
Research on the influence of
flexible wheelset rotation effect on

wheel rail contact force
Lixia Sun, Yuanwu Cai, Di Cheng, Xiaoyi Hu and Chunyang Zhou

Railway Science and Technology Research and Development Center,
China Academy of Railway Sciences Corporation Limited, Beijing, China

Abstract

Purpose –Under the high-speed operating conditions, the effects of wheelset elastic deformation on the wheel
rail dynamic forces will become more notable compared to the low-speed condition. In order to meet different
analysis requirements and selecting appropriate models to analyzing the wheel rail interaction, it is crucial to
understand the influence of wheelset flexibility on the wheel-rail dynamics under different speeds and track
excitations condition.
Design/methodology/approach – The wheel rail contact points solving method and vehicle dynamics
equations considering wheelset flexibility in the trajectory body coordinate system were investigated in this
paper. As for the wheel-rail contact forces, which is a particular force element in vehicle multibody system, a
method for calculating the Jacobianmatrix of thewheel-rail contact force is proposed to better couple thewheel-
rail contact force calculation with the vehicle dynamics response calculation. Based on the flexible wheelset
modeling approach in this paper, two vehicle dynamicmodels considering thewheelset as both elastic and rigid
bodies are established, two kinds of track excitations, namely normal measured track irregularities and short-
wave irregularities are used, wheel-rail geometric contact characteristic and wheel-rail contact forces in both
time and frequency domains are compared with the two models in order to study the influence of flexible
wheelset rotation effect on wheel rail contact force.
Findings – Under normal track irregularity excitations, the amplitudes of vertical, longitudinal and lateral
forces computed by the flexible wheelset model are smaller than those of the rigid wheelset model, and the
virtual penetration and equivalent contact patch are also slightly smaller. For the flexible wheelset model,
the wheel rail longitudinal and lateral creepages will also decrease. The higher the vehicle speed, the larger the
differences in wheel-rail forces computed by the flexible and rigid wheelset model. Under track short-wave
irregularity excitations, the vertical force amplitude computed by the flexible wheelset is also smaller than that
of the rigid wheelset. However, unlike the excitation case of measured track irregularity, under short-wave
excitations, for the speedwithin the range of 200 to 350 km/h, the difference in the amplitude of the vertical force
between the flexible and rigid wheelset models gradually decreases as the speed increase. This is partly due to
the contribution of wheelset’s elastic vibration under short-wave excitations. For low-frequency wheel-rail
force analysis problems at speeds of 350 km/h and above, as well as high-frequency wheel-rail interaction
analysis problems under various speed conditions, the flexible wheelset model will give results agrees better
with the reality.
Originality/value – This study provides reference for the modeling method of the flexible wheelset and the
coupling method of wheel-rail contact force to the vehicle multibody dynamics system. Furthermore, by
comparative research, the influence of wheelset flexibility and rotation on wheel-rail dynamic behavior are
obtained, which is useful to the application scope of rigid and flexible wheelset models.
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1. Introduction
There is a trend towards higher speeds for high speed trains, which will lead to the rapidly
increases of wheelsets angular velocity and flexible wheelset rotation effect. Theoretically,
wheelset elastic deformation on wheel rail interaction will become more notable at higher
speeds compared to lower speeds condition. Especially in cases where short-wave
irregularities or defects exist on the wheel-rail interface, the dynamic interaction
mechanism between wheels and rails becomes more complex, more appropriate methods
and detailed models of vehicle dynamics may be necessary. In view of this, the researches
both at home and abroad have established wheelset flexible model to study the influence of
wheelset elastic deformation on the dynamic interaction between wheel and rail, as well as on
the vehicle’s dynamic behavior. Findings indicate that wheelset elastic deformation not only
affects the high-frequency dynamic behavior of the vehicle, but also the low-frequency
dynamic performance.

In the present study, Cui, Yao, Hu, Sun, and Chang (2019) and Zhong and Jin (2017)
considered the wheelset as a rotating elastic body, analyzed the characteristics of wheel-rail
forces under the influence of wheelset rotation effects. Their research revealed that the
vertical force fluctuation of the flexible wheelset on the wheel-rail interface exhibits multiple
dominant frequencies when considering rotational effects. Moreover, a frequency separation
phenomenon occurs in the natural frequencies of the wheelset, and as the rotational speed of
the wheelset increases, this frequency separation phenomenon becomesmore obvious. Baeza,
Fayos, Roda, and Insa (2008) considered the presence of wheel flat, the most important
conclusion of the wheel flat calculations is that the rigid wheelset model overestimates the
peak wheel–rail contact force. The effects of flexible wheelset on the dynamic response are
illustrated considering different vehicle speeds and sizes of the wheel flat (Wu, Rakheja,
Ahmed, & Chi, 2018), the results show that the flexible wheelset lead to higher axle-box
vibration and axle stress compared to a rigid wheelset in the presence of a wheel flat, while
revealed slightly lower magnitudes of wheel–rail contact force compared to the rigid
wheelset, that is also proved by the study of Momhur (Momhur, Zhao, Quan, Sun, & Zou,
2021). Song et al. (2018) and Ma et al. (2021) have studied the wheel rail vibration
characteristics in the case of rail corrugation. The research by Song et al. (2018) shows that
modal resonancewill cause greater amplitude of vibration of the flexible body than that of the
rigid body, while the amplitude of vibration of the flexible body will be smaller than that of
rigid body when the modal resonance is far away. Ma et al. (2021) find that the wheelset
flexibility has limited influence on vertical force resonances but significant contribution to
friction power resonances.

