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Almost Kenmotsu 3-/-metric
as a cotton soliton
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Abstract

Purpose — Cotton soliton is a newly introduced notion in the field of Riemannian manifolds. The object of this
article is to study the properties of this soliton on certain contact metric manifolds.
Design/methodology/approach — The authors consider the notion of Cotton soliton on almost Kenmotsu
3-manifolds. The authors use a local basis of the manifold that helps to study this notion in terms of partial
differential equations.

Findings — First the authors consider that the potential vector field is pointwise collinear with the Reeb vector
field and prove a non-existence of such Cotton soliton. Next the authors assume that the potential vector field is
orthogonal to the Reeb vector field. It is proved that such a Cotton soliton on a non-Kenmotsu almost Kenmotsu
3-h-manifold such that the Reeb vector field is an eigen vector of the Ricci operator is steady and the manifold is
locally isometric to.

Originality/value — The results of this paper are new and interesting. Also, the Proposition 3.2 will be helpful
in further study of this space.
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1. Introduction
An almost contact metric manifold is an odd dimensional differentiable manifold MZ*+!
together with a structure (¢, &, 1, g) satisfying (1, 2])

o’ X = -X +n(X)& n(¢) =1, 11
g(eX,0Y) =g(X,Y) —n(X)n(Y) 12

for all vector fields X, Y on M*" ! where g is the Riemannian metric, ¢ is a (1, 1)-tensor field, &
is a unit vector field called the Reeb vector field and # is a 1-form defined by #(X) = g(X, &).
Here also ¢& = 0 and 570 ¢ = 0; both can be derived from (1.1) easily. The fundamental 2-form
@ on an almost contact metric manifold is defined by ®(X, Y) = g(X, ¢Y) for all vector fields X,
Y on M?"*1, The condition for an almost contact metric manifold being normal is equivalent
to vanishing of the (1, 2)-type torsion tensor N,,, defined by NV, = [, ] + 2dn @ & where[ o, ¢]
is the Nijenhuis tensor of ¢ [1]. An almost contact metric manifold such that # is closed and
d® = 2n A® is called almost Kenmotsu manifold (see [3, 4]). Obviously, a normal almost
Kenmotsu manifold is a Kenmotsu manifold. Also Kenmotsu manifolds can be characterized
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by (Vx@)Y = g(eX, V)& — n(Y)eX, for any vector fields X, Y on M*"+!. For further details on
Kenmotsu manifolds we refer the reader to go through the references ([5, 6]).
The Weyl tensor on an #-dimensional Riemannian manifold is defined as.

7

T nn-2)
_n% SY,2)X -SX,2)Y +g(Y,2)QX — g(X,2)QY],

CX,Y)Z =RX,Y)Z g(Y,2)X — g(X,2)Y]

where R is the curvature tensor, S denotes the Ricci tensor, € stands for Ricci operator and 7 is
the scalar curvature.
A (0, 3)-Cotton tensor of a 3-dimensional Riemannian manifold (M?, g) is defined as (see [7])

CX,Y,2) =(VxS(Y,2) = (VyS)(X,2)

1 1.3)
— XY, 2) - Y (r)g(X, 2],

where S is the Ricci tensor and 7 is the scalar curvature of M2. The Cotton tensor is
skew-symmetric in first two indices and totally trace free. It is well known that for # > 4, an
n-dimensional Riemannian manifold is conformally flat if the Weyl tensor vanishes. For

n = 3, the Weyl tensor always vanishes but the Cotton tensor does not vanish in general.
In 2008, Kicisel, Sarioglu and Tekin [8] introduced the notion of Cotton flow as an analogy
of the Ricci flow. The Cotton flow is based on the conformally invariant Cotton tensor and

defined exclusively for 3-dimension as
dg
a=C

where Cis the (0, 2)-Cotton tensor of g. From the Cotton flow, they defined the notion of Cotton
soliton as follows:

Definition 1.1. A Cotton soliton is a metric g defined on 3-dimensional smooth manifold M°
such that the following equation

