> Py Prnys Pery Pryp Pr g
pmé’ p,»\j(’ pg.R’ pmjz’ Pro D> D310 Dsp> D> D320 Da> D3> Daze D5z D> Dsa> Dea Dss
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Table A-6. Komunjer and Ng Test Results MBCA Model With Normal
Adjustment Costs (Deep Parameters Estimated).

Tol ALAL A AL AL, A R
e—02 69 49 35 104 99 133 0
e—03 70 49 36 113 106 146 0
e—04 70 49 36 116 106 148 0
e—05 70 49 36 117 106 148 0
e—06 70 49 36 117 106 148 0
e—07 71 49 36 118 107 149 0
e—08 71 49 36 119 107 152 0
e—09 72 49 36 119 108 153 0
e—10 73 49 36 120 109 154 0
Default = 2.330580e—11 73 49 36 121 109 155 0
e—11 73 49 36 122 109 157 0
Required 74 49 36 123 110 159 1

Summary: n, =74,n,, =7,n, = 6.

Order condition: n, = 74,n; =105.

Problematic parameters at Tol = 1€=3: 2, T, , T, , 8 s Py, s Pr_ s Pys Pryos Pios Pers Prys Ponys Pryrs
pRﬂ’ /):,f\’ pf,,.—\ > /)gj\’ pf,,,‘rg /)Rj\s P:gs p.‘,,g’ pf\,g’ Pr, g pRg’ p:.r,,’ /)r,,r,,’ pf\J,,’ pgj,,’ Pr,» /)R;hs p:jgs pn‘[p /)T“Rs
Py Py k> P G Ga> Daps U5z 8 83 B U O, P ws w0, T, 4, b,

Problematic parameters at Tol = 1.000000e—11: 2, 7, , T, , &, Ps Pr, 25 P25 Py s P, 25 P> Prp Prys Proais
pg.T, ’ pT/,.TI’ pie;,’ p:.r\ ’ p-r,..”\ ’ p-r‘ ’ pg,,-" pr,,,,-‘v piejg /):,g= p,—,,g’ pr\,gv p,y /}T,,,g’ pR_g’ /0:,7,,9 pr,Ar,,r pr\,r,,r pg.—r,,’ p,—,,a pR,r,,’
P> Pr o Pr o P> Pry o Pio 1> D> D315 D510 Do 92> D3> Dan> Ds> D> D330 Daz D53 Qo3> Qaw> D> Qo> U5 Dos
Uoor 80 8+ B 8, 0, 4 ppw,,w, T, a b,

ss?

Table A-7. Komunjer and Ng Test Results MBCA Model with Normal
Adjustment Costs (7, , R and Deep Parameters Estimated).

Tol Ai Af. Ai Af\ 1_ Ai v AS Pass
e—02 71 49 35 105 101 134 0
e—03 72 49 36 114 108 146 0
e—04 72 49 36 118 108 149 0
e—05 72 49 36 119 108 150 0
e—06 72 49 36 119 108 150 0
e—07 73 49 36 120 109 151 0
Default = 9.546056e—08 73 49 36 120 109 151 0
e—08 73 49 36 121 109 154 0
e—09 74 49 36 121 110 154 0
e—10 74 49 36 122 110 156 0
e—11 75 49 36 123 111 158 0
Required 76 49 36 125 112 161 1

Summary: n, =76,n, =7,n.=6.

Order condition: n, = 76,n, = 105.

Problematic parameters at Tol = 1e=3: 2, 7/ , T, , & s 0r s Pros Pos Pryos Przs Pers Prys Prors Parys
pr,,.r,’ piz.,-,’ p:.r\’ p-r,.r\’ pr\ > pg‘T\’ pr,,ﬁ\v /)ﬁ_f\a p:.g’ pT,‘g’ pr\.g’ pgo pr,,,gﬂ pl}‘g’ p:ﬁ,,’ pr,,r,,v pr\.r,,’ pg.r,,’ pT,,’ piz..,hﬂ P:'fp
Prio Proio Poio Pryio Pio Dov D> D510 Do B30 Q> D50 D3z D> D5y Doy Gar Dsw Dew D50 8,0 82 B, 6,4, 0, pp
Wes W, T, @, b. )

Problematic parameters at Tol = 1.000000e—11: z_, 7/ , T, , 8 Ty s Rys Pos Pr o Pr s Pyos P, 25 P> Prps
P> Proays Porys Pryap Pz P Pryr s Pros Poiro Pryro Py Prigo Prygs Prog Py Prygo Prg> Perys Pryry Proys Pary
Prys piz,,—,,? P. i p.—,,iz’ pr\,lé’ pg,ie’ pr,,,lé’ Pro 4> Do D315 Dar> D> Der> Dao> Do Dar> s> D> D330 D> D3> D> Daa> Dsao
Yoar 5> o5 Do 812 82 B, 6, 0, @ prow w4, b,
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Table A-8. Komunjer and Ng Conditional Test Results MBCA Model with
Normal Adjustment Costs, Tol = 2.330580e—11.

Fixed N oA A ay, oA, a P
s, m.b 74 49 36 123 110 159 1
sopm.b 74 49 36 123 110 159 1
sp.. mb 74 49 36 123 110 159 1
zp, m.b 74 49 36 123 110 159 1
BN 74 49 36 123 110 159 1
sqy b 74 49 36 123 110 159 1
sq, 7 b 74 49 36 123 110 159 1
sgum b 74 49 36 123 110 159 1
s pm b 74 49 36 123 110 159 1
sonb 74 49 36 123 110 159 1
sm.ab 74 49 36 123 110 159 1
7, g b 74 49 36 123 110 159 1
g p.m b 74 49 36 123 110 159 1
g p.. m.b 74 49 36 123 110 159 1
g p, 7 b 74 49 36 123 110 159 1
2.0, amsb 74 49 36 123 110 159 1
g q,m. b 74 49 36 123 110 159 1
g q,m. b 74 49 36 123 110 159 1
g qum. b 74 49 36 123 110 159 1
g vm. b 74 49 36 123 110 159 1
g o b 74 49 36 123 110 159 1
g 7 ab 74 49 36 123 110 159 1
par b 74 49 36 123 110 158 0
ppamb 74 49 36 123 110 158 0
guam b 74 49 36 123 110 158 0
var b 74 49 36 123 110 158 0
can b 74 49 36 123 110 158 0
Required 74 49 36 123 110 159 1

Summary: n, = 74,n, =7,n.=6.
Order condition: n, = 74,n, =105.

deep parameters. The parameter b which governs, with a, the degree of invest-
ment adjustment costs also shows up prominently in these sets. This is because
this parameter is a function of other deep parameters and fixing it thus provides
an additional restriction which can help to identify the latter.