In addition to rail corrugation and wheel flat, an increasing number of studies (Han et al.,
2018; Hu, Hou, Song, Cheng, & Hou, 2018; Sun, Ai, Gao, Zhang, & Cui, 2023) suggest that for
the research on wheel polygons, considering both the wheel and rail as flexible get more
realistic simulation results. Sun et al. (2023) compared the rail accelerations calculated by
flexible and rigid polygonswheelsetmodels, the rail acceleration amplitude is amplified at the
wheelset polygons excitation frequency and its half frequency, this may lead to a
deterioration of the track components vibration and great attention should be paid.

In addition to the high-frequency dynamic behavior, the influence of wheelset elastic
deformation on low-frequency dynamic performance has also been investigated. Research by
Casanueva, Alonso, Eziolaza, and Jose (2014) found that the bending modes of the flexible
wheelset can affect the critical speed and stability of vehicle, the antisymmetric bendingmode
shapes will affect the dynamic stability while the influence of the symmetric bending mode
shapes is negligible. Comparisons of wheel-rail contact parameters between the flexible
wheelset and the rigid wheelset were compared in the study of Zhang, Lu, and Wang, (2013)
and Yang and Ren (2018) wheelset’s bending deformation was found to have an impact on
wheel rail contact locations and contact parameters. Results show that when the wheelset
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lateral displacement exceeds 5mm, the wheel rail contact parameters change significantly
due to wheelset structural flexibility. Furthermore, Han and Zhang (2015) found in his
research that: the wheelset first order bending mode will cause a decrease in the vehicle’s
critical speed, nevertheless the second and third order bending has little impact on the
stability of the vehicle.

Given that the elastic deformation of the wheelset affects the contact geometry parameters
and contact behavior between thewheel and rail, this paper suggests amethod for solving the
wheel rail contact points considering wheelset flexibility, the method of vehicle dynamic
equations considering wheelset flexibility in the trajectory body coordinate system is
investigated, and a Jacobian matrix calculation method for the wheel-rail contact force is
proposed. Both the rigid wheelset model and flexible wheelset model which considers
rotational effects are established, the discrepancy in geometric contact characteristics and
wheel-rail forces both in time and frequency domain under measured track irregularities and
short-wave irregularities are analyzedwhich aims at further discuss the influence of wheelset
flexibility and rotation on vehicle dynamic behavior.

2. Approaches andmethods of wheel rail contact algorithm for flexible wheelset
When considering the elastic deformation of the wheelset, at each time step of wheel-rail
contact force calculation, elastic deformation should be considered, which mainly involved
the solution of geometric contact, wheel-rail contact force and how to get the equivalent
force on the node. The computational methods will be discussed what follows in the
passage.

2.1 Description of floating coordinate system for arbitrary
The trajectory body coordinate is defined to formulate the equations of motion of vehicle
systems, it has an advantage that the position of arbitrary body can be determined easily
which is a problem if the track coordinate system is located in the absolute coordinate.
Figure 1 illustrates the definition of the trajectory body coordinate system, where three
coordinate systems are used that are the global coordinate systemOXYZ, the trajectory body
coordinate systemOtiX tiYtiZ ti, and thewheelset body fixed coordinate systemOiXiY iZ i. The
global coordinate system OXYZ is assumed to be fixed and is used for all bodies to define
global vectors, absolute velocities and accelerations.

Figure 1.
Trajectory body

coordinate system in
the global coordinate
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The position of the trajectory body coordinate system is determined by the arc length
coordinate si of body i, the arc length coordinate is defined as the distance traveled by the
body along the track. Based on the track geometry data, the trajectory body coordinate
system can be uniquely determined in terms of the arc length si, including the positionRtiðsiÞ
and Euler angles of the trajectory body coordinate system relative to the global system.

