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Abstract

Purpose – Let (M, g) be a n-dimensional smooth Riemannian manifold. In the present paper, the authors
introduce a new class of natural metrics denoted by gf and called gradient Sasaki metric on the tangent
bundle TM. The authors calculate its Levi-Civita connection and Riemannian curvature tensor. The authors
study the geometry of (TM, gf) and several important results are obtained on curvature, scalar and sectional
curvatures.
Design/methodology/approach – In this paper the authors introduce a new class of natural metrics called
gradient Sasaki metric on tangent bundle.
Findings – The authors calculate its Levi-Civita connection and Riemannian curvature tensor. The authors
study the geometry of ðTM; gf Þ and several important results are obtained on curvature scalar and sectional
curvatures.
Originality/value – The authors calculate its Levi-Civita connection and Riemannian curvature tensor. The
authors study the geometry of ðTM; gf Þ and several important results are obtained on curvature scalar and
sectional curvatures.

Keywords Horizontal lift, Vertical lift, Gradient Sasaki metric, Sectional curvatures

Paper type Research paper

1. Introduction
We recall some basic facts about the geometry of the tangent bundle. In the present paper, we
denote by ΓðTMÞ the space of all vector fields of a Riemannian manifold ðM ; gÞ: Let ðM ; gÞ
be an n-dimensional Riemannian manifold and ðTM; π; MÞ be its tangent bundle.

A local chart ðU ; xiÞi¼1...n onM induces a local chart ðπ−1ðUÞ; xi; yiÞi¼1...n on TM. Denote

by Γk
ij the Christoffel symbols of g and by ∇ the Levi-Civita connection of g.

We have two complementary distributions on TM, the vertical distribution V and the
horizontal distribution H, defined by

Vðx;uÞ ¼ kerðdπðx;uÞÞ ¼
�
ai

v

vyi
jðx; uÞ; ai ∈ℝ

�
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Hðx;uÞ ¼
�
ai

v

vxi jðx;uÞ
� aiyjΓk

ij

v

vyk jðx;uÞ
; ai ∈ℝ

�

where ðx; uÞ∈TM, such that Tðx;uÞTM ¼ Hðx;uÞ ⊕Vðx;uÞ.
Let X ¼ Xi v

vxi
be a local vector field on M. The vertical and the horizontal lifts of X are

defined by

XV ¼ Xi v

vyi

XH ¼ Xi δ

δxi
¼ Xi

�
v

vxi
� yjΓk

ij

v

vyk

�
(1.1)

For consequences, we have

�
v
vxi

�H

¼ δ
δxi and

�
v
vxi

�V

¼ v
vyi
, then

�
δ
δxi;

v
vyi

�
i¼1::n

is a local
adapted frame in TTM.

The geometry of tangent bundle of a Riemannian manifold ðM ; gÞ is very important in
many areas of mathematics and physics. In recent years, a lot of studies about their local or
global geometric properties have been published in the literature. When the authors studied
this topic, they used different metrics which are called natural metrics on the tangent bundle.
First, the geometry of a tangent bundle has been studied by using a new metric gs, which is
called Sasaki metric, with the aid of a Riemannian metric g on a differential manifold M in
1958 by Sasaki [1]. It is uniquely determined by

gs
�
XH ; YH

� ¼ gðX ; Y Þ+π
gs
�
XH ; YV

� ¼ 0

gs
�
XV ; YV

� ¼ gðX ; Y Þ+π
(1.2)

for all vector fields X and Y onM. More intuitively, the metric gs is constructed in such a way
that the vertical and horizontal subbundles are orthogonal and the bundle map
π : ðTM; gsÞ→ ðM ; gÞ is a Riemannian submersion.

After that, the tangent bundle could be split to its horizontal and vertical subbundles with
the aid of Levi-Civita connection∇on ðM ; gÞ. Later, the Lie bracket of the tangent bundle TM,
the Levi-Civita connection ∇s on TM and its Riemannian curvature tensor Rs have been
obtained in Refs. [2, 3]. Furthermore, the explicit formulas of another natural metric gCG,
which is called Cheeger-Gromoll metric, on the tangent bundle TMof a Riemannian manifold
ðM ; gÞ. It is uniquely determined by

gCG
�
XH ; YH

� ¼ gðX ; Y Þ+π
gCG

�
XH ; YV

� ¼ 0

gCG
�
XV ; YV

� ¼ 1

α
fgðX ; Y Þ þ gðX ; uÞgðY ; uÞg+π

(1.3)

where X ; Y ∈ΓðTMÞ, ðx; uÞ∈TM, α ¼ 1þ gxðu; uÞ. This metric has been given by Musso
andTricerri in Ref. [4], using Cheeger andGromoll’s study [5]. The Levi-Civita connection∇CG