A.2 Iskrev (2010)

A.2.1 Chariet al. (2007) BCA Model

We first study strict identification in the standard BCA model featuring
investment adjustment costs of normal intensity. We start with the 38 parameters
case (only a is considered in estimation since b is de facto a function of other
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Table A-9. BCA Model with Normal Adjustment Costs, Parameter

Identification (All Deep Parameters Fixed).

Value CRLB rCRLB
~0.0239 0.0955 3.9926
7, 0.3279 0.1450 0.4423
T 0.4834 0.2142 0.4431
g, _1.5344 0.3212 0.2093
0. 0.9800 0.0488 0.0498
P ~0.0330 0.0514 1.5588
o, ~0.0702 0.1022 1.4548
po 0.0048 0.0596 12.3854
P, ~0.0138 0.0351 2.5492
’. 0.9564 0.0528 0.0552
P ~0.0460 0.1147 2.4941
Do, ~0.0081 0.0470 5.7929
o.. ~0.0117 0.0836 7.1323
o —0.0451 0.0699 1.5497
o 0.8962 0.0941 0.1050
Do 0.0488 0.0995 2.0369
poy 0.0192 0.0802 41698
P 0.0569 0.0663 11650
P 0.1041 0.0949 0.9114
o, 0.9711 0.0926 0.0953
7, 0.0116 0.0007 0.0578
a0 0.0014 0.0015 1.0792
4, ~0.0105 0.0078 0.7389
» ~0.0006 0.0013 2.2903
0, 0.0064 0.0004 0.0636
7, 0.0010 0.0067 6.5323
a0, 0.0061 0.0050 0.8153
a0, 0.0158 0.0075 0.4712
a, 0.0142 0.0023 0.1619
. 0.0046 0.0036 0.7903

structural parameters). Fixing g and g_in the standard BCA case discussed above
leaves 36 parameters and the rank of the information matrix is found to be 33.
There are 7,140 combinations of 33 parameters out of 36 and as many as 2,406
combinations of parameters which, when fixed, deliver a rank of 33 and thus
enable identification of the ones left unrestricted.

Table A-9 is instructive about weak identification problems. Interestingly,
relative uncertainty decreases such that ¢31 and ¢44 no longer feature among
the set of worst identified parameters. This is no longer true for ¢g31 once also the
deep parameters of the model are considered in the identification analysis (see
Tables A-10 and A-11). The same results of the no adjustment costs counterpart
hold through, with the exception of « also being one of the most badly identified
parameters.
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Table A-10. BCA Model with Normal Adjustment Costs, Wedges Parameter

Identification.
Value CRLB rCRLB
~0.0239 2.3406 97.8465
7, 0.3279 0.5711 17414
T 0.4834 1.9206 3.9729
' —1.5344 0.7576 0.4937
0. 0.9800 0.0554 0.0565
P, -0.0330 0.0545 1.6526
0. . ~0.0702 0.1190 1.6937
P 0.0048 0.0654 13.5906
p... ~0.0138 0.0548 3.9733
’, 0.9564 0.0586 0.0612
o —0.0460 0.1305 2.8372
Pe, ~0.0081 0.0660 8.1379
p... ~0.0117 0.1096 9.3467
o, —0.0451 0.0876 1.9431
o 0.8962 0.1101 0.1229
Do, 0.0488 0.1026 2.1003
poy 0.0192 0.0934 48530
P 0.0569 0.0795 13964
P 0.1041 0.1715 1.6475
o, 0.9711 0.1042 0.1073
a, 0.0116 0.0064 0.5536
0 0.0014 0.0035 2.4901
4, ~0.0105 0.0163 15549
4 ~0.0006 0.0013 2.2904
0, 0.0064 0.0046 0.7156
0 0.0010 0.0113 10.9783
0. 0.0061 0.0116 1.8940
a, 0.0158 0.0244 1.5433
a, 0.0142 0.0045 0.3185
4y 0.0046 0.0045 0.9858
8 0.0118 0.0015 0.1285
o 1.0000 0.4395 0.4395
a 0.3500 0.4199 1.1996
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Table A-11. BCA Model with Normal Adjustment Costs (Deep Parameters
Estimated), Information Matrix Decomposition.
CRLB/para.  sens/para. coll. o, % %)

97.846 0.410 238923 0999991  0.926(g)  0.980 (g, )
7, 1.741 0.019 90.135  0.999938  0.801 (a) 0.861 (7, .p.)
T, 3.973 0.006 681977 0.999999  0.946(g)  0.983(p,. . q)

0.494 0.003 151.290 0999978  0.946(r,)  0.989(z,, )
. 0.057 0.000 211820 0.999989  0.992(p.)  099%(p, ,p.)
p... 1.653 0.038 43825 0999740 0.900(p,)  0.987(p, .p..)
o 1.694 0.019 89376 0999937  0.948(p.,)  0.985(p, .p, )
Py 13.591 0.074 184275 0.999985 0992 (p) 0.993 (p.,p, )
P, 3.973 0.012 336.677 0999996 0991 (p,.)  0.995(p,..p..)
’, 0.061 0.001 7535 099912 0983(p,,)  0.992(p, .p,,)
P 2.837 0.018 155079 0.999979 0980 (p, )  0.91(p, .p, )
Do, 8.138 0.027 298583 0.99999%4 0991 (p.,)  0.99(p,,.p)
P 9.347 0.010 979.814 0999999 0.992(p,.) 099 (p.p.,)
o 1.943 0.012 166317 0.999982 0987 (p,,) 0.9 (p, .p, )
P, 0.123 0.001 195368 0.999987  0.986(p, )  0.998(p, _.p. )
Do 2.100 0.003 673543 0999999 0.992(p..)  0.999 (.. p)
Py 4.853 0.004 1280821 1.000000  0.992(p,) 0.999 (p.. p..,.)
P 1.396 0.006 229.345 0999990  0.987(p,.) 0.999(p. ..p, . )
) 1.648 0.004 459.104 0999998 0.986(p,) 099 (p, .p. )
o, 0.107 0.000 1051673 1.000000  0.992(p.,)  0.999(p..p,.)
a, 0.554 0.036 15585 0997939 0.780(g,)  0.788 (g, 4y,
0 2.490 0.247 10.064 0995051  0.747(g,)  0.755(q,,, 4,
4, 1.555 0.038 40.815 0999700  0.951(q,)  0.960(q,,q,)
4, 2290 0.654 3504 0958405  0951(q,)  0.958 (g qy)
0 0.716 0.045 15827 0998002 0.622(q,)  0.632(r,.4q,)
s 10.978 0.388 28313 0999376 0951(g,)  0.951(r,.q,)
4, 1.894 0.062 30769 0999472 0951(q,)  0.955(¢y, qy,)
s 1.543 0.024 63950 0999878 0.909(g,)  0.910(p, . q,)
4 0319 0.027 12003 0996524  0909(q)  0.909(z.,q,)
q. 0.986 0.058 16985 0998265  0.113 (o) 0.389 (5, o)
s 0.129 0.013 9.575 0994531  0.934(g) 0966 (-, a)
o 0.440 0.011 40138 0999690  0.940 () 0.980 (r, . p,.)
a 1.200 0.002 504.842  0.999998  0.940 (o) 0.983 (7, .p,.)
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B. APPENDIX — MODEL DERIVATIONS