Using the trajectory body coordinate, the global position vector of any point p on body i
can be expressed as:

r i
p ¼ Rti þAti

�
Rti

i þAti
i u

i
p

�
(1)

In equation (1), Rti
i represents the position vector of the origin of the body-fixed coordinate

system OiX iY iZ i attached to body i relative to the trajectory body coordinate system. ui
p

denotes the position vector of point p in the body-fixed coordinate system of body i. Ati

represents the coordinate transformation matrix from the trajectory body coordinate system

to the global coordinate system, Ati
i is the transformation matrix from wheelset body-fixed

coordinate system to the trajectory body coordinate system, Both the Ati and Ati
i can be

expressed by Euler angles, which are not discussed in this paper.
When considering the body’s elastic deformation, it is necessary to obtain the posture and

position of the body as well as the body deformation. Therefore, modal coordinates which
representing the contribution of deformation of the flexible body must be added to
Equation (1), it can be represented as follows:

r i
p ¼ Rti þAti

�
Rti

i þA
ti
i u

i
p þA

ti
i Φpq

�
(2)

In Equation (2),Φp represents themodematrix extracted from themodalmatrix of the flexible
body, which is relevant to the degrees of freedom at point p, and q represents the modal
coordinates.

2.2 Algorithm for wheel-rail contact point considering flexible wheelset
For the rigid wheelset, the calculation of the wheel-rail contact point only needs to consider
the influence of wheelset motion and the geometric parameters of wheel-rail contact.
However, for the flexible wheelset, the influence of wheelset flexibility deformation also needs
to be considered. A wheel-rail contact calculation method considered the flexible deformation
of the wheelset is established in this paper. Based on the method of the wheel-rail three-
dimensional contact geometry based on projection contour for rigid wheelset (Zeng,Wen, Yu,
Cheng, & Wang, 2012), the relative position of any point on the wheelset is considered.

Two hypotheses are made in order to get the solution easily:

(1) The stiffness of the wheel tread is relatively high and undergoes minimal
deformation. Previous research (Gao, Dai, & Ni, 2012) has found that the outline
shape of the wheel rim remains almost unchanged within the frequency range of
5,000Hz for the flexible wheelset. Therefore, it is assumed that wheel tread
deformation be neglected, the outer contour shape of the tread remains unchanged.

(2) The deformation of the wheelset is small, which can be represented by modal
superposition method.

In addition to the coordinate systems mentioned in section 2.1, four other sets of coordinates
are also needed for the wheel-rail contact points calculation, that are the local wheel profile
coordinate system owywzw, local rail profile coordinate system oryrzr, left wheel-rail contact
coordinate systems O

0
LX

0
LY

0
LZ

0
L and right wheel-rail contact coordinate systems
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O
0
RX

0
RY

0
RZ

0
R. The relationships between the trajectory body coordinate system, wheelset

body fixed coordinate system, left and right wheel-rail contact coordinate systems, and the
local rail profile coordinate system are shown in Figure 2.

As shown in Figure 2, the transformation matrix from the left and right wheel-rail contact
coordinate systems to the wheelset body fixed coordinate system can be obtained:

Xi

Y i

Z i

24 35 ¼
1 0 0
0 cos δL=R ±sin δL=R
0 7sin δL=R cos δL=R

24 35 x0L=R

y0L=R

z0L=R

2664
3775 (3)

In equation (3), δL and δR represent the left and right wheel rail contact angles respectively.
The coordinate transformation from the wheelset body fixed coordinate system to the
trajectory body coordinate system is given by:24Xti

Y ti

Z ti

35 ¼
24 cosψ �sinψ$cosf sinψ$sinf
sinψ cosψ$cosf �cosψ$sinf
0 sinf cosf

3524Xi

Y i

Z i

35 (4)

In equation (4), ψ and f represent the yaw angle and roll angle of the wheelset, respectively.
For the flexible wheelset, the local wheel profile coordinate system owywzw, the wheelset

body fixed coordinate system, the trajectory body coordinate system and the global
coordinate system is shown in Figure 3. Wheelset attitude can be described by the
displacements and rotation angles of the wheelset body fixed coordinate system, and
the deformation of the wheelset is determined by modal coordinates. For any point P on the
wheelset axis, rip denotes its position vector in the wheelset body fixed coordinate system, rio is

the position vector of the wheel profile center point ow in the wheelset body fixed coordinate
system. refer to equation (2), the position vector rp of pointP on thewheelset axis in the global
coordinate system OXYZ can be expressed as:

rp ¼ Rti þAti

�
rw þAti

i r
i
p þAti

i Φwpqw

�
(5)

In equation (5), rw represents the position vector of thewheelset body fixed coordinate system
in the trajectory body coordinate system;Φwp is the modematrix extracted from the wheelset
mode matrix related to the degrees of freedom at point P, the extraction of the wheelset mode
matrix will be discussed in the next section; qw represents the modal coordinates of the
wheelset.

