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Abstract

Purpose – Total factor productivity (TFP), for a country and for a firm as well, is a crucial element for
economic growth by inducing high output. Actually, workers’ effort is among the important factors that
positively influence the TFP.
Design/methodology/approach – In this paper, the authors assume that the wage bonus enhances the
worker’s effort. Wage bonus is an incentive mechanism and plays a role in the TFP as is shown in a recent
paper by Le Van and Pham (2021). The firm will maximize its profits. The supplies of capital and workers are
exogenous. At equilibrium, the authors obtain that wage bonus has positive effects on output, labor
productivity and price of the output.
Findings – The wage bonus system can make the optimal sequence of outputs grow without bounds. And if
the optimal sequence converges to a steady state, this one can be characterized by higher output per capita than
that in the steady state without the bonus.
Originality/value – In particular, the result show if, thanks to the wage bonus externality effect, the
production may become of increasing returns and if the incentive mechanism is very strong, any optimal path
of physical capitals will converge to infinity.
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1. Introduction
Productivity is a key concept in economics. It is crucial for economic growth since it induces
high output of the firms. Let us recall that the total factor productivity (TFP) is the portion of
growth, which is not explained by growth in inputs used in the production process. The TFP
measures the efficiency with which factor inputs are combined and often used to proxy
technological progress.

Estimating contribution to growth of different factors is not an easy task [1]. Looking back
to history, Solow (1957) estimated that TFP growth accounted for 87.5% of growth in output
per worker of the United States over the period 1909–1949 [2]. Similarly and more recently,
Zhu (2012) estimated that the growth contribution of TFP growth is 78% of the growth in
gross domestic product (GDP) per capita of China during 1978–2007.

In this paper, we propose to introduce an incentivemechanism by awage bonus system. A
firm announces a bonus which is proportional to real wage. The workers anticipate a real
wage and improve their effort. At equilibrium, where anticipated wage equals equilibrium
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wage, we obtain that the wage bonus system improves the output of firm, the real income per
capita of the workers, the labor productivity and the competitiveness [3] of the firm as well.
Moreover, the output per capita may increase without bound or converges to a steady state,
which is larger than the one without a wage bonus system.

Our paper is in the stream of efficiency wages. Efficiency wage, which was introduced by
Marshall (1890), would make employers pay different wages to workers who are of different
efficiencies. Later, the use of the term is quite different and refers to the idea that higherwages
may increase the productivity of the workers. For Leibenstein (1957), the wage–productivity
relationship should be broken in two parts: (1) the relation between income and nutrition and
(2) the relation between nutrition and productivity. Several theories try to explain why
managers pay efficiency wages. For instance, since it is difficult to measure the quantity and
the quality of the effort of the worker, and since this one may shirk by doing less work than
agreed, the managers pay efficiency wages in order to increase or create the cost of job loss
(see, for instance, Shapiro & Stiglitz, 1984). In Solow (1979), wage enters the short-run
production function. A firm canminimize the cost by letting its wage offer unchanged if wage
enters the production function in a labor augmenting way. Solow (1979) explains why wage
may be sticky. Combining efficiency wage theory and public service motivation, Taylor &
Taylor (2011) build a model to examine empirically the relationship between wages and
public service motivation for 15 countries.

The remaining of the study is organized as follows. In Section 2, we recall the definition of
TFP and give the several factors constituting the TFP. In Section 3, we define the wage bonus
system. The economy is set in Section 4. The results are given in Section 5. In Section 6, we set
an optimal growth model where, in presence of wage bonus system, the sequence of optimal
outputs per capita may converge to infinity or converge to a steady state, which is larger than
the one without a wage bonus system. In particular, we show if, thanks to the wage bonus
externality effect, the production may become of increasing returns and if the incentive
mechanism is very strong, any optimal path of physical capitals will converge to infinity. All
the results are summarized in Section 7 which concludes.