and the Riemannian curvature tensor RCG of ðTM; gCGÞ have been obtained in Refs. [6, 7],
respectively. The sectional curvatures and the scalar curvature of this metric have been
obtained in Refs. [8–16]. These results are completed in 2002 by S. Gudmundson and E.
Kappos in Ref. [6]. They have also shown that the scalar curvature of the Cheeger-Gromoll
metric is never constant if the metric on the base manifold has constant sectional curvature.
Furthermore, in Ref. [17] M.T.K. Abbassi, M. Sarih have proved that TM with the Cheeger-
Gromoll metric is never a space of constant sectional curvature. A more general metric is
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given byM.Anastasiei in Ref. [18] which generalizes both of the twometricsmentioned above
in the following sense: it preserves the orthogonality of the two distributions, on the
horizontal distribution it is the same as on the base manifold, and finally the Sasaki and the
Cheeger-Gromoll metric can be obtained as particular cases of this metric. A compatible
almost complex structure is also introduced and hence TM becomes a locally conformal
almost K€aherian manifold. V.Oproiu and his collaborators constructed a family of
Riemannian metrics on the tangent bundles of Riemannian manifolds which possess
interesting geometric properties (see Refs. [19, 20]). In particular, the scalar curvature of TM
can be constant also for a non-flat base manifold with constant sectional curvature. Then
M.T.K. Abbassi andM. Sarih proved in Ref. [21] that the considered metrics by Oproiu form a
particular subclass of the so-called g-natural metrics on the tangent bundle. Recently, the
geometry of the tangent bundles with Cheeger-Gromoll metric has been studied by many
mathematicians (see Refs. [17, 22, 23] and etc).

Zayatuev in [24] introduced a Riemannian metric on TM given by

gsf
�
XH ; YH

� ¼ f ðpÞgpðX ; Y Þ
gsf
�
XH ; YV

� ¼ 0

gsf
�
XV ; YV

� ¼ gpðX ; Y Þ
(1.4)

for all vector fieldsX andY on ðM ; gÞ, where f is strictly positive smooth function on ðM ; gÞ.
In Ref. [25] J. Wang, Y.Wang called gsf the rescaled Sasaki metric and studied the geometry of
TM endowed with gsf .

H. M. Dida, F. Hathout in Ref. [26], we define a new class of naturally metric on TMgiven
by

Gf
ðp;uÞ

�
XH ; YH

� ¼ gpðX ; Y Þ
Gf
ðp;uÞ

�
XH ; YV

� ¼ 0

Gf
ðp;uÞ

�
XV ; YV

� ¼ f ðpÞgpðX ; Y Þ
(1.5)

for some strictly positive smooth function f in ðM ; gÞand any vector fieldsX andY onM. We
call Gf vertical rescaled metric.

L. Belarbi, H. El Hendi in Ref. [27], we define a new class of naturally metric on TM given
by

Gf ;h
ðp;uÞ

�
XH ; YH

� ¼ f ðpÞgpðX ; Y Þ
Gf ;h
ðp;uÞ

�
XV ; YH

� ¼ 0

Gf ;h
ðp;uÞ

�
XV ; YV

� ¼ hðpÞgpðX ; Y Þ
(1.6)

where f ; hbe strictly positive smooth functions onM and any vector fieldsX andY onM. For
h ¼ 1 the metric Gf ;h is exactly the rescaled Sasaki metric. If f ¼ 1, the metric Gf ;h is exactly
the vertical rescaled metric. We call Gf ;h the twisted Sasaki metric.

Motivated by the above studies, we define a new class of naturally metric on TMgiven by

gf
�
XH ; YH

�
ðx;uÞ ¼ gxðX ; Y Þ

gf
�
XV ; YH

�
ðx;uÞ ¼ 0

gf
�
XV ; YV

�
ðx;uÞ ¼ gxðX ; Y Þ þ Xxðf ÞYxðf Þ

(1.7)

where f be strictly positive smooth functions on M and any vector fields X and Y on M.
If f is constant the metric gf is exactly the Sasaki metric.
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In this paper, we introduce the gradient Sasaki metric on the tangent bundle TMas a new
natural metric non-rigid on TM. First we investigate the geometry of the gradient Sasaki
metric and we characterize the sectional curvature (Proposition 2.1) and the scalar curvature
(Proposition 2.2).

2. Gradient Sasaki metric

Definition 2.1. Let ðM ; gÞ be a Riemannian manifold and f : M → ½0; þ∞�. then the
gradient Sasaki metric gf on the tangent bundle TM of M is given by

gf
�
XH ; YH

�
ðx;uÞ ¼ gxðX ; Y Þ

gf
�
XV ; YH

�
ðx;uÞ ¼ 0

gf
�
XV ; YV

�
ðx;uÞ ¼ gxðX ; Y Þ þ Xxðf ÞYxðf Þ

for all vector fields X ; Y ∈ΓðTMÞ, ðx; uÞ∈TM.

Remark 2.1.

(1) If f is constant, then gf is the Sasaki metric.

(2) gf ðXH ; ðgradfÞH Þ ¼ gðX ; gradfÞ ¼ Xðf Þ
(3) gf ðXV ; ðgradf ÞV Þ ¼ ð1þ kgradfk2ÞXðf Þ ¼ αXðf Þ, where α ¼ 1þ kgradfk2.
(4) gf ðXV ; YV Þ− gf ðXH ; YH Þ ¼ Xðf ÞY ðf Þ, where X ; Y ∈ΓðTMÞ.