Figure 2.
Relations of four sets of

coordinate systems
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Once the position vector rp of arbitrarily point on the wheel profile is determined,
introducing a variable θ0 ∈ ½−π; π�named as the roll angle of wheel profile generatrix which is
shown in Figure 3. For arbitrary point P on the wheel profile, its coordinates in the wheelset
body fixed coordinate system are represented as�

xip; y
i
p; z

i
p

�
¼
h�

r i
p þΦwpqw

�
$i i;
�
r i
p þΦwpqw

�
$j i;
�
r i
p þΦwpqw

�
$k i
i

The projection of this point on the Y iO iZ i plane is denoted as ð0; yip; f ðyipÞÞ, with θ0 5 0 and

f ðxÞ represents the fitting function of the wheel profile, it is expressed in the local wheel
profile coordinate system owywzw. Referring to citation (Zeng et al., 2012) sets of spatial
coordinates meet the conditions of wheel-rail contact can be expressed on the wheel profile
as ðf ðyipÞ sin θ0; yip; f ðyipÞcos θ0Þ, where (see Figure 4):

θ0 ¼ arcsin

0B@ −f 0
�
yip

�
cosf sinψffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðcosψÞ2 þ ðsinf sinψÞ2
q

1CA� arctan

�
sinf sinψ

cosψ

�
(6)

In equation (6), f represents the roll angle of the wheel profile and ψ represents the yaw angle
of the wheel profile, which includes both the rotation angle of rigid wheelset and the wheel
tread yaw and roll angle caused by the elastic deformation of the wheelset, the roll and yaw
angle caused by the elastic deformation of wheelset are shown in Figure 5 Assuming that the

Yi

Zi

Oi

P

Y

Z
X

Yti

Zti
Xti

O

Oti

Xi

oW

rtip
rp

rip
rioyw

Zw

Ow

rti

rW
θ'

Source(s): Authors’ own work

X i

O0

Z i

Y i

P

P

(xc
i,yc

i,zc
i)

Source(s): Authors’ own work

Figure 3.
Relationship between
the wheel local
coordinate system and
the global coordinate
system

Figure 4.
Solution of possible
wheel-rail contact
traces considering
wheelset deformation
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center coordinates of the rolling circle where point P lies are ðxic; yic; zicÞ, then the coordinates of
the potential wheel-rail contact points in the track coordinate system are represented as:�

xtip ; y
ti
p ; z

ti
p

�
¼ rw þAti

i

h
f
�
yip

�
sin θ0; yip; f

�
yip

�
cos θ0 � rw þ �xic; yic; zic�iT

Based on the method above, the flow chart for the wheel-rail contact points considering
wheelset deformation are shown in Figure 6.

3. Railway vehicle model considering flexible wheelset
3.1 Creating wheelset finite element model and the selection of modal
The wheelset finite element model is established in software ABAQUS as shown in Figure 7,
the wheel profile is S1002 and the wheelset axle is designed as a lightweight hollow axle. The
minimum mesh size is set to 2 mm, the model has 110,592 elements and 135,217 nodes.

The wheelset modal information shown in Table 1 is selected to establish the wheelset
flexible model. 1 - 8th order modes are selected, excluding rigid body modes. These modes
mainly involve the deformation modes of the wheelset axle and wheel web, the frequency
range is within 500 Hz.

1Φ

Zw

Yw 1ψ

Xw

Yw

roll angle
(a)

yaw angle 
(b)

Source(s): Authors’ own work

Authors’ own work

Figure 5.
Roll and yaw angle

caused by the elastic
deformation of

wheelset

Figure 6.
Implementation

process of flexible
wheel rail geometry

contact problem
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3.2 Approach for establishing vehicle dynamics equations considering wheelset flexibility
This section introduces the establishment of a flexible wheelset model that considers the
influence of wheel rotation, based on the Lagrangian method, nonlinear differential-algebraic
equations for vehicle multibody system can be established (Hussein & Shabana, 2011), as
shown in Equation (5). 8<:M ðqÞ €q þΦT

qλ ¼ Q
�
_q;q; t

�
Cðq; tÞ ¼ 0

(5)

In Equation (5), M represents the generalized mass matrix of the vehicle system; q denotes

the generalized coordinate vector of the vehicle system, q ¼ ½q1; q2; � � � qk�T,Φq stands for the
constraint Jacobian matrix of the vehicle system, λ is the Lagrange multiplier matrix, Q
represents the generalized force matrix, including external and internal forces, and
Cðq; tÞ ¼ 0 represents the constraint equations of the vehicle system.

The forces acting on vehicle components mainly include the wheel-rail contact forces/
moments and the forces/moments provided by the vehicle suspension system. The
contribution of the primary and secondary suspension elements to the generalized force
vector of the vehicle system is included in the generalized force matrix Q, and wheel-rail
contact forces are treated as a special kind of force element.