B.1. Representative Consumer

B.1.1. Optimization Problem of the Household

Suppose households own the capital stock and rent it out at rate 7. They also work for

wages at rate w, per unit of labour input and pay takes on labour, investment and bond

holdings. Then, the optimization problem for the household looks as follows:
Objective function:

00
max Y > BU(c(s).1-U(s") N(s)
e (D Dk DB 5Ty 1=0 ' —(l+g,) setting No=1

where ¢,(s"), x,(s") >0, Vs', 1.

Let x,(s") be any random variable. The expectation over the discounted sum of
future possible realizations can be written as:

EY 8= 305 05 (o)

=0 s

The second sum expresses that the expectation is a probability weighted aver-
age of the different possible realizations of the variable. We can thus rewrite the
objective function as follows:

0

max EOZﬁ’U(c,(s'),l*I(S’))(lJrgn)ta

Ler (5P (D)1 (5T )by (5 =0
Budget constraint:
t -1
b,(s") _bz—l(‘s )

[+ R (s)]p(s)  p(s)
= (1=, (), (), () + 1, (DK, (s )+ To(5")

¢ (s)+ 47D, () +[14 7, (]| 1+ g,)

Capital accumulation law:

N (8" Dk (8) = [(1= )k, () +x, (5N, (s")

(B-1)
& (1+g,)k.(s") = (A=0)k (") +x,(s")
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B.1.2. Lagrangian Function
Given that there is one budget constraint for each realization of s, in each time
period ¢ one can write the Lagrangian function in the following way:

L£=E,> U (c,(s)1—-1(s")) N,(s")

SO 6N L7 5O (5 [ 7, (5]

b(s) b,
0+R(OpG)  p(s)
=7, (s, (s (s ) =1 (s Ve (s ) =T, (s) }

(1+g,)

Making use of expression (B-1) for investment and recalling that the expecta-
tion is a probability weighted sum of the possible realizations, one can integrate
the budget constraints into the first part of the function one obtains:

£=ELS U660 1- 1)) N(s')

e )+, (ONA+ g, )k, (5 — (1= 8)k, (s')]
bt(sl) 7 bt—l(stil)]

[1+R(sHIp,(s")  p(s)

1=, (5, (5L () =1 sk (5D = TsO] ]}

Hi+ 7, O+ g,)

A

with \, = ———.
B, ()

B.1.3. First-order Necessary Conditions

Differentiating the Lagrangian with respect to the choice variables of the house-

hold, one obtains the following first-order necessary conditions which hold Vs', 7:
For each state of the world, s, and each point of time ¢ it holds that:

oL

:I IU‘ tl t_ :0
IR ST ARy )
=

A=U,(sH0+g,)
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8£ 1 = ﬁtp’t (Sr )[U[,[ (St )(1 + gn )t + )‘z [l - Tl,l (st )]Wt (St )] =
on,(s") (B-3)

U4,
[ [I_Tl,r(sz)]wz(st)

The intratemporal optimality condition is then given by:

o Ul,r(st)

———=[l—7,,(s")w,(s"). B-4
UCJ(S,) [ l,t( )] 1( ) ( )

When differentiating the Lagrangian with respect to capital &,,,(s"), one has
to note that at time ¢ + 1 the net capital stock of the previous period, k,(s""),

becomes k, ., (s"), which leads to an additional component in the derivative.

_oc
Ok, (")

30 B DAL T TN =6) 4 (7] = 0

SHs gt

= 3, O[A I+ 7, (O + g,)]

__ B e TN 7 TDIA=6) 41, (™)
(1+gn)s”>\’ ,U,t(S) )\t 1+Tx,t(s )
U t+1 1 t+1
_ ﬂ Z HI(SHI |St) (:H»](s t )( +gnt) %
(+g,) 7= U, (s)1+g,)

[[1+T“+1(S'“)](1—5)+ (s )]
1+7.,(s")

(B-5)

"D +7 0 TOIA=8) + 1., (")
= 1 — Sz+1 z c 141 x,1+1 +1
9 2 U.,(s) : 7,60) ]

47, (DI =8)+r, H(sf“)]

I+7,,(s")
| s") and equation (B-2).

UL’J+1 (St+] )

U.,(s)

< 1=0E,

Hl) t+1

Py (8

d H(S’) (s

When differentiating the Lagrangian with respect to bonds, one has to note

that at time 7 + 1 the bonds of the previous period, b, ,(s""), become b, (s" ), which
leads to an additional component in the derivative.

where in the third step we use
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(I+g,)
[1+ R (s)]p,(s")

1 _—
P
_ I°; Nz+1(5r+l)£1+Tb,z+1(st+l) P,(Sr)
C(+g) e m(s) N 14T, pa(sTh
B ("YU (D)4 g,) 147, (5
S (+g) e (s U (sH(1+g,) 47,5

8 P
) =01, (s")|—

A+, (5]

+ Z ﬂmﬂtﬂ(sm) )‘t+1[1+7b,t+1(51+1)]

S sg

[1+R (s")]

(B-6)

H»l)

pr (S ) r+l t UL’,1+1(S
HI( ,+1)[1+R(S )]él_ﬂszx /j’t+1(s ) U(,J(Sl)

1+Tb,1+l(sl+l) p;(s,)
147, (s pa(s™)
Uc,t+l(st+l) 1+Tb.l+l(sr+l) pt (SI)
Uc,t(sl) 1+Tb,t(sr) pt+1(sl+l)
Uc,z+1(sl+l) 1+ Tb,z+1(s,+l) Dy (S’)
U(',I(S’) l+Tb‘t(S,) pt+1(sl+l)

t+1
where in the fourth step we used M =p,,, (s

1, (s")

B.2. Representative Producer

[+ R (s")] < 1=0E,

[1+R,(S’)]]

@1—6151,{ [+ R (s)]

| s") and equation (B-2).