2.1 Levi-Civita connection of gf

Lemma 2.1. Let ðM ; gÞ be a Riemannian manifold and ∇ (resp ∇f ) denote the Levi-Civita
connection of ðM ; gÞ ðrespðTM; gf ÞÞ, then we have:

(1) gf ð∇f

XH Y
H ; ZH Þ ¼ gf ðð∇XY ÞH ; ZH Þ

(2) gf ð∇f

XH Y
H ; ZV Þ ¼ −1

2 gf ððRðX ; Y ÞuÞV ; ZV Þ
(3) gf ð∇f

XH Y
V ; ZH Þ ¼ 1

2 gf ððRðu; Y ÞXÞH þ Y ðf ÞðRðu; gradf ÞXÞH ; ZH Þ
(4) gf ð∇f

XH Y
V ; ZV Þ ¼ gf ðð∇XY ÞV ; ZV Þ þ 1

2Y ðf Þgf ðð∇Xgradf ÞV ; ZV Þ
þ 1

2α ½gðY ; ∇Xgradf Þ− 1
2XðαÞY ðf Þ�gf ððgradf ÞV ; ZV Þ

(5) gf ð∇f

XV Y
H ; ZH Þ ¼ 1

2 gf ððRðu;XÞY ÞH þ Xðf ÞðRðu; gradf ÞY ÞH ; ZH Þ
(6) gf ð∇f

XV Y
H ; ZV Þ ¼ 1

2 Xðf Þgf ðð∇Ygradf ÞV ; ZV Þ þ 1
2α ½gðX ; ∇Ygradf Þ

− 1
2Y ðαÞXðf Þ� gf ððgradf ÞV ; ZV Þ

(7) gf ð∇f

XV Y
V ; ZH Þ ¼ −1

2g
f ðXðf Þð∇Ygradf ÞH þ Y ðf Þð∇Xgradf ÞH ; ZH Þ

(8) gf ð∇f

XV Y
V ; ZV Þ ¼ 0

Using Lemma 2.1, we have the theorem

Theorem 2.1. Let ðM ; gÞ be a Riemannian manifold and∇f be the Levi-Civita connection
of the tangent bundle ðTM; gf Þ. Then, we have
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�
∇

f

XH Y
H
	
p
¼ ð∇XY ÞHp �

1

2
ðRðX ; Y ÞuÞVp

�
∇

f

XH Y
V
	
p
¼ 1

2
ðRðu; Y ÞXÞhp þ

1

2
Y ðf ÞðRðu; gradf ÞXÞH þ 1

2
Y ðf Þð∇Xgradf ÞV þ ð∇XY ÞV

þ 1

2α



gðY ; ∇Xgradf Þ � 1

2
XðαÞY ðf Þ

�
ðgradf ÞV

�
∇

f

XV Y
H
	
p
¼ 1

2
ðRðu; XÞY Þhp þ

1

2
Xðf ÞðRðu; gradf ÞY ÞH þ 1

2
Xðf Þð∇Ygradf ÞV

þ 1

2α



gðX ; ∇Ygradf Þ � 1

2
Y ðαÞXðf Þ

�
ðgradf ÞV

�
∇

f

XV Y
V
	
p
¼ −

1

2
Xðf Þð∇Ygradf ÞH � 1

2
Y ðf Þð∇Xgradf ÞH

for all vector fields X ; Y ∈ΓðTMÞ, p ¼ ðx; uÞ∈TM.

2.2 Curvature tensor of gradient Sasaki metric
Using Theorem 2.1 and the formula of curvature, we have

Theorem 2.2. Let ðM ; gÞ be a Riemannian manifold and ðTM; gf Þ its tangent bundle
equipped with the gradient Sasaki metric. If R (resp Rf ) denote the Riemann curvature tensor
of M (resp TM), then we have the following formulas

(1) Rf
p

�
XH ; YH

�
ZH ¼ ðRðX ; Y ÞZH

p þ 1

2
ðRðu; RðX ; Y ÞuÞZÞHp

þ 1

4
ðRðu; RðX ; ZÞuÞYH

p � 1

4
ðRðu; RðY ; Z ÞuÞXÞHp

� 1

4
gxðRðY ; ZÞu; gradf ÞðRðu; gradf ÞXÞHp

þ 1

4
gxðRðX ; Z Þu; gradf ÞðRðu; gradf ÞY ÞHp

þ 1

2
gxðRðX ; Y Þu; gradf ÞðRðu; gradf ÞZÞHp

þ 1

2
ðð∇ZRÞðX ; Y ÞuÞVp þ 1

2
gxðRðX ;Y Þu; gradf Þð∇Zgradf ÞVp

þ 1

4
gxðRðX ; Z Þu; gradf Þð∇Ygradf ÞVp

� 1

4
gxðRðY ; ZÞu; gradf Þð∇Xgradf ÞVp

þ 1

4α
½gxðRðX ; Z Þu; ∇Ygradf Þ � gxðRðY ; ZÞu; ∇Xgradf Þ

þ 2gxðRðX ; Y Þu; ∇Zgradf Þ�ðgradf ÞVp

þ 1

8α
½XxðαÞgxðRðY ; Z Þu; gradf Þ � YxðαÞgxðRðX ; Z Þu; gradf Þ

� 2ZxðαÞgxðRðX ; Y Þu; gradf Þ�ðgradf ÞVp
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(2) Rf
p