2. Total factor productivity and economic growth
This study employed Solow (1957) to clarify the relationship between TFP and economic
growth. In this paper, Solow used the data of the US economy of the 50 beginning years of the
20th century and ran a regression.

Δ lnðYtÞ ¼ Bþ αΔ lnðKtÞ þ βΔ lnðNtÞ; (1)

whereYt,Kt andNt are, respectively, the GDP, physical capital and number of workers. Solow
(1957) found that TFP growth accounted for 87.5% of growth in output per worker over that
period.

We can see that this regression is derived from a production function (Cobb–Douglas
function).

Yt ¼ AtK
α
t N

β
t : (2)

Obviously, B 5 Δ ln(At) in the regression [4]. B is called Solow residual while At is called
technical progress or TFP. TFP is the portion of growth in output not explained by growth in
traditionallymeasured inputs of labor and capital used in production. TFP ismeasured as the
ratio of aggregate output (e.g. GDP) to aggregate inputs (here, when β5 1� α, the quantity
KαNβ represents aggregate inputs as a weighted product of inputsK andN). The rate of TFP
growth is calculated by subtracting average growth rates of labor and capital inputs from the
growth rate of output.
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Furthermore, Le Van & Pham (2021) consider Harrod, Solow and Ramsey models to show
that, for a closed economy, its growth depends crucially on the TFP. If the TFP is high then
the economy takes off and grows without bound. If the TFP is low, the economy collapses [5].

They show that the TFP is not a blackbox. By referring to the concepts (knowledge,
human capital andmanagement) introduced byRomer (1986), Lucas (1988) and Bloom, Eifert,
Mahajan, McKenzie & Roberts (2013), they propose a production functionY5AKαNβwhere

the TFP is A≡ ½amζαðθhÞβ�, where a is a normalization constant, m is an indicator of the
management quality, h is the human capital, ζ is the quality of the technology of the physical
capital and θ is the workers effort. We assume θ depends positively on a bonus denoted by b
(incentive mechanism). To summarize, we have the following production function.

Y ¼ AkαN β (3)

with the TFP is A ¼ amζαðθhÞβ
h i

(4)

3. Wage bonus as an incentive mechanism
We define the wage bonus b by b5 μω, where μP 0 and ω is real wage [6]. The real earned
income of a worker, I, will now be I5ωþ b5 (1þ μ)ω. For simplicity, we write θ(b)β5 «(μω).
Since we focus on the effect of real wage bonus, we suppose, for convenience, that
1 ¼ amζαhβ

� �
. The production function (Eqn 3) now becomes

Y ¼ εðμωÞKαN 1−α

Assumption:
We assume the function « has the form

εðμωÞ ¼ 1þ λξðμωÞ (5)

The function ξ will be called the incentive mechanism function. It is strictly increasing,
ξ(0)5 0, strictly concave, differentiable, limx→þ∞

ξðxÞ
x
¼ 0. The parameter λ > 0 measures the

intensity of the incentive mechanism.
Comments on assumption

(1) Assume ξ(0)5 0means no bonus implies no incentivemechanism. The effort equals 1
in this case.

(2) The assumption limx→þ∞

ξðxÞ
x

¼ 0 means the effort cannot expand widely. In
particular, when there is a maximal value for the workers effort ξðþ∞Þ < þ∞ð Þ,
this assumption is satisfied.

4. The economy
In our economy, there exists a firm which produces a good by using k machines and N
workers. The production technology is given by

Y ¼ εðμωeÞKαN 1−α ¼ ½1þ λξðμωeÞ�KαN 1−α; (6)

where ωe is the real wage anticipated by the workers.
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The firm will maximize its profit

π ¼ εðμωeÞKαN 1−α � ðωþ μωeÞN � rK;

where r is real capital cost. In this economy, there is an exogenous supply of workersN and
an exogenous supply of physical capital K. Given ω, ωe, r, the demands of firm for capital
Kd(ω, ωe, r) and for workers Nd(ω, ωe, r) are obtained by maximizing its profit.

