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Abstract

Purpose — Let (M, g) be a n-dimensional smooth Riemannian manifold. In the present paper, the authors
introduce a new class of natural metrics denoted by g’ and called gradient Sasaki metric on the tangent
bundle TM. The authors calculate its Levi-Civita connection and Riemannian curvature tensor. The authors
study the geometry of (TM, ¢/) and several important results are obtained on curvature, scalar and sectional
curvatures.

Design/methodology/approach — In this paper the authors introduce a new class of natural metrics called
gradient Sasaki metric on tangent bundle.

Findings — The authors calculate its Levi-Civita connection and Riemannian curvature tensor. The authors
study the geometry of (TM, g’) and several important results are obtained on curvature scalar and sectional
curvatures.

Originality/value — The authors calculate its Levi-Civita connection and Riemannian curvature tensor. The
authors study the geometry of (TM, g’) and several important results are obtained on curvature scalar and
sectional curvatures.

Keywords Horizontal lift, Vertical lift, Gradient Sasaki metric, Sectional curvatures

Paper type Research paper

1. Introduction
We recall some basic facts about the geometry of the tangent bundle. In the present paper, we
denote by I'(TM) the space of all vector fields of a Riemannian manifold (M, g).Let (M, g)
be an z-dimensional Riemannian manifold and (TM, z, M) be its tangent bundle.

Alocal chart (U, «),_; , on M induces a local chart (z~*(U), &, ¥),_, ,, on TM. Denote
by l"g- the Christoffel symbols of g and by V the Levi-Civita connection of g.

We have two complementary distributions on TM, the vertical distribution V and the
horizontal distribution H, defined by

View = ker(dm(,) = {aiaiyi |(x, u); d' € IR}
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0 .0 )
Hupw =0+  —dyTi— ;a’EIR}
) { x| () TV
where (x, u) € TM, such that T, ) TM = Hy 4y ® V(2 -
Let X =X Z% be a local vector field on M. The vertical and the horizontal lifts of X are
defined by

-0
XV =X_=
ay
n_xid _xil 9 el
X fXM.fX " ylrifayk (11

H v
For consequences, we have <il) =9 and (il) = - then <i” il) is a local
adapted frame in TTM. o o o 6y’ W

The geometry of tangent bundle of a Riemannian manifold (M, g) is very important in
many areas of mathematics and physics. In recent years, a lot of studies about their local or
global geometric properties have been published in the literature. When the authors studied
this topic, they used different metrics which are called natural metrics on the tangent bundle.
First, the geometry of a tangent bundle has been studied by using a new metric g°, which is
called Sasaki metric, with the aid of a Riemannian metric g on a differential manifold M in
1958 by Sasaki [1]. It is uniquely determined by

gX Y1) =g(X, Y)or
X Y) =0 (1.2)
g, Y) =X, Y)er

for all vector fields X and Y on M. More intuitively, the metric g° is constructed in such a way
that the vertical and horizontal subbundles are orthogonal and the bundle map
7 : (TM, g°) = (M, g) is a Riemannian submersion.

After that, the tangent bundle could be split to its horizontal and vertical subbundles with
the aid of Levi-Civita connection V on (M, g). Later, the Lie bracket of the tangent bundle TM,
the Levi-Civita connection V° on TM and its Riemannian curvature tensor R* have been
obtained in Refs. [2, 3]. Furthermore, the explicit formulas of another natural metric g¢g,
which is called Cheeger-Gromoll metric, on the tangent bundle TM of a Riemannian manifold
(M, g). 1t is uniquely determined by