The representative producer operates an aggregate CRS production function:
¥ () =F(k(s"). Z,(s(s")), (B-7)

where F(.,.) has the standard properties and Z,(s') = z,(s') (1 + g.) -

B.2.1. Optimization Problem of the Firm
The producer maximizes profits:

() =w, (s, (") =1, (s )k, (s) (B-8)

by setting:
w,(s')=F,, (k(s".z,(s)(1+8.)'1(s")) (B-9)

) (B-10)
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ceo (B-11)

B.3. Additional Model Equations
The aggregate resource constraint is given by:

y,(8")=c,(s)+ g (s")+x,(s). (B-12)

Monetary policy is assumed to set the interest rate according to a Taylor rule
of the following type:

R(s")=(1=pp)[R+w,(In y,(s)—~In y)+w (m,(s')—7)]
+oR (s )+ R (s), (B-13)

where p, €[0,1), 7,(s')=1n p,(s')—1In p, ,(s'") is the inflation rate and a vari-
able’s symbol without a time subscript denotes the variable’s steady-state (or bal-
anced growth path) value. In addition, it is assumed that w_ > 1, thus eliminating
explosive paths.

B.4. Functional Forms and Auxiliary Assumptions
From here on, we make the following functional form assumptions:
(1-0)

(e(1=0)")
(1-0)

It is assumed that the state s, follows a Markov process of the form p(s' [s™")
and that the wedges in period ¢ can be used to uncover the event s’
uniquely, in the sense that the mapping from the event s to the wedges

z, -7 # g,
> l‘r’l_i_”_]’t’ 171_._7_}”

without loss of generality, let the underlying event s, = (s.,,5,,S

F(k,Zl)=k*(Z) " and U(c,1 - 1) =

,R, | is one-to-one and onto. Given this assumption,

X,,sg,,sb,,skl), and

let 10g Z,(S[) =S80 Toy (St) =81 Ty (Sr) = Sy and 10g gt(st) = S Given the unique

mapping between s, and the wedges we make following auxiliary choices:

logz, =logz(s"),logg, =logg,(s"), 7, = 7,(s), 7, =7.(s),
TbA,l = Tb(St )a Rl = R(St)

Note that we have effectively assumed that agents use only past wedges to
forecast future wedges and that the wedges in period ¢ are sufficient statistics for
the event in period ¢. More precisely, the VAR representation of the underlying
state s, is modelled as follows
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S = By +Ps, +0¢,,,,, where ¢, ~ N(0,1).

s+l

B.5. Operational Model

In the operational model, we consider quantities which are not only expressed
in per-capita terms but also detrended. To highlight the differences between
this model’s and the previous model’s variables we introduce the notation
v V)

t t

(tg) N(+g)

® CRS production function:

v

]. The model is then given by:

Aot L i—1\a )

P =k (s (zL(s)) (B-14)
® Aggregate resource constraint:

P(s)=¢,(s)+ g +x,(5") (B-15)

® (Capital accumulation law:

(I+g,)(1+2.) "k (2) = 1=6)1+g.) k(=) +(1+2.) £,(z)

. R (B-16)
& (1+g,)0+ gk, (2")= 1=k (z)+ %,(z")
e Taylor rule:
R(s")=(1=pp)[R+w,(In j,(s)=In ) +w, (7, (s')— )|
~ (B-17)
+pRRr—1 (S171 ) + R, s
e F.O.C. labour:
ACO I P rmlha leag (oo (B-18)
0 e (=7, )(1—a)k, (s ) 21 (s")
e F.O.C. capital:
lzﬁE{@Hu+gJ“f%v¢HV““x
e rg)) Ay
[(1 + Tx,t+l )(1 - 6) + al;tﬂ (Sl )(kl <Zt+llt+l (SHrl ))l*“ ] }
( )1 +7., (B-19)
2 ét+1 B l_lr+l e
B BE[{[ ét ] [ 1—[1 ]

[(1 + Tx‘pr] )(1 - 6) + al;pr] (S’ )Uﬁl (Zt+llt+] (S’+l ))17“ ]}
1+ Tx,z

5
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where 3 = Bl(l+g.)".

e F.O.C. bonds:
¢(sH(A+g.)y 1+T7, (5! .
= ﬁE’{E (i’“);(lJrgé))’“ 1+: B pp ES’*)‘)[HR[(S s
+1 o) 1_':_ b(,tt)rﬂ (B—ZO)
2 (%) Tb.l+1 JAS t
1= {2 Ce [ R (5]
{Cz+1(s ) I+7,, po(s )
where 5=3/(1+g.).
B.6. Steady State
The model in steady state is given by:
® CRS production function:
P=k(z0)" (B-21)
® Aggregate resource constraint:
y=c+g+x (B-22)
® (Capital accumulation law:
(+g)1+g)k=(1-6)k+x (B-23)
e Taylor rule:
R
=t g, (B-24)
(I=pp)w, >
e F.O.C. labour:
wlil: (1—Tl)(1—<3z)/’€"z"“l"1 (B-25)
e F.O.C. capital:
_ [ a—1 I—a
IZB(H_TX)(I &)+ ak* ' (2]) (B-26)
I+7,
e F.O.C. bonds:
1= Bexp(—m)(1+R)= R = - 1, (B-27)
f exp(—m)

where we used that 7, = log[L].
pt—l
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To solve for the steady state of real variables, we start by solving (B-26) w.r.t. j;:

[(1 +7, ) ﬁ(l o)l
Plugging this expression for k in equation (B-25) yields:

1
Jrezi=nz (B-28)

@Z)& =(-7)1—a)Azl)* "

1; =(1—-7,)(1—a)A"z (B-29)

<P
~ l (a3
sé=—1-7)1-a)A"z(1-1)
(0
Inserting (B-28), (B-29) and (B-23) into the aggregate resource constraint leads to:
k(2D = e g+ (148, )1+ gk —(1-6)k
(AzD)" (zD)™ = %(1 —m)(1l—a)Az(1-1)+ ¢
2