�
XH ; YV

�
ZV ¼ −

1

2
Yxðf Þð∇X∇Zgradf ÞHp �

1

4
Yxðf ÞðRðu; gradf ÞRðu; Z ÞXÞHp

� 1

2
Zxðf Þð∇X∇Ygradf ÞHp �

1

4
ðRðu; Y ÞRðu; ZÞXÞHp

� 1

2
Zxðf ÞðRðY ; gradf ÞXÞHp � 1

4
Zxðf ÞðRðu; Y ÞRðu; gradf ÞXÞHp

� 1

4
Yxðf ÞZxðf ÞðRðu; gradf ÞðRðu; gradf ÞXÞHp � 1

2
ðRðY ; ZÞXÞHp

þ 1

4
Yxðf ÞZxðf Þ

�
∇ð∇Xgradf Þgradf ÞHp þ 1

2
Zxðf Þ

�
∇ð∇XYÞgradf ÞHp

� 1

2
gxðY ; ∇Xgradf Þð∇Zgradf ÞHp þ

1

2
Yxðf Þ

�
∇ð∇X Z Þgradf ÞHp

þYxðf Þ


1

8α
gxðZ ; ∇Xgradf Þ � 1

16α
XxðαÞZxðf Þ

�
ðgradαÞHp

þ


1

8α
XxðαÞZxðf Þ � 1þ α

4α
gxðZ ; ∇Xgradf Þ

�
ð∇Ygradf ÞHp

þ 1

4
Yxðf ÞðRðX ; ∇Zgradf ÞuÞVp þ 1

4
Zxðf ÞðRðX ; ∇Ygradf ÞuÞVp

� 1

4
Yxðf Þð∇ðRðu;ZÞXÞgradf ÞVp � 1

4
Yxðf ÞZxðf Þð∇ðRðu;gradf ÞXÞgradf ÞVp

þ


1

8α
Yxðf ÞgxðRðu; Z ÞX ; gradαÞ � 1

4α
gxðRðu; ZÞX ; ∇Ygradf Þ

þ 1

8α
Yxðf ÞZxðf ÞgxðRðu; gradf ÞX ; gradαÞ � 1

4α
Zxðf Þgx

�
Rðu; gradf ÞX ; ∇Ygradf

	i
ðgradf ÞVp

(3) Rf
p

�
XV ; YV

�
ZH ¼ 1

4
Yxðf ÞðRðu; XÞRðu; gradf ÞZÞHp þ 1

2
Yxðf ÞðRðX ; gradf ÞZÞHp

� 1

4
Xxðf ÞðRðu; Y ÞRðu; gradf ÞZÞHp � 1

2
Xxðf ÞðRðY ; gradf ÞZÞHp

þ 1

4
ðRðu; XÞRðu; Y ÞZÞHp � 1

4
ðRðu; Y ÞRðu; XÞZÞHp

þðRðX ; Y ÞZÞHp � 1

4
Xxðf ÞðRðu; gradf ÞðRðu; Y ÞZÞHp

� 1

4
Yxðf ÞðRðu; gradf ÞðRðu; XÞZÞHp

�


1

8α
Yxðf ÞZxðαÞ þ α� 1

4α
gxðY ; ∇Zgradf Þ

�
ð∇Xgradf ÞHp

þ


1

8α
Xxðf ÞZxðαÞ þ α� 1

4α
gxðX ; ∇Zgradf Þ

�
ð∇Ygradf ÞHp

þ 1

8α
½Yxðf ÞgxðX ; ∇Zgradf Þ � Xxðf ÞgxðY ; ∇Zgradf Þ�ðgradαÞHp

þ 1

4
Xxðf Þð∇ðRðu;Y ÞZÞgradf ÞVp � 1

4
Yxðf Þð∇ðRðu;XÞZÞgradf ÞVp

þ


1

8α
Yxðf ÞgxðRðu; XÞZ ; gradαÞ � 1

8α
Xxðf ÞgxðRðu; Y ÞZ ; gradαÞ

þ 1

4α
gxðRðu; Y ÞZ ; ∇Xgradf Þ � 1

4α
gxðRðu; XÞZ ; ∇Ygradf Þ

þ 1

4α
Yxðf ÞgxðRðu; gradf ÞZ ; ∇Xgradf Þ � 1

4α
Xxðf Þgx

�
Rðu; gradf ÞZ ; ∇Ygradf

	i
ðgradf ÞVp
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(4) Rf
p

�
XH ; YV

�
ZH ¼ 1

2
ðð∇XRÞðu; Y ÞZÞHp þ

1

2
Yxðf Þðð∇XRÞðu; gradf ÞZH

p

þ 1

2
Yxðf ÞðRðu; ∇Xgradf ÞZ ÞHp þ 1

2
gxðY ; ∇Xgradf ÞðRðu; gradf ÞZ ÞHp

þ 1

4
Yxðf ÞðRðu; ∇Zgradf ÞXÞHp þ 1

4
gxðY ; ∇Zgradf ÞðRðu; gradf ÞXÞHp

� 1

4