gCG(XHy YH) =gX, Y)en
ges (X", YV) =0 (13)
ga(XV, VV) = {g(X, V) +2(X, a(Y, w)on

where X, Y € [(TM), (x, ) € TM, @ = 1 + g, (u, u). This metric has been given by Musso
and Tricerri in Ref. [4], using Cheeger and Gromoll’s study [5]. The Levi-Civita connection V%
and the Riemannian curvature tensor R°C of (TM, gcg) have been obtained in Refs. [6, 7],
respectively. The sectional curvatures and the scalar curvature of this metric have been
obtained in Refs. [8-16]. These results are completed in 2002 by S. Gudmundson and E.
Kappos in Ref. [6]. They have also shown that the scalar curvature of the Cheeger-Gromoll
metric is never constant if the metric on the base manifold has constant sectional curvature.
Furthermore, in Ref. [17] M.T.K. Abbassi, M. Sarih have proved that TM with the Cheeger-
Gromoll metric is never a space of constant sectional curvature. A more general metric is
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given by M. Anastasiei in Ref. [18] which generalizes both of the two metrics mentioned above
in the following sense: it preserves the orthogonality of the two distributions, on the
horizontal distribution it is the same as on the base manifold, and finally the Sasaki and the
Cheeger-Gromoll metric can be obtained as particular cases of this metric. A compatible
almost complex structure is also introduced and hence TM becomes a locally conformal
almost Kaherian manifold. V.Oproiu and his collaborators constructed a family of
Riemannian metrics on the tangent bundles of Riemannian manifolds which possess
interesting geometric properties (see Refs. [19, 20]). In particular, the scalar curvature of TM
can be constant also for a non-flat base manifold with constant sectional curvature. Then
M.TK. Abbassi and M. Sarih proved in Ref. [21] that the considered metrics by Oproiu form a
particular subclass of the so-called g-natural metrics on the tangent bundle. Recently, the
geometry of the tangent bundles with Cheeger-Gromoll metric has been studied by many
mathematicians (see Refs. [17, 22, 23] and etc).
Zayatuev in [24] introduced a Riemannian metric on TM given by

gj‘(XH7 YH) :f(p)gP(Xv Y)
(X", YY) =0 (14)
S(XV, V") =g (X, V)

for all vector fields Xand Y on (M, g), where fis strictly positive smooth function on (M, g).
In Ref.[25]]. Wang, Y. Wang called g; the rescaled Sasaki metric and studied the geometry of
TM endowed with g;.

H. M. Dida, F. Hathout in Ref. [26], we define a new class of naturally metric on TM given
by

Gl (X7, YH) = g,(X, V)

G{M X7, v") =0 (L5)

G (X7, YY) =f(p)gy(X, V)

for some strictly positive smooth function fin (M, g) and any vector fields Xand Y on M. We
call ¢ vertical rescaled metric.

L. Belarbi, H. El Hendi in Ref. [27], we define a new class of naturally metric on TM given
by

G{;fu) (X", Y") = f(p)gy(X, Y)
Gy (X", Y") =0 (1.6)
Gl (X", YY) = h(p)gy (X, )
where f, hbe strictly positive smooth functions on M and any vector fields Xand Y on M. For
h = 1 the metric G’ is exactly the rescaled Sasaki metric. I f = 1 the metric G’ is exactly

the vertical rescaled metric. We call G’ the twisted Sasaki metric.
Motivated by the above studies, we define a new class of naturally metric on TM given by

gf (XH’ YH)(x,u) :gx(X7 Y)
gf(XV, YH)W) =0 1.7
&Y =& Y) + X ()Yl

where f be strictly positive smooth functions on M and any vector fields X and ¥ on M.
If fis constant the metric g is exactly the Sasaki metric.



In this paper, we introduce the gradient Sasaki metric on the tangent bundle TM as a new
natural metric non-rigid on TM. First we investigate the geometry of the gradient Sasaki
metric and we characterize the sectional curvature (Proposition 2.1) and the scalar curvature
(Proposition 2.2).

2. Gradient Sasaki metric

Definition 2.1. Let (M, g) be a Riemannian manifold and f : M — [0, + oo]. then the
gradient Sasaki metric g’ on the tangent bundle TM of M is given by

£ YY) = g X Y)
gf(XV7 YH)(xAu) =0
2(XV YY), =&, V) £ XY

for all vector fields X, Y e (TM), (x, ) e TM.
Remark 2.1.
(1) If fis constant, then ¢’ is the Sasaki metric.
@ &'(X", (gradf)”) = g(X, gradf) = X(f)
©) &(XY,(gradf)") = (1 + ||gradf|*)X(f) = aX(f), where a = 1 + | gradf|.
@ XV, Y")-g (XH, YH) = X(f)Y(f), where X, Y €T'(TM).