For flexible vehicle system, the generalized external force expression can be derived based
on the virtual work principle. The forces from the force elements are applied to the Maker
point fixed on the body. The components of the external force and external torque in the
global coordinate system are denoted as F Glo and M Glo respectively, the virtual work of
external forces is expressed as:

δW e ¼ δrT
I F Glo þ δwT

I M Glo ¼ δξT
 �

dr I

dξ

�T

F Glo þ
�
dwI

dξ

�T

M Glo

!
¼ δξTQ e (6)

In Equation (6), r I and wI respectively represents the global position vector and the rotation
vector of the Maker point fixed to the body. δr I and δwI represent virtual displacements and
virtual rotation angular respectively, and δξ represents the isochronous variation of
generalized coordinates. According to Equation (6), the generalized external force relative to
the trajectory body coordinate system is:

Q e ¼
�
dr I

dξ

�T

F Glo þ
�
dwI

dξ

�T

M Glo (7)

The generalized force transformation matrix can be derived which is shown as following.

Figure 7.
Wheelset finite
element model

RS
3,3

374



δr I ¼ δRtiþδAti

�
R

iþA
ti
i ρ

i
I þA

ti
i ΦIq

�
þAti

�
δR

iþδAti
i

�
ρiI þΦIq

�
þA

ti
i ΦIδq

�

¼ i tiþvAti

vsi

�
R

iþA
ti
i ρ

i
I þA

ti
i ΦIq

�
j ti kti −AtiA

ti
i

�eρ i

I

þqmeΦIm

�
G

i
AtiA

ti
i ΦI

" #
_ξ

(8)

Mode
Number Frequency/Hz Mode Description Mode Shape Diagram

1 92.024 first order vertical bending
mode

2 92.024 first order longitudinal
bending mode

3 184.85 second order vertical
bending mode

4 184.85 second order longitudinal
bending mode

5 273.69 first order umbrella shape 
mode

6 324.53 third order vertical bending
mode

7 324.53 third order longitudinal
bending mode

8 474.72 second order umbrella shape
mode

Source(s): Authors’ own work
Table 1.

Modal information of
the wheelset
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In Equation (8), i ti, j ti, and kti are column vectors of the coordinate transformation matrixAti,ea represents the skew-symmetric matrix of vector a, ΦI is the extracted wheelset modal

matrix, G i and G
i
are the transformation matrices about Euler angles θi.

G
i ¼ A

i
G

i ¼
24 0 cosψ i �sinψ i coswi

0 sinψ i cosψ i coswi

1 0 sinwi

35 (9)

G
i ¼ AiTG i ¼

24�coswi sin θi cos θi 0
sinwi 0 1

coswi cos θi sin θi 0

35 (10)

For the rigid body, Equation (8) can be simplified as:

δr I ¼ δRti þ δAti

�
R

i þA
ti
i ρ

i
I

�
þAti

�
δR

i þ δAti
i ρ

i
I

�

¼ i ti þ vAti

vsi

�
R

i þA
ti
i ρ

i
I

�
j ti k ti −AtiA

ti
i
eρ i

I

G
i

" #
_ξ

(11)

Similarly, the generalized torque transformation matrix dwi=dξ can be derived based on
Equation (12).

δwI ¼G
tidθ

ti

ds
δsþA

ti
A

i
�
G

i
δθi þψ iδqi

�

¼
	
G tidθ

ti

ds
0 0 AtiAiG

i
AtiAiψ i



δξ≡

dwI

dξ
δξ

(12)

In Equation (12), ψ i represents the rotational modal matrix at point P, for the rigid body,
Equation (12) can be simplified as:

δwI ¼ G tidθ
ti

ds
δsþAtiAi

�
G

i
δθi
�
¼
	
G tidθ

ti

ds
0 0 AtiAiG

i


δξ≡

dwI

dξ
δξ (13)

The kinetic energy of the flexible wheelset can be expressed as:

Ti ¼ 1

2

ZZZ
ρi _r i

p

T
_r i
pdV ¼ 1

2
_ξ
iT
�ZZZ

LTLdmi
p

�
_ξ
i ¼ 1

2
_ξ
iT

M i _ξ
i

(14)

Therefore, the first kind of Lagrangian equation is

d

dt

vT

v_ξ
i
� vT

vξi
¼ Qa þ Qv (15)

The generalized acceleration terms in the inertial force in Equation (15) is:

Q
a ¼

Z
V

LTL€ξdm ¼ M i€ξ
i

(16)

The block form of the mass matrix M i is given by:
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M i ¼

266664
M11 M12 M13 M 14 M 15

M22 M23 M 24 M 25

M33 M 34 M 35

M 44 M 45

sym M 55

377775 (17)

The quadratic generalized speed term in the inertial force is given by:

Q
v ¼

Z
V

LT _L _ξdm (18)

For the rigid wheelset, the wheel-rail force can be directly applied to the wheelset’s center of
mass as resultant force and moment, then these forces can be transformed into generalized
forces corresponding to the six generalized coordinates of the wheelset. F Glo and M Glo in
Equation (7) can be calculated as follows:

F Glo ¼ F R þ F L

M Glo ¼ eLRF R þ eLL

T
F L

(19)

In equation (19),F L represents the left wheel-rail contact force,F R represents the right wheel-
rail contact force,LL ¼ fLXL;LYL;LZLg represents the position vector from the left wheel-rail
contact point to the wheelset center, andLR ¼ fLXR;LYR;LZRg represents the position vector
from the right wheel-rail contact point to the wheelset center.