Yxðf Þð∇ðRðX ;ZÞuÞgradf ÞHp � 1

4
gxðRðX ; Z Þu; gradf Þð∇Ygradf ÞHp

þ 1

2
ðRðX ; Z ÞY ÞVp þ 1

2
gxðY ; ∇Xgradf Þð∇Zgradf ÞVp

þ 1

2
Yxðf Þð∇X∇Zgradf ÞVp � 1

2
Yxðf Þ

�
∇ð∇XZÞgradf Þ

V

p

� 1

4
ðRðX ; Rðu; Y ÞZ ÞuÞVp � 1

4
Yxðf ÞðRðX ; Rðu; gradf ÞZ ÞuÞVp

þ


αþ 1

4α
gxðY ; ∇Zgradf Þ � 1

8α
Yxðf ÞZxðαÞ

�
ð∇Xgradf ÞVp

þ


1

4α
Yxðf Þgxð∇Zgradf ; ∇Xgradf Þ � 1

2α
gxð∇XZ ; ∇Ygradf Þ

þ 1

2α
gxð∇X∇Zgradf ; Y Þ � 1

4α
Yxðf ÞgxðZ ; ∇XgradαÞ

� 1

8α2
XxðαÞYxðf ÞZxðαÞ � 1

4α
ZxðαÞgxðY ; ∇Xgradf Þ

� αþ 2

8α2
XxðαÞgxðY ; ∇Zgradf Þ

�
ðgradf ÞVp

(5) Rf
p

�
XH ; YH

�
ZV ¼ 1

2
ðð∇XRÞðu; ZÞY ÞHp þ 1

4
gxðZ ;∇Xgradf ÞðRðu; gradf ÞY ÞHp

� 1

2
ðð∇YRÞðu; ZÞXÞHp � 1

4
gxðZ ; ∇Ygradf ÞðRðu; gradf ÞXÞHp

þ 1

2
Zxðf Þðð∇XRÞðu; gradf ÞY ÞHp � 1

2
Zxðf Þðð∇YRÞðu; gradf ÞXÞHp

þ 1

4
Zxðf ÞðRðu; ∇Xgradf ÞY ÞHp � 1

4
Zxðf ÞðRðu; ∇Ygradf ÞXÞHp

� 1

2
gxðRðX ; Y Þu; gradf Þð∇Zgradf ÞHp � 1

2
Zxðf Þð∇ðRðX ;Y ÞuÞgradf ÞHp

þ ðRðX ; Y ÞZ ÞVp þ 1

2
Zxðf ÞðRðX ; Y Þgradf ÞVp

� 1

4
ðRðX ; Rðu; Z ÞY ÞuÞVp � 1

4
Zxðf ÞðRðX ; Rðu; gradf ÞY ÞuÞVp

þ 1

4
ðRðY ; Rðu; Z ÞXÞuÞVp þ 1

4
Zxðf ÞðRðY ; Rðu; gradf ÞXÞuÞVp

�


1

8α
Zxðf ÞYxðαÞ þ α� 1

4α
gxðZ ; ∇Ygradf Þ

�
ð∇Xgradf ÞVp

þ


1

8α
Zxðf ÞXxðαÞ þ α� 1

4α
gxðZ ; ∇Xgradf Þ

�
ð∇Ygradf ÞVp

þ


α� 2

8α2
XxðαÞgxð∇Ygradf ; Z Þ þ 1

2α
gxðRðX ; Y Þgradf ; ZÞ � α� 2

8α2
YxðαÞgxð∇Xgradf ; ZÞ

�
ðgradf ÞVp
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(6) Rf
p

�
XV ; YV

�
ZV ¼ 1

4
Xxðf ÞðRðu; Y Þð∇Zgradf ÞÞHp � 1

4
Yxðf ÞðRðu; XÞð∇Zgradf ÞÞHp

þ 1

4
Zxðf ÞðRðu; Y Þð∇Xgradf ÞÞHp � 1

4
Zxðf ÞðRðu; XÞð∇Ygradf ÞÞHp

þ 1

4
Yxðf ÞZxðf ÞðRðu; gradf Þð∇Xgradf ÞÞHp

� 1

4
Xxðf ÞZxðf ÞðRðu; gradf Þð∇Ygradf ÞÞHp

� 1

8α
Yxðf ÞZxðf Þgxð∇Xgradf ; gradαÞðgradf ÞVp

þ 1

8α
Xxðf ÞZxðf Þgxð∇Ygradf ; gradαÞðgradf ÞVp

� 1

4α
Yxðf Þgxð∇Xgradf ; ∇Zgradf Þðgradf ÞVp

þ 1

4α
Xxðf Þgxð∇Ygradf ; ∇Zgradf Þðgradf ÞVp

þ 1

4
Yxðf ÞZxðf Þ

�
∇ð∇X gradf Þgradf Þ

V

p

� 1

4
Xxðf ÞZxðf Þ

�
∇ð∇Y gradf Þgradf Þ

V

p

for all p ¼ ðx; uÞ∈TM and X ; Y ; Z ∈ΓðTMÞ.