2.1 Levi-Civita connection of g

Lemma 2.1. Let (M, g) be a Riemannian manifold and V (resp V/) denote the Levi-Civita
connection of (M, g) (resp(TM, g’)), then we have:

) & (Vi Y", Z1) = o/ (Vx V), ZH)
@ & (VoY 2") = 2gf<< (X Y) )V,ZV>
©) & (ViuYV, 21 = T+ Y () (R(u, gradf)X)", Z1)
@ & (V%uYV,2") gf VXY ) 1Y<f>gf<<vxgradf>v, z")
+2Hg<Y ngradf) X(a)Y ()¢ ((gradf)”, Z")
(R(

6) & (Vi Y1, 2y =1 o/ (R(u,X)Y)" +ch> u, gradf) V)", Z')

© & (v, Y", ZV):%XU)gf«vygradf) ) +1g(X, Vygradf)
1Y (@)X(f)] gf((gradf) AD

") &V YV, ZH) = -/ (X(f)(Vygradf)” + Y (F)(Vxgradf)”, Z1)

® & (VY 2")=0
Using Lemma 2.1, we have the theorem

Theorem 2.1. Let (M, g) be a Riemannian manifold and V/ be the Levi-Civita connection
of the tangent bundle (TM, g’). Then, we have
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Zg,l}/[ (VQH YH)p = (Vx¥), —5(R(X, Y)u),

(Vo) = 5RO VX, + 5V ()(RGu, gradf)X)" + 5 V() (Vagrad)” + (Vx7)"

+ o Y. Vamradf) = X (@ V()| Garac)”

18

(Vi ¥™), = 3Rl X)Y s+ 3 X0 (R, gradf) V) + 3 X(7) (Vigrads)”

+ g [£0X. Vraradh) = 5 V@X(0)] arac)”

(Vi ¥"), = X0 (Vygradf)" =5 Y () (Vigrad)”

for all vector fields X, Y e['(TM), p = (x, u) e TM.

2.2 Curvature tensor of gradient Sasaki metric
Using Theorem 2.1 and the formula of curvature, we have

Theorem 2.2. Let (M, g) be a Riemannian manifold and (TM, g’) its tangent bundle
equipped with the gradient Sasaki metric. If R (resp ®) denote the Riemann curvature tensor
of M (resp TM), then we have the following formulas

) R, Y"Z" = RX, )7 + %(R(u, RX, Y)u)Z))

(R(u, RX, Z)) Y] — L (R(u, R(Y, Z)w)X)!

* i

Wl ]

&(R(Y, Z)u, gradf)(R(u, gradf)X),'

3 &LROX, 2, grad ) (Rl grac) V)Y

43 &R, V)u, gradf)(R(w, gradf)2)!

1

+5 (VZR)(X, Y)u), + 5 &(R(X, Y )u, gradf)(Vzgradf),

=Nl

+ 7 &(R(X, Z)u, gradf)(Vygradf),

- %gx(R(Y» Z)u, gradf)(Vxgradf),

+ i[ (R(X, Z)u, Vygradf) — g.(R(Y, Z)u, Vxgradf)

+ 28:(R(X, Y)u, Vzgradf))(grads);
+ g KA@BR(Y 2, grad) ~ Vil@gu(RX, 2, grack)

— 2Z(@)g:(R(X, Y)u, gradf)](gradf),



@

(©)

Ry(X", Y)Z" = —le(f)(Vszgradf)ff *%Yx(f)(R(u, gradf)R(u, Z)X)"

Z(f)(VxVygradf) ( (u, Y)R(u, Z)X),
-3 L Z)R(Y. grad$ X)) izmue(m Y)R(u, gradf)X)!!
3 Vel V2R, g ) (R, grach) XY — SRV, Z))F
+ 3 YD) (Visymar@rad) )} + ) (Visyrgrads !

1 1
— 5 &Y, Vxgrad/)(Vgradf )f Y2l (Viazgrads),’

100 g2, Vi) - X))

1+a

g - e, vxgrade] (Vygrads!

1

4 VDRI, Vogradf )] + ) (RUX, Vysgradi )]

3 V) (Vi grad))} — Y ANVAG) (Y gtunarograds)}

+ {% Y. (f)g.(R(u, Z)X, grada) — igx(l?(u, 2)X, Vygradf)

+ g0 Vel V2N (Rlu, grad )X, grada) — 1 26 (Rlw, grad))X, Vygrads )| (grack))

R, 2" = }lnmue(u., X)R(u, gradf)2)! + V) R, grad 2!
L X (R, YR, grad§2)Y — X0 (R, grad) 2!

+ % (R(u, X)R(u, YV)Z)} — —(R(u, Y)R(u, X)Z)]

(ROE, Y)2)! — 1X07) (Rl grad) (R, ¥)2)]!