(Lyg)(X,Y)+C(X,Y)—0g(X,Y) =0, (1.4)

holds for a constant o and a vector field V, called the potential vector field, wherve Ly denotes the
Lie derwative along V and C s the (0, 2)-Cotton tensor defined by

1 I
Cij = 2 \/é—fcnmienm 8y (15)
inalocal frame of MP, whereg det(g;), Gijr.1s the (0, 3)-Cotton tensor and € is a tensor density.
In an orthonormal frame, €/2% = 1. Also exchange of any two indices will glve rise to r{nnus
51gn and it will be zero if there has two same indices. For example, €7 = — %% and
el? = %2 = 223 = (). Cotton solitons are fixed points of the Cotton flow up to

diffeomorphisms and rescaling. The Cotton soliton is said to be shrinking, steady or
expanding according as o is positive, zero or negative respectively. As far as we know, the
Cotton soliton was studied by Chen [9] on certain almost contact metric manifold, precisely on
almost coK&hler 3-manifolds. Motivated by the study of Chen [9], we consider the notion of
Cotton soliton on an almost Kenmotsu 3-4-manifold and prove some related results.



2. Almost Kenmotsu 3-/.-manifolds

Let (M2, ¢, £ 1, g) be a 3-dimensional almost Kenmotsu manifold. We denote by / = R(-, £)¢,
h= gﬁgqo and /' = o ¢ on M°, where R is the Riemannian curvature tensor. The tensor fields
l and % are symmetric operators and satisfy the following relations (3, 4)):

he=0, 1E=0, tr(h) =0, tr(he) =0, he + h =0, @1
Vx§ =X —nX)¢— ehX(=V:£ =0), 2.2)
Vih = —¢ — 2h — ol — ¢l. 23)

Definition 2.1. [10] A 3-dimensional almost Kenmotsu manifold is called an almost
Kenmotsu 3-h-manifold if it satisfies V:h = 0.

Let U, be the maximal open subset of a 3-dimensional almost Kenmotsu manifold /2 such
that 22 # 0 and U5 be the maximal open subset on which % = 0. Then 447Ul is an open and
dense subset of M°. Then U, is non-empty and there is a local orthonormal basis {¢; = ¢,
es = ¢, e3 = e} on U; such that e = Ae and hge = — Agpe for some positive function A.

Lemma 2.2. [11]On U,
Ve =0, Vee=ape, V:pe=—
V.é=e—Ape, Ve=—E—Dbpe, V,pec= A+ be,
Vel = —de + e, Ve =+ cpe, Vgpe=—&—ce,
where a, b and ¢ are smooth functions.

Since Vi = 0 for an almost Kenmotsu 3-%-manifold, then using Lemma 2.2 and (2.3), a direct
calculation gives £(4) = a = 0. Therefore, Lemma 2.2 can be rewritten for an almost Kenmotsu
3-h-manifold as.

Lemma 2.3. OnlU, the coefficients of the Riemannian connection V of an almost Kenmotsu
3-h-manifold with respect to a local orthonormal basis {&, e, e} is given by

V£ =0, Vee=0, Vepe =0,
V.é=e—Age, Ve=—-E—Dbpe, V,pe= I+ be,
Vel = —de + e, Ve = A+ cpe, Vgpe=—&—ce,
where b and ¢ are smooth functions.
From Lemma 2.3, the Lie brackets can be calculated as follows:
[e,&] =e— Ape, [e,pe] = be —cpe and [epe, &) = —Ae + ge. (24

In [12], Wang obtained the components of the Ricci operator @ for an almost Kenmotsu 3-
manifold on U as follows:

Q¢ = =2(# +1)¢ — o(e)e — o(we)pe,
Qe = —o(e)é — (f + 2a)e + (E(A) + 24) e,
Qee = —o(pe) + (£(2) + 24)e — (f — 2Aa)pe,
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where f = e(c) + ge(b) + 0% + ¢ + 2and o(-) = — g(QE, -). Now, we write the components of
the Ricci operator @ for an almost Kenmotsu 3-4-manifold as follows:

Lemma 2.4. Onlfy, the Ricci operator of an almost Kenmotsu 3-h-manifold with respect to a
local orthonormal basis {&, e, e} is given by

Q& = —2(X* +1)& — [pe() + 24bJe — [e(4) + 24c]pe,
Qe = —[pe(4) + 24b]E — fe + 2Age,
Qe = —[e() + 2Ac]é + 20e — f e,

where f = e(c) + ge(b) + b + & + 2.
The scalar curvature » of an almost Kenmotsu 3-%-manifold is given by
r =g(Qei,e) = —2(2% + 1) — 2f. 2.5)

Using Lemma 2.4, we obtain

S(§,€) = =2(# +1), S e) = ~[pe(2) +220],
S(&, @e) = —[e(4) + 24c], S(e,e) = f, (2.6)
S(e’ (pe) = 21’ S(()Dea QDe) = _f

It is well known that an almost Kenmotsu 3-manifold is Kenmotsu if and only if 2 = 0.
Thus a Kenmotsu metric always admits an almost Kenmotsu 3-z-metric structure. We

now close this section by providing an example of a non-Kenmotsu almost Kenmotsu
3-h-manifold.

Example 2.5. [13]Let M be a 3-dimensional non-unimodular Lie group with a left invariant
local orthonormal frame {eq, 5, e3} satisfying

[e1,e2] = aes + Pes, |es,e3) = 0 and [e1,e3] = fex + (2 — a)es

for a,BER If either a # 1 or B # 0, then M® admits a non-Kenmotsu almost Kenmotsu
3-h-metric structure.

We now close this section by recalling an important result of Cho [14].

Theorem 2.6. A non-Kenmotsu almost Kenmotsu 3-manifold M is locally symmetric if and
only if M2 is locally isometric to the product space H?(—4) X R

3. Cotton soliton

In this section, we consider the notion of Cotton soliton within the framework of almost
Kenmotsu 3-Z-manifolds. To study the notion of Cotton soliton, we need to compute the
components of the (0, 2)-Cotton tensor. In this regard, we prove the following Lemma:

Lemma 3.1. The components of the (0, 2)-Cotton tensor C with respect to an orthonormal
frame {&, e, e} of a non-Kenmotsu abmost Kenmotsu 3-h-manifold M® can be expressed as
follows:

Cn =C(&E) = blpe(A) + 22b] — cle(d) + 24c]

—e(e(2) + 24c) + e(ge(2) + 24b), 61



Cio = C(&,e) =2[e(2) — 3Ape(A) + 24c — 24°D]

1 32
+e(e(4) +24¢) — 4 ge(r),
Cis = C(&,0¢) = —2[pe(R) — 3he(R) + 24b — 22%c]
1 33
—E(e(A) + 24b) + 18(7)’
Cp = C(e,e) = 22° — fA+ cle(4) + 24c] — pe(@e(A) + 24b), (34)

Cos = Cle, pe) = =E(f) — f + 2+ e(pe(d) + 2Ab) + ble(4) + 2Ac] — %5(7), (35)

Csz = C(ge, ge) = —22° + A4 — blpe(4) + 22D + e(e(A) + 24c). (36)

Proof. The components of the metric tensor g with respect to an orthonormal frame
{&, e, e} of a non-Kenmotsu almost Kenmotsu 3-4-manifold M2 is given by

1 0 0
@)={0 10
0 0 1

and hence det(g;) = 1. Therefore, Eqn (1.5) reduces to

1 P
Cl] = E }vﬂienm]? l,]= 1727 37

where Gy, = Clej, €, ez). Also, G = — Gy and Gy, = O for all, 7, k = 1, 2, 3. It can be easily
obtained that (see [9])

Cll = C2317 CIZ = C3117 ClS = C1217 C22 = C3127 CZS = C1227 CSS = C123-

Making use of (1.3), we get the following:

G = Gy = Cle,90.8) = (V.5)(96,8) — (V,uS) (e, 8) @)
G = Clge,£,8) = (VouS)(E,8) — (ViS)(6,) —  0elr), 69)
Gy = ClE.0,8) = (V6S)(6,8) — (VeS)(E&) + 1el0), ©9)
G = Clg,£,0) = (VouS) (&) — (V:S) (96:), 610

G = Cl&,0.6) = (VeS)(e,6) — (VeS)(E:6) — 120, 611
Cry = Cl,6,90) = (V65) (e, 90) — (V.S) (&, ge). 612

Using (2.6), Lemma 2.3 and &(1) = 0, we now obtain the following:

Cotton solitons




=20° — fA+ blpe(A) + 24b] — e(e(4) + 21c¢),
e, &) = 2% — fa+ cle(2) + 2c] — ge(ge(2) + 22b).
2[e(2) — 3hge(R) + 2Ac — 24°D],
—&(e(4) + 21c).

AJMS { (ges)

(VeS)(e, 6) = —&(pe(2) + 24b),
(VeS)(£,8) = 2[@e(R) — 3he(R) + 24b — 22%c].
{ (VeeS) (&, €) = 22° — f2 + cle(2) + 24c] — we(ge(2) + 24b),
(VeS) (e, e) = 0.

{(Vs )(e,e) = =¢(f),
(VeS)(E,e) =f — 2 — e(pe(A) + 24b) — ble(A) + 24c].

(VeS)(e, ge) =0,
(V.S) (&, pe) = 22° — £+ bge(2) + 22b] — e(e(4) + 24c).

313

(3.14)

(3.15)

(3.16)

3.17)

(3.18)

We now complete the proof by substituting Eqs (3.13)-(3.18) in Egs (3.7)-(3.12) respectively. (]

Proposmon 3.2. Ifthe Reeb vector field of a non-Kenmotsu almost Kenmotsu 3-h-manifold
is an eigen vector of the Ricci operator, then MP is locally isometric to a non-unimodular Lie

group equipped with a left invariant non-Kenmotsu abmost Kenmotsu structure.

Proof. Since £ is an eigen vector of ), then Lemma 2.4 implies

we(d) +21b =0,
e(4) + 24 =0.

It is well known that

X(r) = (divQ)X = Z (V,Q)X,¢).
From the preceding equation, we can write
1
5X(1) = (VeS)(X, &) + (VeS)(X, 0) + (VeeS) (X, o).

Making use of (2.6), (3.19) and £(4) = 0, we obtain the following:

(VeS)(£,8) =0, (VoS)(&,e) =f =2, (VeS)(& ee) =f =2,
(VeS)(e, ) = 0, (VoS)(e,e) = 42b — e(f), (VeoS)(e, pe) = —44b,

(VeS)(@e, &) =0, (VoS)(ge,e) = —4Ac, (VeS)(ee, pe) = 4ic — pe(f).

(3.19)

(3.20)

3.21)
(3.22)
(3.23)

Now, substituting X = &, ¢ and ¢e in (3.20) and then using (3.21), (3.22) and (3.23) respectively,

we obtain

§0) =4 =2), elr) = =2e(f), @e(r) = =2¢e(f).
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Using (3.19) and &(4) = 0, we get from (2.5)
E(r) = =2&(f), e(r) = =2e(f) + 8/%c, ge(r) = —2¢e(f) + 84%D. (3.25)

Since 4 is a positive function, then the second and third equations of (3.24) and (3.25) implies
b = ¢ = 0. From Lemma 2.4, we get f = 2. Also from (3.19), we get e(4) = ¢e(l) = 0 and
therefore 4 is a constant. Now, the Lie brackets given in (2.4) reduces to

le,€] = e — Age, [e,pe] =0 and [pe,&] = e + ge.