2.3 Sectional curvature of the gradient Sasaki metric
LetV andW be two orthonormal tangent vectorsV ; W ∈Tðx;uÞTM.The sectional curvatures
of the tangent bundle ðTM; gf Þ is given by

Kf ðV ; W Þ ¼ Gf ðV ; W Þ
Qf ðV ; W Þ (2.1)

where

Qf ðV ; W Þ ¼ gf ðV ; V Þgf ðW ; W Þ � jgf ðV ; W Þ��2 andGf ðV ;W Þ ¼ gf ðRf ðV ;W ÞW ;V Þ

Lemma 2.2. Let ðM ; gÞ be a Riemannian manifold and ðTM; gf Þ its tangent bundle
equipped with the gradient Sasaki metric, then for any orthonormal vectors fields
X ; Y ∈ΓðTMÞ, we have

(1) Qf ðXH ; YH Þ ¼ 1

(2) Qf ðXH ; YV Þ ¼ 1þ jY ðf Þj2

(3) Qf ðXV ; YV Þ ¼ 1þ jXðf Þj2 þ jY ðf Þj2
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(4) Gf ðXH ;YH Þ ¼ gðRðX ; Y ÞY ; XÞ− 3
4kRðX ;Y Þuk2 − 3

4jgðRðX ; Y ÞuÞ; gradf j2

(5) Gf
�
XH ; YV

� ¼ Y ðf Þ½gð∇Xgradf ; ∇XY Þ � gð∇X∇Ygradf ; XÞ

þ 1

4α
XðαÞgð∇Xgradf ; Y Þ þ 1

2
gðRðu; Y ÞX ; Rðu; gradf ÞXÞ�

þjY ðf Þj2


1

4
kRðu; gradf ÞXk2 þ 1

4
k∇Xgradfk2 � 1

16α
jXðαÞj2

1

4
kRðu; Y ÞXk2 � 3αþ 1

4α
jgð∇Xgradf ; Y Þj2

(6) Gf
�
XV ;YV

� ¼ 1

4
jY ðf Þj2k∇Xgradfk2 þ 1

4
jXðf Þj2∇Ygradf

2

� 1

2
Xðf ÞY ðf Þgð∇Xgradf ; ∇Ygradf Þ

Proposition 2.1. Let ðM ; gÞ be a Riemannian manifold and ðTM; gf Þ its tangent bundle
equipped with the gradient Sasaki metric. If K, (resp Kf ) denotes the sectional curvature of
ðM ; gÞ ðresp:; ðTM; gf ÞÞ, then for any orthonormal vectors fields X ; Y ∈ΓðTMÞ, we have

(1) Kf ðXH ; YH Þ ¼ KðX ; Y Þ− 3
4kRðX ; Y Þuk2 − 3

4jgðRðX ; Y Þu; gradf j2

(2) Kf
�
XH ; YV

� ¼ Y ðf Þ
1þ jY ðf Þj2 ½gð∇Xgradf ; ∇XY Þ � gð∇X∇Ygradf ; XÞ

þ 1

4α
XðαÞgð∇Xgradf ; Y Þ þ 1

2
gðRðu; Y ÞX ; Rðu; gradf ÞXÞ�

þ jY ðf Þj2
1þ jY ðf Þj2



1

4
kRðu; gradf ÞXk2 þ 1

4
jj∇Xgradf jj2 � 1

16α
jXðαÞj2

�

þ 1

1þ jY ðf Þj2


1

4
kRðu; Y ÞXk2 � 3αþ 1

4α
jgð∇Xgradf ;Y Þj2

�

(3) Kf
�
XV ; YV

� ¼ 1

1þ jXðf Þj2 þ jY ðf Þj2


−
1

2
Xðf ÞY ðf Þgð∇Xgradf ; ∇Ygradf Þ

þ 1

4
jY ðf Þj2k∇Xgradfk2 þ 1

4
jXðf Þj2k∇Ygradfk2

�

Proof. The proof of Proposition 2.1 is deduced from equation (2.1) and Lemma 2.2.

Lemma 2.3. Let ðM ; gÞ be a Riemannian manifold and ðTM; gf Þ its tangent bundle
equippedwith the gradient Sasakimetric. If ðE1; . . . ; EmÞbe a local orthonormal frame onM

AJMS
29,1

22



such that E1 ¼ gradf
gradf. Then ðF1; . . . ; F2mÞ is a local orthonormal on ðTM; gf Þ.

Where Fi ¼ EH
i , Fmþ1 ¼ 1ffiffi

α
p EV

1 and Fmþj ¼ EV
j , i ¼ 1;m; j ¼ 2;m.

Lemma 2.4. Let ðM ; gÞ be a Riemannian manifold and ðTM; gf Þ its tangent bundle
equipped with the gradient Sasaki metric. If ðE1; . . . ; EmÞ (resp ðF1; . . . ; F2mÞ) are local
orthonormal on M (resp., TM), then for all i; j ¼ 1; m et k; l ¼ 2; m, we have

(1) Kf ðFi; FjÞ ¼ KðEi; EjÞ− 3
4

��RðEi;EjÞu
��2 − 3

4kgðRðEi; EjÞu; gradf Þ
��2

(2) Kf ðFi; Fmþ1Þ ¼ αþ 3

4α

��∇Ei
gradf

��2 � α2 � αþ 4

16α2ðα� 1ÞjEiðαÞj2

þ α
4ðα� 1ÞjjRðu; gradf ÞEijj2 � 1

2α
g
�
∇Ei

gradα;Ei

�

(3) Kf ðFi; FmþlÞ ¼ 1
4kRðu; ElÞEik2 − 3αþ1

4α

��gð∇Ei
gradf ; ElÞ

��2
(4) Kf ðFmþk; Fmþ1Þ ¼ α− 1

4α

��∇Ek
gradf

��2
(5) Kf ðFmþk; FmþlÞ ¼ 0

Proof. Using proposition 2.1, we have

(1) direct application

(2) Kf ðFi; Fmþ1Þ ¼ Gf

�
EH
i ;