V() (R(w, gradf)(R(x, X)Z);
gt @+ Y Vo) | Ve
[0+ X, Voad)| (Tvaad)
b o V)X, Vagmadh) - X(f)g. (Y, Vograds)(sraca))
13 X Vinrigradh )} — Y0 (Vigngradh)

+ % Ye(f)g:(R(u, X)Z, grada) f%Xg(f)gX(R(m Y)Z, grada)

1 1
+ g &R, Y)Z, Vxgradf) — me(R(u, X)Z, Vygradf)

4
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(@) RO V)2 = (VaR)w V)2 + 5 Vil (VR) o grad)) 2]

©)

+ LV R, Vagrad)Z) 4} (v, Vrgrad)R(u, gradr)z)!

2 b2

Y R Vagradr) X 4L g (7, v aradr)(R(w, gradr) )

4 LA

- % Yo () (Vi gradf)y — ! 1&(RX, Z)u, gradf)(Vygradf);

% (RX, Z) );/ +§gx(Y, vxgradf)(vzgradf)pv

45 V) (VaVsgradf)} — 3 Yolf)(Visymgrad))

i(R(X R(u, Y)Z)u iy(f (RCY. R(u, grad)Z)u)!
+ [a;-llgx(Y, Vgradf) — é Y. (f)Z:(a) (ngradf);

1

“r@x

—

2a
1

a+2

~ g Xel@gY, Vzgradf)| (gradf),

l\DI»—‘

R (XY, Y™\ Z" =

(VoR) . Z)X)Y — J2u(Z, Vyeradf) (R(a, grad))X)]

— l\':l»—t

5 20 (VxR) . grad$ V)] 5 Z7) (VR grac)) )]

43 )R, xgradY)] L 20 Rl Vrgradf) )]

1

+RX, V)Z)) +%Zx(f)(R(X, Y)gradf),

(RX, R(u, Z)Y Ju), *%Zx(ﬂ(R(X, R(u, gradf)Y)u),

.M»—A -J>\>—A

(ROY, R, )X} + 3 ZAN)R(Y, Rlw, gradf) X))}

|
gLl
N
S
=
&
4
R
o~

8(Z, Vygradf )] (Vxgradf),

+

[ =
N
S
=
&
+

-1 @ vxgradf)] (Vygrads)!

x©
S
'

+
—
R
|
Do

8a? ’ 2a

— 5 8RO, V), ) (Vagmadf)! — 3 ZF)(V g rradd ]!

X (Vyaradf, 2) + 5 g (RIX, V)gradf, )~

~ o XY,V () — - Z{@)g. (Y, Vrgrade)

2

1
Yi(f)gx(Vzgradf, Vxgradf) — 5 &:(VxZ, Vygradf)

1 1
+ *gx(VXngradfv Y) - E Yr(f)gr(Zy ngrada)

(VxR) (i, 2)V)} + ] &2, Vagrad) (Rl gradf) V)]

Yi(a)g:(Vxgradf,

)| (gradf),



©  B(XY, ¥")Z" = LX) (R, V)(Vamradf))f — 1 Volf)(Rlw, X)(Vagrads))f

+ Z—ILZXU‘)(R(M, Y)(Vxgradf)), — %LZW)(R(”’ X)(Vyaradf)),
4 V)24 (Rl gradf)(Vxgrad))!

_ %L X.(NZ(f)(R(u, gradf)(Vygradf)),

_ % Y.(f)Z(F)g(Vxgradf, grada)(gradf),

N % X (f)Z(F)g(Vygradf, grada)(gradf),

- % Y. (f)g:(Vxgradf, Vzgradf)(gradf),

n % X.(f)g:(Vygradf, Vzgradf)(gradf),

+ ;11 Yo(F)Ze(f) (V5 emaangradf),

1 14
= 1 X2 (Vi e gradf),
forallp = (x, ) e TMand X, Y, Z eT(TM).

2.3 Sectional curvature of the gradient Sasaki metric
Let Vand Whbe two orthonormal tangent vectors V, W € T ., TM. The sectional curvatures
of the tangent bundle (TM, g’) is given by

GV, W)

where

QW W)= (V, V¢ (W, W)~ (V, W) and &' (V, W) =& (R'(V, W)W, V)

Lemma 2.2. Let (M, g) be a Riemannian manifold and (TM, g’) its tangent bundle
equipped with the gradient Sasaki metric, then for any orthonormal vectors fields
X, Y eI’(TM), we have

@ Qf(XH, YH)=1
@ XX YV)=1+|Y()
@ XV, YV)=1+IX(OF +|Y()
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) G (X1, Y7) = Y (f)g(Vygradf, VyY) — g(VyVygradf, X)
o X(@g(Vagrads, ¥) + 2(Rlu, Y)X, Rlu, gradf)X)]