4.1 Equilibrium
Equilibrium real wages, ω* and real capital cost r* are characterized by,

(1) ωe 5 ω*.

(2) Ndðω�;ωe; r�Þ ¼ N
(3) Kdðω�;ωe; r�Þ ¼ K

5. The results
The demands for capital and for workers satisfy.

εðμωeÞα
r

¼ Kd

Nd

� �1−α

εðμωeÞð1� αÞ
ωþ μωe

¼ Nd

Kd

� �α

Therefore, the equilibrium real wages and real capital cost solve the system.

εðμω�Þα
r�

¼ K
N

� �1−α

(7)

εðμω�Þð1� αÞ
ω�ð1þ μÞ ¼ N

K
� �α

(8)

To prove that Eqn (8) has a unique solution ω* > 0, we require the following result.

Claim 1. The function, for x P 0, ψðxÞ ¼ εðxÞ
x

is strictly decreasing. Moreover, ψ (0) 5
þ ∞, ψ ( þ ∞) 5 0.

Proof. We have,

ψ
0 ðxÞ ¼ ε

0 ðxÞ
x

� εðxÞ
x2

¼ λξ
0 ðxÞ
x

� 1þ λξðxÞ
x2

¼ λ xξ
0 ðxÞ � ξðxÞ� �� 1

x2
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Since ξ is strictly concave, differentiable, we have ξ(x) � ξ(0) > xξ0(x), and since ξ(0)5 0, we
have xξ0(x) � ξ(x) < 0. Hence, ψ 0(x) < 0, ∀x > 0. We have ψðxÞ > 1

x
for all x > 0. Hence, ψ (x)

→ þ ∞ when x → 0. Since ψðxÞ ¼ 1þλξðxÞ
x

, we have ψ (x) → 0 when x → þ ∞. ,
Therefore, Eqn (8) gives a unique value for the equilibrium real wageω*; by consequence,

Eqn (7) gives a unique value for the equilibrium real capital cost r*.
Let ~ωbe the equilibrium real wage and ~r be the equilibrium real capital cost when there is

no bonus, i.e. μ 5 0. We obtain,

α
~r
¼ K

N
� �1−α

(9)

ð1� αÞ
~ω

¼ N
K

� �α

(10)

It follows from Eqns (8) and (10) that

ð1þ μÞω�

~ω
¼ εðμω�Þ > 1 (11)

In other words, the real income per capita, with bonus, (1 þ μ)ω*, is higher than the real
income per capita without bonus ~ω.

Also, it follows from Eqns (7) and (9) that r� > ~r. To interpret this result, let q denote the
price of the physical capital. In this case, ~r ¼ q

~p
and r� ¼ q

p�, where
~p and p* are, respectively,

the prices of the output when there are no wage bonus. Suppose q is exogenous, we conclude
that the price of the output is lower when there is wage bonus.

The output, in presence of the wage bonus, Y � ¼ εðμω�ÞKαN 1−α
is larger than KαN 1−α

which is the output eY , when the firm does not propose wage bonus.
Finally, we observe that the labor productivity π�L with wage bonus is higher than the

labor productivity ~πL without wage bonus. Indeed,

π�
L ¼ εðμω�Þ K

N
� �α

> ~πL ¼ K
N

� �α

Remark 1. We mention that with bonus, if the real income per capita (1þ μ)ω* is higher
than the one without bonus ~ω, we do not necessarily have that ω� > ~ω. The
following example is a counter example.

Suppose ξ(x) 5 xγ, 0 < γ < 1. In this case, we get

1þ λμγω�γ

ð1þ μÞω� ¼ 1

~ω

It is easy to check that ω� > ~ω5λ > 1
~ωγμ1−γ. That means ω� > ~ω if, and only if, the

intensity parameter of the incentive mechanism, λ is high. If λ < 1
~ωγμ1−γ then ω� < ~ω.