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αðα� 1Þp ðgradf ÞV

�

¼ 1

αðα� 1ÞG
f
�
EH
i ; ðgradf ÞV

	

¼ 1

αðα� 1Þ


ðα� 1Þ



g
�
∇Ei

gradf ; ∇Ei
gradf

�� g
�
∇Ei

∇gradfgradf ; Ei

�

¼ þ 1

4α
EiðαÞg

�
∇Ei

gradf ; gradf
�þ 1

2
gðRðu; gradf ÞEi; Rðu; gradf ÞEiÞ

�

þðα� 1Þ2


1

4
kRðu; gradf ÞEik2 þ 1

4
k∇Ei

gradfk 2 � 1

16α
jEiðαÞj2

þ 1

4
kRðu; gradf ÞE2

i

3αþ 1

4α
g
�
∇Ei

gradf ; gradf
���

¼ 1

α
k∇Ei

gradf 2 � 1

2α
g
�
∇Ei

gradα;Ei

�þ 1

8α2
jEiðαÞj2

þ 1

2α
kRðu; gradf ÞEik2 þ α� 1

4α
Rðu; gradf ÞEi

��2 þ α� 1

4α
∇Ei

gradf 2
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� α� 1

16α2
jEiðαÞj2 þ 1

4αðα� 1ÞkRðu; gradf ÞEik2 � 3αþ 1

16α2ðα� 1ÞjEiðαÞj2

¼ 3þ α
4α

∇Ei
gradf

��2 � α2 � αþ 4

16α2ðα� 1ÞjEiðαÞj2

þ α
4ðα� 1ÞkRðu; gradf ÞEik2 � 1

2α
g
�
∇Ei

gradα; Ei

�

(3) Kf ðFi; FmþlÞ ¼ Kf
�
EH
i ; E

V
l

� ¼ 1

4

��Rðu; ElÞEi

��2 � 3αþ 1

4α

��g�∇Ei
gradf ; El

���2

(4) Kf ðFmþk; Fmþ1Þ ¼ Gf

�
EV
k ;

1ffiffiffiffiffiffiffiffiffiffiffi
α� 1

p ðgradf ÞV
�

¼ 1

α� 1
Gf

�
EH
k ; ðgradf ÞV

	

¼ 1

αðα� 1Þ
ðα� 1Þ2

4
k∇Ek

gradf
��2

¼ α� 1

4α
k∇Ek

gradf
��2

(5) direct application ,

Lemma2.5. [18] Let ðE1; . . . ; Em be local orthonormal frame onM, then for all i; j ¼ 1; m,
we have

Xm
i;j¼1

kRðu; EiÞEj

��2 ¼
Xm
i;j¼1

kRðEi;EjÞuk2

Proposition 2.2. Let ðM ; gÞ be a Riemannian manifold and ðTM; gf Þ its tangent bundle
equipped with the metric of the gradient Sasaki metric. If σ (resp., σf denote the scalar
curvature of ðM ; gÞ (resp, ðTM; gf Þ), then for any local orthonormal frame ðE1; . . . ; EmÞ on
M, we have

σf ¼ σ � 1

4

X
i;j¼1

m

kRðEi; EjÞuk2 � 3

4

X
i;j¼1

m

jgðRðEi; EjÞu; gradf Þj2

� 3αþ 1

2α

X
i;j¼1

m ��g�∇Ei
gradf ; Ej

��2 � α2 � αþ 4

8α2ðα� 1Þkgradαk
2

þ αþ 1

α
k∇gradfk2 � 1

2
traceg

�
ðRðu; gradf Þ*Þ2 � 1

α
∇*gradα

�

Proof. Using Lemma 2.3, we have
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σf ¼
X
s;t¼1