Therefore, according to Milnor (Page 309, Lemma 4.10 [15]), M2 is locally isometric to a non-
unimodular Lie group equipped with a left invariant non-Kenmotsu almost Kenmotsu
structure. O

Combining Lemma 3.1 and Proposition 3.2, the components of the Cotton tensor described as:

Corollary 3.3. Ifthe Reeb vector field of a non-Kenmotsu almost Kenmotsu 3-h-manifold M°
is an eigen vector of the Ricci operator, then the components of the (0, 2)-Cotton tensor C with
respect to an orthonormal frame {&, e, pe} on M° can be expressed as follows:

Cll = C(§7 5) = 07 C12 = C(f,e) = Oa C13 = C(é:a QDB) = Oa
Con = Cle,e) = 24° = 22, Gy = Ce, pe) =0, Cg3 = C(pe, pe) = =22° + 24.

We first consider the Cotton soliton with potential vector field V pointwise collinear with the
Reeb vector field. In this regard, we prove the following non-existing result.

Theorem 3.4. On anon-Kenmotsu almost Kenmotsu 3-h-manifold such that the Reeb vector
field is an eigen vector of the Ricci operator, there exist no Cotton soliton with potential vector
field pointwise collinear with the Reeb vector field.

Proof. Suppose that the potential vector field V is pointwise collinear with the Reeb vector
field & Then there exist a non-zero smooth function @ on M° such that V = aé&. Now, substituting
X =c¢and Y = ¢ein (14) and using Lemma 2.3 and Corollary 3.3, we get 2Aa = 0. This gives
either 2 = 0 or a = 0. In either cases, we get a contradiction. This completes the proof. [

From Theorem 3.4 and Proposition 3.2, we have.

Corollary 3.5. On a 3-dimensional non-unimodular Lie group equipped with a left invariant
non-Kenmotsu almost Kenmotsu structure, therve exist no Cotton soliton with potential vector
field pointwise collinear with the Reeb vector field.

It is now quite tempting to consider the potential vector field V" as orthogonal to the Reeb
vector field. In this setting, we prove the following:

Theorem 3.6. Let (MP, g) be a non-Kenmotsu abmost Kenmotsu 3-h-manifold such that the
Reeb vector field is an eigen vector of the Ricci operator. If g is a Cotton soliton with potential
vector field orthogonal to the Reeb vector field, then M is locally isometric to H?(—4) X R and
the Cotton soliton is steady.

Proof. For a non-Kenmotsu almost Kenmotsu 3-2-manifold such that the Reeb vector field
is an eigen vector of the Ricci operator, Proposition 3.2 gives b = ¢ = 0, f = 2, 1 = constant and
7 = constant. Since V'is orthogonal to &, then there exist two smooth functions a; and a on
M? such that V = aje + axpe. With the help of Lemma 2.3, we now obtain the components of
Lyg as follows:
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(Lvg)(&, pe) = &(a) — ap + Aoy, (Lyg)(e,e) = 2e(ay), (3.26)

{ (Lvg)(&,8) =0, (Lvg)(&,e) = () — a1 + Aag,
(Lvg)(e, pe) = e(as) + e(ar), (Lvg)(we, pe) = 2¢e(a).

We now use Corollary 3.3 and (3.26). Substituting X = Y = £in (1.4), we get 6 = 0. This shows
that the Cotton soliton is steady. Now, substitution of X = &, Y = ¢ in (1.4) yields

E(on) — o + Aoz = 0. 3.27)
Replacing X by & and Y by ¢e in (1.4), we get
E(az) — g + A = 0. (3.28)
Putting X = Y = ¢ in (1.4), we obtain
2e(on) +24° — 22 = 0. (3.29)
Substitution of X = e and Y = ¢e in (1.4) yields
e(a) + pe(an) = 0. (3.30)
Putting X = Y = e in (1.4), we infer
2¢e(ay) — 22° +24 = 0. (3.31)
Since b = ¢ = 0, the Lie brackets given in (2.4) reduces to
[e,E] =e— Ape, [e,pe] =0 and [pe, &] = —Ae + ge. (3.32)
Since A is a positive constant, then from (3.27) and (3.29), we obtain

e(§(m)) = e(a) — de(az) and &(e(a)) = 0.