Remark 2. We want to show that, at equilibrium, the bonus μω* is bounded above.
Indeed, on the one hand, we have the relations.

εðμω�Þ
μω� >

εðμω�Þ
ð1þ μÞω� ¼

1

~ω

Productivity
and wage

bonus

25



which imply

1þ λξðμω�Þ > μω�

~ω

and, on the other hand, the function 1þ λξ(x) has a unique x, which depends on λ; ~ω, such that

1þ λξðxÞ ¼ x

~ω

1þ λξðxÞ > x

~ω
if x < x

1þ λξðxÞ < x

~ω
if x > x

Hence, μω� < xðλ; ~ωÞ.

6. Wage bonus and economic growth
In this section, we consider an infinite horizon closed economy where there exists a social
planner who represents N identical consumers. The consumers are also firms and workers.
They provide physical capital to the firm by using their savings. The supply of labor is
exogenous and constant over time. It equalsN . The social planner seeks an economic growth
path of consumptions ðN c�t ÞtP0 and physical capitals ðK�

tþ1ÞtP0 such that, along this
growth path,

(1) firm uses the wage bonus system described in the sections above.

(2) firm maximizes the profit at each period.

(3) There is full employment of labor.

(4) At each period, the saving of the consumers is used to invest in physical capital which
they sell to the firm.

(5) The social planner maximizes the intertemporal utilities of the consumers under the
constraints that the consumptions and the savings equal their incomes. These ones
are composed of the profit of the firm, the value of the physical capital they sell to the
firm and their earned income (wage plus bonus).

(6) The income at period 0 of the consumers is Kα
0N 1−α

.

Let S�
t denote the saving of the consumers. If r�t ;ω

�
t denote the capital price and the wage at

date t, since the production function is of constant returns to scale, the profit is null, and the
constraint of the consumers, at any period t P 1 writes

N c�t þ S
�
t ¼ r�t K

�
t þ ð1þ μÞω�

tN
and

K�
tþ1 ¼ S

�
t

Since [7] the profit is null, we have r�t K
�
t þ ð1þ μÞω�

tN ¼ Y �
t where Y

�
t is the output of firm

which equals εðμω�
t ÞK�

t
αN 1−α

[8].
Since the firm maximizes its profit at each period, ω�

t is obtained (see Section 5)

εðμω�
t Þð1� αÞ

ω�
t ð1þ μÞ ¼ N

K�
t

� �α

(12)
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The constraints of the consumers are rewritten as follows:

N c�0 þ K�
1 ¼ Kα

0N 1−α

for t > 0; N c�t þ K�
tþ1 ¼ ε ω�

t

K�
t

N
� �� �

K�
t

αN 1−α
(13)

In the following, we will consider the capital per capita, the output per capita and the
consumption per capita and define

k�t ¼
K�

t

N ; y�t ¼
Y �

t

N
and k0 ¼ K0

N .
We then obtain the constraint of each consumer

c�0 þ k�1 ¼ kα0

for t > 0; c�t þ k
�
tþ1 ¼ ε ω�

t ðk�t Þ
� �

k
�
t

α

We assume that each consumer has the same intertemporal utility function
ln(c0) þ β ln(c1) þ � � � þ βt ln(ct) þ . . ..

The social planner now solves for each consumer the optimal growth model

max
fðct ;ktþ1Þ;tP0g

Xþ∞

t¼0

βt lnðctÞ; β∈ ð0; 1Þ

c0 þ k1 ¼ k
α
0

for t > 0; ct þ ktþ1 ¼ ε ω�
t ðktÞ

� �
k
α
t ≡ FðktÞ

Observe that the left hand side (LHS) of Eqn (12) is a decreasing function in ω�
t and the right

hand side (RHS) of Eqn (12) is also a decreasing function in Kt. Hence, ω�
t is an increasing

function in Kt. In particular, if Kt → 0 then ω�
t → 0.