2m

Kf ðFs; FtÞ

¼
X

i;j¼1;i≠j

m

Kf ðFi; FjÞ þ 2
X
i;j¼1

m

Kf ðFi; FmþjÞ þ
X

i;j¼1;i≠j

m

Kf ðFmþi; FmþjÞ

¼
X

i;j¼1;i≠j

m

Kf ðFi; FjÞ þ 2
X
i¼1

m

Kf ðFi; Fmþ1Þ þ 2
X

i¼1;j¼2

m

Kf ðFi; FmþjÞ

þ 2
X
i¼1

m

Kf ðFmþi; Fmþ1Þ þ
X

i;j¼2;i≠j

m

Kf ðFmþi; FmþjÞ

σf ¼
X

i;j¼1;i≠j

m

½KðEi; EjÞ � 3

4
kRðEi; EjÞuk2 � 3

4
jgðRðEi;EjÞu; gradf j2�

þ
X
i¼1

m 

αþ 3

4α

��∇Ei
gradf

��2 � α2 � αþ 4

16α2ðα� 1ÞjEiðαÞj2

þ α
4ðα� 1ÞkRðu; gradf ÞEi

��2 � 1

2α
gð∇Ei

gradα; EiÞ
�

þ 2
X

i¼1;j¼2

m 

1

4
kRðu; EjÞEi

��2 � 3αþ 1

4α
jgð∇Ei

gradf ; EjÞj2
�

þ
X
i¼2

m α� 1

4α

��∇Ei
gradf

��2

¼ σ � 3

4

X
i;j¼1;i≠j

m

kRðEi; EjÞuk2 � 3

4

X
i;j¼1;i≠j

m

jgðRðEi; EjÞu; gradf Þj2

þ αþ 3

2α

X
i¼1

m

k∇Ei
gradf

��2 � α2 � αþ 4

8α2ðα� 1Þ
X
i¼1

m

jEiðαÞj2

þ α
2ðα� 1Þ

X
i¼1

m

kRðu; gradf ÞEik2 � 1

α

X
i¼1

m

gð∇Ei
gradα; EiÞ

þ 1

2

X
i¼1;j¼2

m

kRðu; EjÞEi

��2 � 3αþ 1

2α

X
i;j¼2;i≠j

m

jgð∇Ei
gradf ; EjÞj2 þ α� 1

2α

X
i¼1

m

∇Ei
gradf 2

¼ σ � 1

4

X
i;j¼1;i≠j

m

kEðEi; EjÞuk2 � 3

4

X
i;j¼1;i≠j

m

jgðRðEi; EjÞu; gradf Þj2

þ αþ 1

α

X
i¼1

m

k∇Ei
gradf

��2 � α2 � αþ 4

8α2ðα� 1Þ
X
i¼1

m

jEiðαÞj2

þ α
2ðα� 1Þ

X
i¼1

m

kRðu; gradf ÞEik2 � 1

2

X
i¼1

m

kRðu; E1ÞEik2

� 1

α

X
i¼1

m

gð∇Ei
gradα; EiÞ � 3αþ 1

2α

X
i;j¼1;i≠j

m

jgð∇Ei
gradf ;EjÞj2

σf ¼ σ � 1

4

X
i;j¼1;i≠j

m

kRðEi; EjÞuk2 � 3

4

X
i;j¼1;i≠j

m

jgðRðEi; EjÞu; gradf Þj2

� 3αþ 1

2α

X
i;j¼1;i≠j

m

jgð∇Ei
gradf ;Ejj2 � α2 � αþ 4

8α2ðα� 1Þkgradαk
2

þ αþ 1

α
k∇gradfk2 � 1

2
tracegððRðu; gradf Þ � Þ2 � 1

α
∇�gradαÞ

,
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Corollary 2.1. Let ðM ; gÞ be a Riemannian manifold of constant sectional curvature
λ and ðTM; gf Þ its tangent bundle equipped with the gradient Sasaki metric. If σf denote
the scalar curvature of TM, then for any local orthonormal frame ðE1; . . . ; EmÞ on M,
we have

σf ¼ mðm� 1Þλþ λ2


2α�m� 1

2
kuk2 � jgðu; gradf Þj2

�

� 3αþ 1

2α

X
i;j¼1

m ��g�∇Ei
gradf ; Ej

���2 � α2 � αþ 4

8α2ðα� 1Þkgradαk
2

þ αþ 1

α
∇gradf 2 � 1

α
tracegð∇*gradαÞ

Proof. Taking account that σ ¼ mðm− 1Þλ and for any vector fields X ; Y ; Z ∈ΓðTMÞ
RðX ; Y ÞZ ¼ λðgðZ ; Y ÞX � gðX ; ZÞY Þ

then we obtain

X
i;j¼1

m

kRðEi; EjÞuk2 ¼ λ2
X
i;j¼1

m

kgðu; EjÞEi � gðEi; uÞEjk2

¼ λ2
X
i;j¼1

m �jgðu; EjÞj2 � 2gðu; EjÞgðEi; uÞδij þ jgðEi; uÞj2

¼ λ2½mkuk2 � 2kuk2 þmkuk2�
¼ 2ðm� 1Þλ2kuk2

From Proposition 2.2, we deduce

X
i;j¼1

m

jgðRðEi; EjÞu; gradf Þj2 ¼ λ2
X
i;j¼1

m

jgðgðu; EjÞEi � gðEi; uÞEj; gradf Þj2

¼ λ2
X
i;j¼1

m

jgðEi; gradf Þgðu; EjÞ � gðEj; gradf ÞgðEi; uÞj2 ¼ 0

and

traceggðRðu; gradf ÞÞ2 ¼
X
i¼1

m

gðRðu; gradf ÞRðu; gradf ÞEi; EiÞ

¼ −
X
i¼1

m

kRðu; gradf ÞEik2Þ

¼ −λ2
X
i¼1

m

kgðEi; gradf Þu� gðu; EiÞgradfk2

¼ −λ2
�ðα� 1Þkuk2 � 2jgðu; gradf Þj2 þ ðα� 1Þkuk2�

¼ −2λ2
�ðα� 1Þkuk2 � jgðu; gradf Þj2�

,
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