29 4a

2 1 2 1 2 1 2
HY I | 71R(w, gradf)X|I" + 7l Vxgradf||” — o= 1 X (a)]

1 s 3a+1 )
JIRGe VIX|P — =7 —la(Vagradf, ¥)|
1 1 ;
© G (XV,Y") = ¥ (O [Vxgradf | + X () Vygrads®

_ % X(NY(fg(Vxgradf, Vygradf)

Proposition 2.1. Let (M, g) be a Riemannian manifold and (TM, ¢/) its tangent bundle
equipped with the gradient Sasaki metric. If K, (resp K”) denotes the sectional curvature of
(M, g) (resp., (TM, g’)), then for any orthonormal vectors fields X, ¥ € I'(TM), we have

0 K (X7, YT =KX, Y)=-3|RX, YV)ul*-3|g(RX, V)u, gradf|”

(%) K(X7, Y7 = #g&()lz[g(vxgradﬂ VxY) — g(VxVygradf, X)

+ L X(@g(Vagrads, ¥) + Le(Rlu, V)X, R, gradf)X)]

YR 1 , 1 o1,
*m{gm(u» gradf)X || + 7| Vxgradf| —@\X(aﬂ]
1

T AR
L+ [Y(f)]

3a+1
4a

R 00 -2 g vgmadr,

1
O K - v

1 1
VI Fxmads + XY verads

% [— %X(f) Y (f)g(Vxgradf, Vygradf)

Proof. The proof of Proposition 2.1 is deduced from equation (2.1) and Lemma 2.2.

Lemma 2.3. Let (M, g) be a Riemannian manifold and (TM, g/) its tangent bundle
equipped with the gradient Sasaki metric. If (£, ..., E,)bealocal orthonormal frame on M



such that £y = ggg}i Then (Fy, ..., F,)is a local orthonormal on (TM, g’). The geometry
Where F; = Ef!, Fyy1 = 2B and Fj = E/,i=1m, j=2m. of the tangent

, . . . bundle
Lemma 2.4. Let (M, g) be a Riemannian manifold and (TM, g/) its tangent bundle

equipped with the gradient Sasaki metric. If (E1, ..., E,) (tesp (F1, ..., Fyy)) are local
orthonormal on M (resp., TM), then for all ¢, j = 1, met k, [ = 2, m, we have

W) K'(F, F) = K(B, E)=3||R(E, Eu|* - 3|g(R(E;, Ey)u, gradf)| 23
@ KR, Fu) = "‘”’HvE gradf|| (7‘”4)|E< o)
+-————||R(u, gradf)E}||* — 1 (VEgrada E)

4( 1)

@ K/ (F, Fuy) = YR, B)E| - 3“+1|g<vE,gradf, Ez)|2
(4) Kf( m-+ky Eﬂ+1 - 40, Hkagrade
(5) K ( m+ks Fm+l) == 0

Proof. Using proposition 2.1, we have

(1) direct application

@ KB, )= C (E (grad) )

Ji
(gradf)”)

1
~ a7 (&
1
- ala—1) [((x -1 {g(VElgradﬂ Vigradf) — g (Vg Vaargradf, E)
=+ ﬁEz'(a)g (Vigradf, gradf) + %g(R(u, gradf)E;, R(u, gradf)E))
—lle de.2_|_1V df Z_LE, 2
+a—1)° | 7R, gradE" + 7 [|Vigradf||* — 15| Ei(a)|

IR B g (Varads. ady) |

_1 , 1 NIRRT
== | Vegradf® — 5a g(Vggrada, E) +5 |E;(@)]

1 2 a—1
+ o IR(, gradn ) + 2R,

a—1
da



T O Es
A1 16a P g — 3y 100 8B g )
4 _3+a 2 az—a+4 9
by Vigradf|| _mﬂi(aﬂ
a . 2_l |
24 +4(a—_1)HR(M, gradf)E;|| zag(VEgrada, E)

1 da+1
O KI(F, Fow) = K (B, EY) = {|[RGw, BB — = ~|g(Vigradf, £)[

Va1
=16 (B, (graan)”)

S a-1
1 (a—1)
Cala—1) 4

@ K (Fpoa, ) = G (E{ , (gradf)V)

1V 5, gradf]|”

a—1 2
= T”VEkgrade

() direct application

O

Lemma 2.5. [18]Let (E1, ..., E,belocal orthonormal frame on M, then forallz, j = 1, m,
we have

(]