Since the function F is increasing, the optimal sequence of physical capitals ðk�t ÞtP1 is
monotonic (see Amir, 1996).

We will show that the optimal path ðk�t Þt cannot converge to zero by using the Euler
equation associated with this optimal growth model. The Euler equation writes, with ðc�t Þt
optimal consumption path.

For all t:

c�tþ1

c�t
¼ β με

0
μω�ðk�tþ1Þ
� �

ω�0 ðk�tþ1Þk�αtþ1 þ αε μω�ðk�tþ1Þ
� �ðk�tþ1Þα−1

h i

> β αε μω�ðk�tþ1Þ
� �ðk�tþ1Þα−1

h i
> βαðk�tþ1Þα−1

(14)

since «(.) > 1.

If the sequence ðk�t Þt converges to zero, then the sequence
c�
tþ1

c�
t

� 	
t
will converge to infinity,

since ðk�tþ1Þα−1 → þ∞ . That implies there exists T such that for any t > T we
have c�tþ1 > c�t > . . . > c�T > 0.
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However, the budget constraint

c�t ¼ Fðk�t Þ � k
�
tþ1

implies that c�t converges to zero, since Fðk�t Þ→ 0 and k
�
tþ1 → 0: we get a contradiction.

Therefore, the sequence ðk�t Þt and the sequence of optimal outputs per capita y�t ¼ Fðk�t Þ
either are increasing and may converge to infinity, i.e. grow without bound or converge to

steady states by ¼ FðbkÞwith bk ¼ limt→þ∞k
�
t .

Suppose that the optimal sequence ðk�t Þt converge to a steady state bk. Then the optimal
consumptions c�t converge to a steady state bc > 0.

From Euler Eqn (14), we have

1 ¼ β με
0
μω�ðbkÞ� 	

ω�0 ðbkÞbkα þ αε μω�ðbkÞ� 	bkα−1h i
> βαε μω�ðbkÞ� 	bkα−1 (15)

We now compare with the case where μ 5 0 (no wage bonus). In this case, from Le Van &
Dana (2003), the optimal sequence ~kt will converge to a steady state kwhich satisfy

1 ¼ βαk
α−1

We see, from Eqn (15), that

k
α−1

> ε μω�ðbkÞ� 	bkα−15bk > ε μω�ðbkÞ� 	 1
1−α
k > k

and for the output per capita

by ¼ ε μω�ðbkÞ� 	bkα > y ¼ k
α

At the steady state, the country is better off with a wage bonus system than without a bonus
system. We can summarize these results in the following proposition:

Proposition 1. An optimal path ðk�t ÞtP1 either converges to infinity or converges to a

steady state bk, which is larger the steady state k ¼ ðβαÞ 1
1−α corresponding

to the no wage bonus system.

Recall that «(μω)5 1þ λξ(μω). Under some additional assumptions, any optimal path ðk�t ÞtP1
converges to infinity.

Proposition 2. Assume ξ(x)5 xγ, γ ∈ (0, 1) and αþ γ > 1.Then there exists λ such that for
any λ > λ, any optimal path ðk�t ÞtP1 converges to infinity.

Proof. Suppose an optimal path ðk�t Þt converges to a steady state bk. Then it must satisfy (15).
But it also satisfies (12), i.e.