The forces of the wheelset is shown in Figure 8, where the generalized coordinates of the

wheelset are denoted by qw ¼ ½qT
wG;q

T
wf �T ∈Rn, with the six rigid body degrees of freedom

denoted as qT
wG ¼ ½x; y; z;f; θ;ψ �T. Figure 8 only illustrates the forces acted on the wheelset

in the single contact point case, the situation with multiple contact points is similar. The
wheel-rail contact forces shown in Figure 8 are descried inTable 2, all forces are defined in the
wheelset body fixed coordinate system. The wheel-rail contact forces in equation (14) can be
represented by the forces in Table 2:

F L ¼ fFxli þ Nxli;Fyli þ Nyli;Fzli þ NzligT
F R ¼ fFxri þ Nxri;Fyri þ Nyri;Fzri þ NzrigT

(20)

Using the coordinate transformation matrix, the distance from the contact point to the center
of the wheelset is converted into the coordinates of the trajectory body system, as shown in
Equation (21) and Figure 9.

Xi

O0

Zi

Yi

Fxli

Nxli

Fzli ,Nzli ,Mzli

Fyli ,Nyli ,Myli Fxri ,Nxri

Fzri ,Nzri ,Mzri

Fyri ,Nyri ,Myri

Source(s): Authors’ own work

Figure 8.
Force analysis of

wheelset
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LXL=R ¼ �a7ΔL=Ry

�
sinψ cosf±rL=R sinψ sinf

LYL=R ¼ �a7ΔL=Ry

�
cosf cosψ±rL=R cosψ sinf

LZL=R ¼ rL=R cosf7
�
a7ΔL=Ry

�
sinf

(21)

In Equation (21), a represents the distance from the center of wheel nominal rolling circle to
the center of the wheelset, rL and rR respectively represent the radii of the left and right wheel-
rail contact rolling circles, ΔLx and ΔRx respectively represent the longitudinal displacement
of the left and rightwheel-rail contact points from their original positions in thewheelset body
fixed coordinate system. ΔLy and ΔRy respectively represent the lateral displacement of the
left and right wheel-rail contact points from their original positions, all of the above geometry
parameter can be solved by the three-dimensional geometric contact calculation.

As for the flexible wheelset, generalized force in modal coordinates generated by the
elastic deformation of the wheelset also make contribution to the wheel-rail contact force, and
it can’t be simply applied to the wheel rail contact point, more work is required. In this paper,
the wheel-rail contact forces are applied to four grid nodes near the contact point.

The equivalent method for the wheel-rail flexible contact forces is illustrated in Figure 10.
Firstly, it’s necessary to discretize the wheelset profile into rotationally symmetric grids, for
the contact point P shown in Figure 10, four nodes P1 - P4 near the contact point can be found,
then the generalized force weighted values of the four nodes can be obtained by the angular
values of adjacent nodes.

Symbol Meaning Symbol Meaning

Fxli,Fxri longitudinal component of left/right wheel
rail creep force of ith wheelset

Fyli,Fyri lateral component of left/right wheel rail
creep force of ith wheelset

Fzli,Fzri vertical component of left/right wheel rail
creep force of ith wheelset

Nxli,Nxri longitudinal component of left/right
wheel rail creep force of ith wheelset

Nyli,Nyri lateral component of left/right wheel rail
normal force of ith wheelset

Nzli,Nzri vertical component of left/right wheel
rail creep force of ith wheelset

Mxli,Mxri longitudinal component of left/right wheel
rail creep moment of ith wheelset

Myli,Myri lateral component of left/right wheel rail
creep moment of ith wheelset

Mzli,Mzri vertical component of left/right wheel rail
creep moment of ith wheelset

Note(s):Wheelset body fixed coordinate
Source(s): Authors’ own work

Yi

Zi

Oi Xi
a

Φ

RyΔRL

a

LyΔ
LL

Lr

Rr

Source(s): Authors’ own work

Table 2.
The parameters
description of wheel
rail contact force

Figure 9.
Distance from the
contact point to the
center of the wheelset
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The generalized wheel-rail contact force is equivalent to the weighted sum of the
generalized forces calculated at these four nodes, that is:

Q e
c ¼

X
αiQ

e
ci; i ¼ 1; 2; 3; 4 (22)

In equation (22),Q e
ci represents the generalized force equivalent to the contact force at node Pi,

and αi represents the weighting coefficient, expressed as:

α1 ¼ yP23 � yP

yP23 � yP41

θP4 � θP41
θP4 � θP1

; α2 ¼ yP23 � yP

yP23 � yP41

θP41 � θP1
θP4 � θP1

α3 ¼ yP � yP41

yP23 � yP41

θP3 � θP23
θP3 � θP2

; α4 ¼ yP � yP41

yP23 � yP41

θP23 � θP2
θP3 � θP2

(23)

Once the wheel-rail contact force is obtained, the generalized external force relative to the
track coordinate can be obtained when substituting it into equation (7).