S IR BB = S IRE Bl

ij=1 ij=1

Proposition 2.2. Let (M, g) be a Riemannian manifold and (TM, g) its tangent bundle
equipped with the metric of the gradient Sasaki metric. If ¢ (resp., ¢ denote the scalar
curvature of (M, g) (resp, (TM, g’)), then for any local orthonormal frame (E3, ..., E,,)on
M, we have

m

1& 3
o =0 IR(E, Byul” =7 |g(R(E; Eju, gradf)’

ij=1 ij=1

Sa+1¢ 2 —a+4 )
_ v pPF_&—ars
o S e(Vesradr, B G el

a+1
a

+

| Vgradf|* — %traceg ((R(u, gradf)*)* — %V*grada)

Proof. Using Lemma 2.3, we have



2m
o = K(F, F)
sit=1

m m

= Y K/(F, F)+2Y K'(F, Fy) + ZK (Fnsi, Fns)

ij=10#j ig=1 1j=1#f

m

= > K(F, F)+2ZKfF F,M)+22K (Fi, Fous))

ij=10#j i=1 i=1j=2

m m

+2§ K m+17 m+1 § K m+17 m+j

i=1 1j=2,1#]

m

3 3
o= [KE, E) — IR(E, Eul? *ilg(R(Eszj)uagmdflz]

=y
“[a+3 a+4
ato L@ ekt o
+;[ da 160%(a — )l @
+ LHR(u gradf)EHZ - ig(Vpgradot E)
4(a—1) ’ ' 20 ’
“ 3a + 1
+2 3 [HRw BB - 2 Vgt B
i=1j=2

m a— 1
+ZWIIVE1gradez

m

_6—1 Z IR(E:, Bl ~7 Z lg(R(E;, E))u, gradf)|*

ij=14#j ij=11#j

a+3& 2 d—a+dZ 2
+ 5 ;HVE,grade —m;wx(@

m 1 m
+mgllﬁ’(%, gradf)E| a;g(vagrada, E)

3a+1
+z Z IR, B)E|| -
t 1j=2 ij=20#1
=03 S IEE Bl - 23 (R B)u, gradr)
z,/ 147 lj 1041

& —at+dZ
T 82(a—1) Z‘E

a m ) 1 )
+ mg”R(”a gradf)E||” — Q;”R(M» E)E|

3a+1 &
__E g(Vigrada, E;) — aa Z|gV,grade)\

ij=1#]
of=o—— S TIRE, Byul* -5 Z g(R(E;, Ep)u, gradf)[
z] 1, z/ 1i#
3a+1 P—a+4
@ Z lg(Vigrads, B - £ —"|gradal
2a 1j=1,# ( )

((R(u, gradf) * )* — éV*grada)
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AJMS Corollary 2.1. Let (M, g) be a Riemannian manifold of constant sectional curvature

291 Land (TM, ¢/) its tangent bundle equipped with the gradient Sasaki metric. If ¢ denote
’ the scalar curvature of TM, then for any local orthonormal frame (£, ..., E,) on M,
we have
7 2 20! —m — 1 2 2
o' =m(m =1+ 2| —————|lul" — lg(u, gradf)|
26
3a+1E 2 dd—a+4 9
~ a2l (Vegradf, B)[ — g lgradal

i=1

1 1
+ %Vgradf 2 &traceg(v* grada)

Proof. Taking account that 6 = m(m —1)A and for any vector fields X, YV, Z e'(TM)
R(X, Y)Z = (g(Z. V)X - g(X. Z)Y)

then we obtain

Y IRE, Byl = 2 _llg(u, E)E; — g(E;, w)E|*

ij=1 ij=1
=2 [le(w, B - 20, B)g(Es, )5 + g(Ey, w)’
ij=1
= 22[mllull” — 2ul)” + e’
= 20m — 1)2%Jul”

From Proposition 2.2, we deduce

Y 8(R(E;, Eyu, gradf)[* = 27" |g(e(u, B)E; — g(E;, )E;, gradf)[*

ij=1 ij=1
- Azz‘g(E‘H gradf)g(u7 E}) _g(E}7 gradf)g(E‘ty M)|2 - 0
ij=1

and

m

trace,g(R(u, gradf))’ = > g(R(u, gradf)R(u, gradf)E;, E))

=1

==Y |IR(u, gradf)Ei[|*)
=1

= =) "|lg(E;, gradf)u — g(u, E;)gradf|*

= - [?a — D)l[ue]l® — 2|g(u, gradf)* + (a — 1)ul’]
= =22 [(a—1)ull” — lg(u, gradf) ]
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