εðμω�ðbkÞÞð1� αÞ
ω�ðbkÞð1þ μÞ

¼ 1bk
� �α

Equivalently,

1þ λμγω�ðbkÞγ
ω�ðbkÞ 3

ð1� αÞ
ð1þ μÞ ¼

1bk
� �α

(16)

FREP
1,1

28



This implies

λμγω�ðbkÞγ−1 3 ð1� αÞ
ð1þ μÞ <

1bk
� �α

(17)

5 λμγ
ð1� αÞ
ð1þ μÞ

bkα < ω�ðbkÞ1−γ (18)

5 ω�ðbkÞ > λμγ ð1�αÞ
ð1þμÞ

� 	 1
1−γ bk α

1−γ (19)

Observe that from Eqn (15), one gets

1 > βαλμγω�ðbkÞγbkα−1
(20)

Combine Eqns (20) and (19) to obtain

1 > βαλμγ ð1�αÞ
ð1þμÞ λμ

γ
� 	 γ

1−γbk αþγ−1
1−γ

5 1 > βαμγ ð1�αÞ
ð1þμÞμ

γ
� 	 γ

1−γ


 �
λ

1
1−γbk αþγ−1

1−γ

(21)

Let ν≡ βαμγ ð1−αÞ
ð1þμÞμ

γ
� 	 γ

1−γ


 �
. Then Eqn (21) rewrites as

1 > νλ
1

1−γbk αþγ−1
1−γ

5 bk < ν
γ−1

αþγ−1 λ
1

αþγ−1

(22)

We see fromEqn (22) that, since αþ γ > 1, if λ goes to infinity, thenbkgoes to zero. Hence, there
exists λ such that, if λ > λ then bk < k (k ¼ ðβαÞ 1

1−α, in Proposition 1. That contradicts the
statement in Proposition 1. Recall that any optimal path ðk�t Þt is monotonic and cannot
converge to zero. Hence, any optimal ðk�t Þt converges to infinity. ,

The interpretation of this result is as follows: if the production function becomes of
increasing returns (α þ γ > 1) and if the incentive parameter λ is high, then we have
unbounded growth.

Remark 3. Along the optimal path, at each period t, the capital price r�t is determined by
the equation (see Section 5)

εðμω�
t Þα

r�t
¼ N k

�
t

N
� �1−α

¼ k
�
t

1−α

while the wage ω�
t is given by

εðμω�
t Þð1� αÞ

ω�
t ð1þ μÞ ¼ N

N k
�
t

� �α

¼ 1

k
�
t

α
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7. Conclusion
In our study, we obtain the following results,

(1) The real income per capita of the workers is higher with the wage bonus system;

(2) The output is also larger when the firm uses wage bonus as an incentive mechanism;

(3) If the price of the physical capital is exogenous, then the price of the output is lower in
presence of the wage bonus system. This will be beneficial for the consumers and also
for firm which becomes more competitive;

(4) Labor productivity improves with the wage bonus system;

(5) We set up an optimal growth model where in presence of the bonus system the
optimal outputs per capita sequence may converge to infinity or converges to a
steady state, which is higher than the one corresponding to the case without the wage
bonus system and

(6) Moreover, if the production function becomes of increasing returns and if the
incentive mechanism is high, then we have unbounded growth.

Notes

1. See Hulten (2009) for a great treatment of growth accounting.

2. Solow was awarded the Nobel Memorial Prize in Economic Sciences in 1987 for his contributions to
the theory of economic growth. The paper Solow (1957) is an important part of these contributions.

3. We say that a firm becomes more competitive if its output price diminishes

4. The TFP At has constant rate of growth.

5. The readers can also refer to Le Van & Dana (2003) for more details.

6. In this paper, the bonus depends on wage. The wage bonus improves the economy in different ways.
One can ask whether an “optimal” wage bonus exists or not. Consider the well-known efficiency
wage which consists to pay a salary higher than the one which clears the labor market. An optimal
efficiency wage is achieved when the marginal costs of an increase in wage equals the marginal
benefit of the improved productivity. In this paper, we show (see (11)) that, at equilibrium, the earned
income, i.e. salary plus bonus, of theworker is larger than the salary she/he gets, at equilibrium, when
there is no incentive. That is due to an increase of the TFP. In some sense, the bonus corresponds to
the idea of optimality.

7. We suppose the capital depreciation rate equals 1.

8. The function « is as in the previous sections.
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