+[(+g,)A+g.)—(1-68)]Azl (B-30)

Azl = i(lfr,)(lfa)A“zfi(lfr, Y1—a)Azl+ ¢
+[(1+g,)(1+g.)—(1-6)|Azl

A‘”zl+$(lf7',)(lfa)l\“zl

—[0+g)d+g.)—(1— (5)}Azl—g+w(l—7—,)(l a)Az (B-31)

g+ i(l —71)1—a)Az

Az —Az[(14g,)(1+g.)—(1-6)]

1+$(1771)(17a)

Using (B-31) in (B-28) one obtains:

A a4+ - )(1—a)Az
fe Azl = Az 4

A“z[l—i—;(l—r,)(l—a) —Az[(14+g,)(1+ g.)—(1-0)]

| (B-32)
gr+¥(1—rl )1—a)A°z

A“'ll-ﬁ—;(l—r,)(l—a) —[(+g,)1+g.)—(1-06)]
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B.7. Definitions
Below we define the notation used for the model’s variables and parameters.

B.7.1. Variables
Lower-case variables define quantities in per-capita terms as follows:

(a) Z: Labour-augmenting technical change (Z =z(1+g.) )

(b) b: One period, nominal risk-free bonds; purchased in period #, pay off in
period ¢ + 1.

(c) c: Consumption.

(d) g: Government consumption.

(e) k: Net capital stock.

(f) I Labour.

(2) N: Population (N, = N,(1+g,)").

(h) r: Rental rate on capital.

() R: Nominal interest rate.

() t: Time period.

(k) w: Wage rate.

(1) x: Investment.

(m) y: Output.

(n) s: State of the world at time z.

(o) 7 Inflation rate.

(p) 7: Labour tax.

(q) 7 Tax on investment.

(r) 7,: Tax on bond holdings.

B.7.2. Parameters

The following parameters appear in the model:

(a) g : Population growth rate of labour-augmenting technological process.

(b) g.: Growth rate of labour-augmenting technological process.

(c) «: Parameter which determines the share of (and weight on) net capital
stock in the Cobb-Douglas CRS production function.

(d) B: Subjective discount factor, reflecting the time preference of the
household.

(e) 6: Depreciation rate of net capital stock.

(f) 4: Frisch elasticity of labour supply.

(g) p,: Weight on lagges nominal interest rate in Taylor rule (extent of ‘interest
rate smoothing’).

(h) w,: Coefficient on deviations of inflation from its steady-state value in
Taylor’s rule.

(i) w,: Coeflicient on deviations of output from its steady-state value in Taylor’s
rule.
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C. APPENDIX - GENSYS STATE SPACE

C.1. Log-linearized Equilibrium Conditions

We start by writing the system of equations in terms of k and s. This is done by
replacing r, w, ¢ and X in the first-order conditions with functions of the states.

Thus, we start with:

&+ g+ (g )1+ g )k —(1=8)k, =3, =k (z,1)™ (C-1)

11/161 =(1-7,)(0—a)k"[*z* (C-2)

(147,067 (1=1,) "
= BE (=1, 0k Gl ) (=814 T )] (C3)

where v» = A/ (1—X) and which can be reduced to the following:

YLk (z0) =+ g, )1+ g )k, +(1—6)k, — ]
=(1—7,)(1—a)k [z (1-1)
(I+7 D (20" =+ g )0+ gk, + (= 8)k, — g1 7(1=1)" "
= BEIk} (zd, ) = (14 g,)(1+ 8k,
(1= 8k = &1 (=)
[k (2, )+ (1= 8)(1+ 7))

Next, we compute the steady state of the system for constant values for z, the
taxes and government spending:

k

~
~

(1+n)A<1—B(1—6)>]”“‘”

/Bazl—n

=1y = g (1 +g,)+1 -6k —g =k~ &

¢ [(1—7,)(1—04)(12/1)”2‘*" /¢](1—1/(l€/1) ky=¢ —¢&k,

where the last two equations implylg =(&+8)/(§+E),¢= 5112 —-gl= (1/(12 / l))lé.
The log-linearization is done around these steady-state values. Detrended con-

sumption is obtained via (C-1) and given approximately by:
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¢, = ¢logé,
~ k*(z1)“[alogk, +(1—a)(logz, +logl,)]
—(1+g.)(1+ g,)klogk, ,, +(1-6)klogk, — glog,.

The labour input is then derived from the static first-order condition (C-2):

0~ p{k*(z1) "[alogk, +(1—a)(logz, +logl,)]
—(1+8.)(1+g,)klogh,, +(1-8)klogk, — glog g, }
+d—a)(I—r)k A=D1/ 1-1)r,
—aloglé, +alogl, —(1—a)logz, +l/(1—l)logl,},

which we write succinctly as

logl, = ¢, log 121 +¢. logz, + ¢, + ¢, log g, + ¢y log l€z+1'

Using this equation for log/, we use the other static first-order conditions to
write log p, log x and log ¢ as follows:

logy, = ¢,, log 12, +¢,.logz, +¢,7, +¢,logg, +¢,. log IGM
= (a+(1—a)d, )logk, +(1—a)(1+ ¢, )logz,

+ (1= )¢y, + by logk, ]
log %, = (14 g.)(1+ g, )k / klogk,,, —(1— &)k / £ logk,
logé, = ¢, log 12, +¢,.logz, +¢,7,+¢,logg, + ¢, log IQ,H
=[ylogy, —xlogx, —glogg,]/¢,

where the ¢ ’s are known functions of the parameters.
Capital is derived from the dynamic first-order condition (C-4):

0~ (147,)¢ 7 (1=1)" " {—p(1—0)l [ (1—1)logl, — s logé, }
+ET =1 0r,
—BE{[ak 2l +(1=8)1+7,)]
e =0 {1 —0)l I (1—D)logl,,, —ologé,., }]
+er (1= ak N 2D (1-a)
'(IOg lt+l + 10g Zip1 1Og ]€z+l ) + (1 - 6)sz+l ] } ’
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which simplifies to:
0~ (1+7){—v(1-0)/(1=1)logl, —ologé,}+,,
— E{(+7){~v(1—0)l/ (1-Dlogl,, —cologé,.,}
+6[r(1—a)logl,., +logz,., —logk,, )+ (187}

where r = ap/ k and can be rewritten as:

0= ¢, logl, + ¢, logc, + 7, + ¢ B, logl,, + ¢ B, logc,

R (C-4)
+ ¢ B, logz,,, + ¢ B, logk, | + ¢ B, T

C.2. Allowing for Adjustment Costs

To do log-linear computation (as in the baseline economy) in the case with adjust-
ment costs and 7, = 7,, = 0, we start with:

&+ 8+ (+ g A+ gk —(1=8)k + (%, 1 k), = 5, = ki (z,1)"
e,
1-1

(A+7,)8 7 (A=1)" 1(1= (%, 1 k,))
= BE& (=10 [aki o) +(1-5
— (R 1k )+ OBy 1K DR T
47, ) (1=0/ G Tk )]

=(—7,)1—a)k"l "z

where,

afx :

and b is set equal to the investment-capital trend rate (i.e. b = (1+ g )(1+g,)— 1+ ).
To allow for different intensities of adjustment costs, a is raised from 0 (no adjust-
ment costs) to 12.88 (the level used by Bernanke, Gertler, and Gilchrist (1999),
the normal adjustment costs BGG level) to 4*12.88 (extreme adjustment costs).

Assuming o(x/k)=¢'(x/k)=0, the log-linearization of these equations
yields the same results as in the benchmark with the exception of the intertem-
poral condition:

0~ (1+7,){—v(1—0)/ (1-D)logl, —clogé, +n(log#, —loghk )} + 7.,
—E{(1+7){~v(1—a)l/(1=Dlogl,, —ologé, .}
+ B[r(l —a)(logl,,, +logz,,, —log IQM)
+(14+7,)(1+g.)(1+g,)n(log %, —logk, )
+(1=0)r,., ]}
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where y = o/ k, n= " (%1 k) %/ k)= ab and the term in red is what is added to
the baseline log-linearized dynamic equilibrium condition due to the presence of
adjustment costs. This system can be rewritten as

0~ ¢y logl + ¢, logc, + 7, + ¢, logX, + ¢, log lgr
+¢k[EIEz lOg lr+l + d)k]EcEt 10g é:z+1 + ¢k]E:]E’t log Zis1 (C'S)
+¢/Icl['éjkEz logk,, + e B, T + (r/)/[:['éijrsz'

and differs from its baseline counterpart (C-4) by the terms in red.

C.3. Extension to MBCA — Sustek (2011)

The MBCA model features also bonds and prices. We thus have two additional
equations which describe the dynamics of the nominal interest rate and inflation.
The Taylor rule takes the form:

R =(1-p)[R+w,(logy, —log ) +w, (x, —m)|+ peR_, + R,

. . (C-6)
< Rt = ¢w0 + ¢Wy logy,(s' ) + ¢7r7rz + ¢7rRRt—1 + Rr'

whereas the first-order condition for bonds is given by
(147,67 (1—=1)""" = BE,@;"I (1=1, )" 11+ 7, )exp(—m,. )1+ R)], (C-7)

We follow the lines of Chari, Kehoe and McGrattan (2007) for the log-
linearization of the F.O.C. for bonds and obtain

0 (147,)¢ " (1=1)" {—y(1—0)l | (1=D)logl, —ologé,}
+er(1=0"""r,
—BEA[(1+7, )exp(—m)(1+R)]
e =0 {—p1 =)/ (1~1)logl,,, —ologé,., }]
+&7 A=D1+ 7, )exp(—m)(1+ R)
(A7) 7 =7+ RN,
which simplifies to:
0~ {—p(1—0)l 1 (1=1)logl —ologé  +(1+7,) ',
—E{[-¢(—a)l/(1-Dlogl,,, —ologé,., ]
+la+7) " r. —ma+R]}
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and can be rewritten as:

0~ ¢y logl, + ¢y, logé, + ¢R7h Ty + Opey B, 1081, + bpe, B, logé,
+¢R]Er,, EszrH + Erﬂ-rﬂ - Rz'

C.4. Gensys State Space Representation

C4.1. BCA— Chari et al. (2007)
The models we are interested in can be cast in the form:

F()yt = Flyt—l +C+\I/€t +H77t (C'S)

t=1,...,T, where Cis a vector of constants, € is an exogenously evolving, pos-
sibly serially correlated, random disturbance and 7, is an expectational error, sat-
isftying E,n,,, =0, all z. The n, terms are not given exogenously, but instead are
treated as determined as part of the model solution.

Within the context of the BCA model, the matricesI'yy,,I',y, ,, C, ¥e,, IIn, are
given by:

, 10g I€r+l
¢k]Ek 0 O 1 0 0 0 0 ¢kl 0 ¢k( ¢k1EI OkEL ¢k13: (bk]ET\ 1 0 g -
0 1L 0 0 0 00 0 00O 0 0 0 0 T '
0O 0 1.0 000 0 000 0 0 0 0 "
0O 0 0 1 000 0 00O O O 0 0 T
0O 0 0 0 1 00 0 000 0 0 0 0 log ,
O 0 0 0 0 10 0 000 0 0 0 0 |
Sy 6. 6. 0 6, 0 -1 0 0 0 0 0 0 0 0 log $,
Iyy=|ép 0 0 0 0 00 -1 000 0 0 0 0 log %,
G b b, 0 6, 0 0 0 -1 0 0 0 0 0 0 log
O 0 0 0 -1020 0 0710 0 0 0 0 log &
0 0 0 06, 0¢ & 00 -1 0 0 0 0 log ¢
00 00000 0 1 00 0 0 0 0 | Eogl,
0.0 00000 0 00 1 0 0 0 0 |5 -
O 1 0 0000 0 00O 0 0O 0 0 (08 “
0 0 0 1 000 0 000 0 0 o0 o0 | Bllogz,
EI{TX.I+1}
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Within the context of the MBCA model, the matrices I'yy,,I',y, ,, C, Ve, IIn, are

given by:
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C.4.3. BCA — Charietal. (2007) With Adjustment Costs
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Allowing for adjustment costs in the standard BCA model requires modifying
the state vector y(¢) and the matrices I, y,, I',y, |, C, Ve , IIn, in the following way:
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C.4.4. MBCA — Sustek (2011) with Adjustment Costs

Allowing for adjustment costs in the standard BCA model requires modifying the

state vector y(¢) and the matrices I y,, Iy, |, C, ¥¢,, IIn, in the following way:

- -~
- = I, 1727 %
.kw W @ o ~ S W~ wow LT
S 3 pg — ) S oy B0 w0 w0 5 f K&
P - B - - - B - B - R -
o = 2 2 2= 3 =S = s EgE =
2 =] =

© oo oo o o o

o oo oo — o o

WM
MWOOOOOOOOOOOO%OO
<

o oo oo o o o
© ococococoocoo
c ccococooce © 0 o0 o oo
s o oo oo ko o
focoocoocoocoocoo <
<
o © o o oo %00
geoeeeees cococoococo
s cococoo &7 © coococoo
focoocococococo
< —_— S oo o oo

cooc o7 7T oo
%0000000 coocoo e

-

S oo oo CC Looooo
Fooooooe o oo —o © ©© coococoo
©c ccococooo oo T oo Eo ~ 200000
o cococoocoocoo _ —ocoocoococo

o T o oo o $o
o coocococoo cocoocoocoo
foocococococo | @2 oo o e~

cocoococoo

m@nOOOOOOO0000@000000000

c cococococoo © P9 T e 9 Q@ coocoo—

S ©cooc0o0Oo—~ c oo oo Lo o S°9Ceee
<

oS oo oo o0 —~O c o oo oo

w o — 9
c cocooco—~oco ©° € |29 g2 coococoo0
SO coo—~00o0 © o0 oo © o o PP —ee
— oo —~oocoo = - cocococo o

So oo o oo
c o—~ococoo cCo oo
© ~—cococococo O goo oo o 990
- oc—~ocococo
flocococococooco X ¥ *ocoo o o o
S < e S coococoo

Ly y,



PEDRO BRINCA ET AL.

134

- ~

T T T T T &7 SN W T T e

b o Lod T sl L = ] 3

L T le ] T me = 7 1w 8P S8R
mambr/r\manR W oW P ow KN W= =TTy T
- - LT T T oo o
= = = = = S - =
[CAR S ] =
oo o o o o ©
oo o o o o ©
oo o o o o ©
oo o o o o ©
oo o ©o o o ©
o0 o ©o o o o o oo oo oo
oo o o o0 o OO0 oo oo oo
o o o o o o © SO OO OO OO0 oo Oo OO~
o o o o o o © SO 0000 00 cooc oo —~O
o o o o o o © SO O 000 o cooc o —~0O0
SO o o o o o o CO 000 00 oo -0 0O
o o o o o o © SO O 000 OO0 oo —~0 00O
oo o0 0 0 0 o OO0 00000 o—~coO0ooo
oo o o o o © % —cocococoo
coc oo og oo
S I T W I S e I cocoocococoo
cCoCo o0 0o CcO0 Cco0ooOoOoOo
ST T S S S
CH T Y Y co o000 o0 cooocoo0

. cCoCo oo oo CcO0 Ccoo0CoOoOOo

S8 5 8 s <
Oompnpnowﬂ. T OO0 oo oo o0 ocococooocoo

cCo o0 o0 o0 CcCoOooCOoOO

v oo s 3
S e

SN QL A —O O 0O OO0 OO0 OO0 OoOoOo OO0

. P s OO0 o0 0000 coooooo

S R
QU U CcCoO o ococoo o0 coocooOoOo

- N = = T/00000000 S oo oo oo

S
U R T d A oO0OCOCOO0OO0 OCOCOOOO

Wy u , OO0 ©O O OO0 OO0 CoocOoOo OO
S o & TOW & "

2 *R Y coocoocoocoococoo coococoooo
= 5 % o« cocoococoocoo
o e o o o o < o9 & oo oo
| rr ol cocoococoocoo

Ly =

C:[ooooo00000000000000000}/

qll

0
0

0
q4l q42 q43 q44

q21 ¢22
q32 ¢33

q31

0
0

0
0

q51 ¢52 ¢53 q54 ¢55

q61

q62 q63 q64 q65 q66

Ve =



135

Identification Issues in BCA Models

77[51.:

"7]1«1(»,;

77]E7\.‘t

Ner,a

Mo

nEx,r

00 0O0O0OO0OOPO
00 0O0O0OO0OOPO
000O0O0OO0OO
000 O0O0OO0OOPO
00 0O0O0OO0OTOPO
00 0O0O0OO0OTOPO
00 0O0O0OO0OO
000 O0O0OO0OTOPO
00 0O0O0OO0OTO
00 0O0O0OO0OO
000 O0O0OO0OOPO
00 0O0O0OO0OO
00 0O0O0OO0OO
000 O0O0OO0OO
00 0O0O0OO0OTOPO

1

000 O0O0O

1
0
000

00 00O

1

0 000

1

0 00

000O0T1O0OO

00 0O0O

1

1

00 0O0O0OO

ITn,



136 PEDRO BRINCA ET AL.

D. APPENDIX - DERIVATIVES WITH ALTERNATIVE
STEPSIZE

We here report the results for the case where the stepsize used to compute the numer-
ical derivatives is not set to le—3 like in Komunjer and Ng (2011) but rather auto-
matically selected by Matlab using the function nuderst. The returned step size is
the maximum of 1e—4 times the absolute value of the current parameter and le—7.

The main results of the previous analysis hold through with two notable excep-
tions. Fist, as becomes evident from Tables D-1 and D-2, both the baseline BCA
and MBCA model are strictly identifiable already at a tolerance level of 1e—9 (vs.
le—11). Second, the BCA model is strictly identifiable even when the deep param-
eters are estimated at a tolerance level of 1e—10, as reported in Table D-3. This is
not the case for the MBCA model (see Table D-5). A few things:

Table D-4 (D-6) reports results for when 7, and R, (and deep parameters) are
estimated. ’

Table D-1. Komunjer and Ng Test Results BCA Model.

Tol A3 AS A A3, AS, AS Pass
e—02 29 25 15 51 40 62 0
e—03 29 25 16 54 45 69 0
e—04 29 25 16 54 45 69 0
e—05 29 25 16 54 45 69 0
e—06 29 25 16 54 45 69 0
e—07 30 25 16 54 46 69 0
e—08 30 25 16 54 46 69 0
e—09 30 25 16 55 46 71 1
e—10 30 25 16 55 46 71 1
e—11 30 25 16 55 46 71 1
Default = 2.756906e—12 30 25 16 55 46 71 1
Required 30 25 16 55 46 71 1

Summary: n, =30,n, =5,n. =4.
Order condition: n, = 30,n, = 50.