3.3 Calculation of the Jacobian matrix for the wheel-rail contact force
According to the general form of the vehicle multibody dynamics equation introduced in the

previous section (Equation 5), let y ¼ �qT ; λT
�T

and λ ¼ ðλ1; � � � ; λmÞT, the equation can
be written in a more general form as:

F
�
y; _y; €y; t

�
¼ 0 (24)

The symbols _y and €y in the equation represent first and second order derivatives of y with
respect to time. Equation (19) is solved by implicit integration methods, the differential-
algebraic equation is transformed into the nonlinear equation with the unknown variables at
the current time, a Jacobian matrix is required to solve this nonlinear equation.

In Equation (5), the generalized force of the wheel-rail contact force is denoted asQw ∈Rn,
when the Newton iteration numerical method is used to solve the equation, the term in right-
hand side of the equation generated by the wheel-rail contact force is−Qw, the contribution of
the Jacobian matrix is:

A ¼ α2vQw v €qw þ αvQw v _qw þ vQw vqw= Þ==
�

(25)

In Equation (25), α ¼ 1=Δt, Δt represents the current integration step, defined as
Δt ¼ tnþ1 − tn. Since these expressions vQw=vqw, vQw=v _qw and vQw=v €qw cannot be
expressed in analytical form, special methods are required. In this paper, the numerical

P

P1 P2

P3P4

P41 P23

P34

P12

QC

QC4 QC3

Q
C1 QC2

Source(s): Authors’ own work

Figure 10.
Schematic diagram of
the equivalent method

for the flexible
wheelset wheel-rail

contact forces
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difference method (Kan, Peng, & Chen, 2017) was used to compute the Jacobian matrix of the
wheel-rail contact force, that is give each generalized coordinate qw a perturbation by Δqi,
solve the variation of thewheel-rail contact generalized force caused by this perturbation, and
then divide it by the perturbation value to obtain the corresponding Jacobian matrix.

The partitioned matrices of Jacobian matrix is A ¼ ½A1 � � � An � and Ai can be
calculated using the following expression:

Ai ¼
Qw

�
qw þ Δqie i; _qw þ αΔqie i; €qw þ α2Δqie i

�
� Qw

�
qw; _qw; €qw

�
Δqi

(26)

Since the wheel-rail forces are independent of the generalized coordinate accelerations, the
acceleration terms above can be ignored, that is:

Ai ¼
Qw

�
qw þ Δqie i; _qw þ αΔqie i

�
� Qw

�
qw; _qw

�
Δqi

(27)

including e i ¼
h
0
1

� � � 1
i

0
6

i
.

4. Discussion on dynamic response of flexible wheelset
A vehicle dynamics model is established as an example, the wheelsets are considered both as
rigid and flexible body, two kinds of track excitations are used, that are the measured track
irregularity and periodic short-wave irregularities. The analyses cases are described in
Table 3.

The excitation frequency caused by short-wave irregularities can be calculated by
f ¼ v=ð3:6lÞ, and Table 4 shows the short-wave excitation frequencies change with
vehicle speed.

The simulation results of vertical wheel-rail force in the time-domain of the rigid and
flexible wheelset models as for Case1-1 to Case1-6 are shown in Figure 11, it can be seen that
under measured track irregularity, the amplitude of the vertical wheel-rail force simulated by
the flexible wheelset model is smaller than that of the rigid wheelset model. Additionally, as
the increases of speed, the discrepancy of the vertical force amplitude obtained by the flexible
and rigid wheelset models become more obvious, when the speed increases to 400 km/h from

Case
Running speed

/(km/h) Lateral irregularity Vertical irregularity

1-1 200 Measured track
irregularities

Measured track irregularities
1-2 250
1-3 300
1-4 330
1-5 350
1-6 400
2-1 200 – A sine wave with a wavelength of 0.4 m and an

amplitude of 0.04 mm2-2 250
2-3 280
2-4 350

Source(s): Authors’ own work
Table 3.
Analyses cases
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200 km/h, the peak value of the vertical wheel-rail force calculated by the rigidwheelsetmodel
is doubled compared to the flexible wheelset.