Applying the first Lie bracket of (3.32) in the preceding equation, we get ¢e(a;) = e(as). Hence,
equation (3.30) implies ge(ap) = e(as) = 0. Now, from (3.28), we get e(é(as)) = — Ae(aq). Also, we
have &(e(ar)) = 0. Again, using these two in the first Lie bracket of (3.32) yields ge(as) = e(a).
Applying (3.29) and (3.31) in the preceding relation and using the fact that A is a positive
function, we obtain A = 1. Now, it is easy to check that V& = 0. Notice that, a Riemannian
3-manifold is Ricci parallel if and only if it is locally symmetric. The rest of the proof follows
from Theorem 2.6. O

As a combination of Proposition 3.2 and Theorem 3.6, we have the following:

Corollary 3.7. If gis a Cotton soliton with potential vector field orthogonal to the Reeb vector
field on a 3-dimensional non-unimodular Lie group M® equipped with a left invariant non-
Kenmotsu almost Kenmotsu structure, then M is locally isometric to U—I]2(—4) X R and the
Cotton soliton is steady.

4. Example of an almost Kenmotsu 3-/%-manifold
Consider M = R®. Let us choose a local orthonormal frame {e;, es, €3} in such a way that it
satisfies the following:



[e1,e0] = €3 —e2, [e2,e3) =0 and [es,e1] = —es + es.
We define the Riemannian metric g by
gler, e1) = gle, e2) = gles, es) = 1and gle;, ¢) = Ofori #5475 =1,2,3.

Consider e; = £. We define the 1-form 5 be by #(2) = g(Z, e1) for any smooth vector field Z
on M.
Let us define the (1, 1)-tensor fields ¢ and % by

e(er) =0, ¢(ex) =es and @(es) = —e,.
h(er) =0, h(es) = e, and h(es) = —es.
Using the linearity of ¢ and g, we have
n(e) =1,
o*(2) =~Z +n2)e
and g(¢Z,¢U) = g(Z,U) = n(Z)n(U)

for any smooth vector field Z, U on M.
The Levi-Civita connection V of the metric tensor g is given by Koszul's formula:

26(VxY,Z) =Xg(Y,Z)+ Ye(Z,X)—Zg(X,Y)
(X, [V, 2]) —&(Y, X, Z]) +8(Z, X, Y]).

Using the above Koszul's formula, we now calculate the components of the Levi-Civita

connection V as follows:
0 0 0
(Vo)) = e2—es —er er |.
—e+e e —e

Now, any vector field X on M can be expressed as X = cje; + coeocses for some smooth
functions ¢, ¢ and ¢3 on M. One can easily verify that the relation

Vxer =X —n(X)ey — ohX

holds for any smooth vector field X on M. Therefore, (M, ¢, &, 1, g) is an almost Kenmotsu
3-manifold.

Now it can be easily checked that (V,,/2)X = 0for any smooth vector field X on M. Hence,
M is an almost Kenmotsu 3-2-manifold.

Here e; = &, e2 = eand e3 = @e. Comparing the obtained components of V,.¢; with Lemma
23, wegeta=b=c=0,A=1,f=2and» = — 6. Then from Lemma 2.4, we can see that £ is
an eigenvector of the Ricci operator Q.

Let V = ae, + pes, where a, f € R. Then Vis orthogonal to £. Now, the components of Ly g
can be obtained as follows:

(Lvg)(er1,e1) =0, (Lyg)(es,e2) =0, (Lyg)(es,es) =0,
(Lyg)(er,e2) = —a+ P, (Lvg)(ez,e3) =0 and (Lyg)(es,e1) = a— B

With the help of equation (1.4), one can verify that g is a steady cotton soliton with potential
vector field V' = aes + aes for any real number a.
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Also, one can check that V@ = 0 holds good (see page 5 [12]). Then VR = 0. Hence from

Theorem 2.6, we can say that M is locally isometric to the product space H? (—4) X R. This

verifies our Theorem 3.6.
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