Table D-2. Komunjer and Ng Test Results BCA Model (Deep Parameters

Estimated).
To ALAT AL AL, AL A Paw
e—02 33 25 15 52 44 64 0
e—03 34 25 16 57 50 71 0
e—04 34 25 16 57 50 71 0
e—05 35 25 16 57 51 71 0
e—06 36 25 16 57 52 71 0
e—07 36 25 16 59 52 72 0
e—08 37 25 16 59 53 73 0
e—09 37 25 16 60 53 74 0
e—10 37 25 16 62 53 76 0
e—11 37 25 16 62 53 78 1
Default = 5.513812e—12 37 25 16 62 53 78 1
Required 37 25 16 62 53 78 1

Summary: n, =37,n, =5,n.=4.
Order condition: n, = 37,n, = 50.
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Table D-3. Komunjer and Ng Test Results MBCA Model.

Tol Af\ Ai Af, Air Ai v AS Pass
e—02 60 49 33 101 89 130 0
e—03 60 49 36 108 96 143 0
e—04 60 49 36 109 96 144 0
e—05 60 49 36 109 96 144 0
e—06 60 49 36 109 96 144 0
e—07 61 49 36 109 97 145 0
e—08 61 49 36 110 97 145 0
e—09 61 49 36 110 97 146 1
e—10 61 49 36 110 97 146 1
Default = 1.165290e—11 61 49 36 110 97 146 1
e—11 61 49 36 110 97 146 1
Required 61 49 36 110 97 146 1

Summary: n, =61,n, =7,n.=6.
Order condition: n, = 61,1, = 105.

Table D-4. Komunjer and Ng Test Results MBCA Model (7, and
R Estimated). ’

Tol AL Ay A AL AL, A R
e—02 60 49 33 101 89 130 0
e—03 60 49 36 108 96 143 0
e—04 60 49 36 109 96 144 0
e—05 60 49 36 109 96 144 0
e—06 60 49 36 109 96 144 0
e—07 61 49 36 109 97 145 0
Default = 1.165290e—11 61 49 36 110 97 146 0
e—08 61 49 36 110 97 146 0
e—09 61 49 36 110 97 146 0
e—10 61 49 36 110 97 146 0
e—11 61 49 36 110 97 146 0
Required 63 49 36 112 99 148 1

Summary: n, =63,n, =7,n. =6.

Order condition: n, = 63,n; =105.
Problematic parameters at Tol = le—3:7, , R, .
Problematic parameters at Tol = 1.000000e—11: Tio T &
p,»‘_.»ﬂ pg;, > p,»,,_.»p pR_-,,’ p:.'r\’ pw,,w‘ > pr\ > pg,T\’ pv,,,v" pR_T\’ p,"g’ pT,,g* pr\,g’ pgs prh,g’ pR_g’
L.z pmi’ pf\,iz’ pg.R’ p,»,,.R’ Pi> Do1s D310 Dsp> Daz> D> Dz Dso> Daz> D30 D3> aa> Dsa

Tpos Riss P 01,2 P72 Poos Pry s Pio Paops Prps
o> Prreys Py Porys Pryo
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Table D-5. Komunjer and Ng Test Results MBCA Model (Deep Parameters

Estimated).
Tol AL A A AL, AL, A P
e—02 67 49 35 104 97 133 0
e—03 68 49 36 113 104 146 0
e—04 69 49 36 115 105 148 0
e—05 70 49 36 115 106 148 0
e—06 70 49 36 116 106 149 0
e—07 71 49 36 118 107 149 0
e—08 72 49 36 118 108 151 0
e—09 72 49 36 120 108 154 0
e—10 72 49 36 121 108 156 0
Default = 2.330580e—11 72 49 36 121 108 156 0
e—11 72 49 36 121 108 157 1
Required 72 49 36 121 108 157 1

Summary: n, =72,n, =7,n.=6.

Order condition: n, = 72,n, = 105.

Problematic parameters at Tol = le=3: 2, 7/, T, , 8 Pr,2s Peps Proys Parys Pryop Piisp Prygs Pryrys Pry o
pn.k’ D> 9o .

Problematic parameters at Tol = 2.330580e—11: 2, 7, , T, , &, P.s Py, 25 P23 Pyos Pry 5 Pios Prys Prys Prays
Pgiry> Pryr pRm: Pzris Pryris Pros Peirs Pry oo pR'T\ > Pzg> Prigo Prog> P Pry oo Prgo Porys Pryrys Prorys Pgrys Pryo /UR,T,, >
P.i> Pr e Pr i P> Pry o Pio G1re Do Dars Dare Dsis Dor> Do D300 Dz Dso> D> Dsr Daze Dz s3> Qg Dsar Do Dss
Qo5 o> &0 8 3. 6., 0, @ ppow,, W, T

Table D-6. Komunjer and Ng Test Results MBCA Model (7, ,R, and Deep
Parameters Estimated).

To A A A AL, AL, At Pas
e—02 67 49 35 104 97 133 0
e—03 68 49 36 113 104 146 0
e—04 69 49 36 115 105 148 0
e—05 69 49 36 115 105 148 0
e—06 70 49 36 116 106 148 0
e—07 71 49 36 118 107 150 0
Default = 2.330580e—11 72 49 36 121 108 157 0
e—08 72 49 36 119 108 152 0
e—09 72 49 36 121 108 154 0
e—10 72 49 36 121 108 156 0
e—11 72 49 36 121 108 157 0
Required 74 49 36 123 110 159 1

Summary: n, =74,n, =7,n_=6.

Order condition: n, = 74,n, = 105.

Problematic parameters at Tol = le=3:z, 7, , 7, , 8.7, , R,, Pres P Proirys Porys Pryrs Prsys Prves Pryinys
Pk /’,»I.R’ p.»\,izﬂ pm,iz’ 91> D> ¥, 0, Wy Msr

Problematic parameters at Tol = 1.000000e—11:z , 7, , 7. , &, T R, p., Pryor Pr o Pys Pry o> Prios Porps
Prps Prrys Parys Pryrp PRy Prrs Pryro> Pros Poirs Pryros Prr o Prgs Prygs Progs Py Pryes PR Peirys Prynys Prrys Peory
Pz p[z.fh’ P- k> pr,,iz’ pr\.R’ pg.R’ f(’,»h.)i’ Pro i 9o D310 Dar> D515 Der> D> D> Daz> Dso> o> D330 Dz D53 D> Daa> Dsao
Qo G552 o Qoo 80 80 B, 600, 0, @ ppws w0
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