The longitudinal and lateral wheel-rail forces calculated by the rigid wheelset and flexible
wheelset models are illustrated in Figures 12 and 13 in Case1-2, Case1-5 and Case1-6. For the
Case1-2 when the speed is 250 km/h, the amplitude difference is small for both the
longitudinal and lateral wheel-rail forces calculated by the rigid and flexible wheelset model,
as the speed increases to 400 km/h, the longitudinal and lateral wheel-rail forces calculated by
the rigid wheelset model become significantly larger than those of the flexible wheelset
model, furthermore, the wheel-rail forces of rigid wheelset model exhibits fluctuations and
large peak values, indicating that the rigid wheelset model is more sensitive to the impact of
track compared to the flexible wheelset model. It can be seen that as the speed increases, the
discrepancies in wheel-rail longitudinal and lateral forces calculated by the flexible and rigid
wheelset models become larger. For the case of speeds equal to 350 km/h and above, it is
necessary to choose an appropriate model to get simulation results which will agree better
with the reality.

Taking Case1-3 as an example, a comparison results of the wheel-rail equivalent contact
patch and virtual penetration are shown in Figure 14 obtained by the two models, it can be
observed that at a speed of 300 km/h, the virtual penetration and equivalent contact area
calculated by the rigid wheelset model are larger than those of the elastic model. The

Running speed/(km/h) 200 250 280 350
impact frequency/Hz 138.89 173.61 194.44 243.05

Source(s): Authors’ own work
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fluctuations of wheel-rail geometric contact results are more obvious for the rigid wheelset
model, at 15.5 seconds, there is a sudden increase in wheel-rail penetration for the rigid
contact model, leading to a sudden change in the wheel-rail contact area. The flexible model,
by considering the elastic deformation of the wheelset during the contact point solution, can
better reflect the actual wheel-rail contact state.

The wheel-rail creepage obtained by the two models in Case 1–3 (300 km/h) are shown in
Figure 15. When considering the elastic deformation of the wheelset, the longitudinal and
lateral creepages are slightly reduced than that of rigid wheelset model. In addition to being
influenced by the geometric contact parameters, the structural vibration of the flexible
wheelset will also generate additional velocity at the wheel-rail contact points apart from the
rigid wheelset velocity. These contribute to the differences in creepage calculated by the
flexible and rigid wheelset models.

As for the Case 2-1 to Case 2-4, the time-domain comparison results of wheel rail vertical
force are illustrated in Figure 16, it can be observed that under short-wave excitation, the
amplitude of the vertical wheel-rail force calculated by the flexible wheelset is also smaller
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than that of the rigid wheelset. The comparison results of frequency characteristics for
vertical force are shown in Figure 17, which reveal that at a speed of 200 km/h, both rigid and
flexible wheelsets exhibit high-frequency vibrations at the short-wave excitation frequency
of 138.89 Hz. When the speed increases to 250 km/h, the flexible wheelset not only undergoes
forced vibration at a frequency of 173.6 Hz under short-wave excitation but also at a
frequency of 92 Hz which is equal to the first-order vertical bending vibration mode
frequency. What should be noted is that, unlike the excitation case of measured track
irregularities, under short-wave excitation, as the speed change from 200 to 350 km/h, the
amplitude discrepancy of the vertical force calculated by twomodels gradually decrease with
the speed, due partly to the vibration elastic modes is produced by the short-wave excitation
which will occur in some operating conditions.
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5. Conclusion

(1) The comparative analysis of the rigid and flexible wheelset models under measured
track irregularities reveals that: the amplitudes of vertical, longitudinal and lateral
wheel-rail forces computed by the flexible wheelset model are all smaller than those
by the rigid wheelset model. The rigid wheelset model ismore sensitive to the impacts
from track irregularities compared to the flexible wheelset model. Moreover, as the
vehicle speed increases, the amplitude differences of wheel-rail forces computed by
the flexible and rigid wheelset models become larger.

(2) Under normal track irregularities, the rigid wheelset model gives larger virtual
penetration and equivalent contact areas results compared to the elastic wheelset
model. Additionally, the fluctuations of wheel-rail geometric contact results are more
obvious for the rigid wheelset model, there is a slight decrease in both longitudinal
and lateral creepages for the flexible wheelset model, thus for low-frequency wheel-
rail force analysis problems at speeds of 350 km/h and above, the flexible wheelset
model is recommended and will give results agrees better with the reality.

(3) Under short-wave track excitation, the flexible wheelset model also gives smaller
results of vertical wheel-rail forces compared to the rigid wheelset. However, unlike
the excitation case of measured track irregularity, under short-wave excitations, for
the speed within the range of 200 to 350 km/h, the difference in the amplitude of the
vertical force between the flexible and rigid wheelset models gradually decreases as
the speed increase. This is partially due to the excitation of elastic vibration modes of
the wheelset under short-wave irregularities.
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