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Abstract

Purpose — The purpose of this paper is to study the geometry of screen real lightlike submanifolds of metallic
semi-Riemannian manifolds. Also, the authors investigate whether these submanifolds are warped product
lightlike submanifolds or not.

Design/methodology/approach — The paper is design as follows: In Section 3, the authors introduce screen-
real lightlike submanifold of metallic semi Riemannian manifold. In Section 4, the sufficient conditions for the
radical and screen distribution of screen-real lightlike submanifolds, to be integrable and to be have totally
geodesic foliation, have been established. Furthermore, the authors investigate whether these submanifolds
can be written in the form of warped product lightlike submanifolds or not.

Findings — The geometry of the screen-real lightlike submanifolds has been studied. Also various results have
been established. It has been proved that there does not exist any class of irrotational screen-real r-lightlike
submanifold such that it can be written in the form of warped product lightlike submanifolds.
Originality/value — All results are novel and contribute to further study on lightlike submanifolds of metallic
semi-Riemannian manifolds.
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1. Introduction

It is well known that the study of semi-Riemannian manifolds and its submanifolds is more
complicated as compared to Riemannian manifolds and its submanifolds. It is observed that
the induced metric on submanifolds of semi-Riemannian manifolds has two cases, either non-
degenerate or degenerate. In case of non-degenerate, there is no complications to do calculus
on these submanifolds. On the other hand, if submanifold has a degenerate metric then there
is non-trivial intersection of tangent bundle and normal bundle. Due to this, it is not possible
to induce many structures uniquely and with same character as structures of ambient space.
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The study of degenerate submanifolds is known as lightlike geometry. Due to extensive use
as a tool to understand theory of relativity, it becomes a topic of interest for mathematicians
and physicists.

In 1996, Duggal and Bejancu gave a detail explanation of lightlike geometry in [1]. Later,
many research articles have been published on lightlike geometry. In physics, various
spacetime models have been studied with the help of lightlike geometry.

Crasmareanu and Hretcanu [2] introduced golden Riemannian manifolds by using
golden ratio. Later, Spinadel introduced generalization of golden means known as metallic
means [3-5]. For any positive integers p and ¢, the positive solutions of the equation
2 —py —q = 0, are known as metallic means and

+VP +4g
-

isknown as (p, ¢) metallic number. A metallic semi-Riemannian manifold (V, g) is a semi-
Riemannian manifold with metallic structure P such that g is P-compatible metric.
Different types of submanifolds of metallic and golden Riemannian manifolds have been
studied in [1, 3-9]. Apart from this, the geometry of various submanifolds of metallic and
golden semi-Riemannian manifolds have been studied in [10-12]. This paper is categorized
as follows:

In Section 1, we give brief description of lightlike geometry and metallic semi-Riemannian
manifolds. In Section 2, the necessary definitions and theorems required for the current work
have been mentioned. In Section 3, we introduce geometry of screen-real lightlike
submanifolds of metallic semi-Riemannian manifolds. The necessary and sufficient
conditions for integrability and to be totally geodesic foliations of Rad(7'N) and S(TN)
have been established. In Section 4, we prove that “there does not exist any class of
irrotational screen-real 7-lightlike submanifolds that can be written in the form of warped
product lightlike submanifold.”

Opq =

2. Preliminaries .

A submanifold (M , &) of a semi-Riemannian manifold (N~ ', g) with constant index ¢
(1<g<m+n-1,m, n>1)is known as degenerate (lightlike) submanifold, if the induced
metric g is degenerate [7]. . §

Due to generate induced metric on TN, for any # € N, there exist non zero intersection of
T,.N (n-dimensional) and T,N * (n-dimensional), which is called Rad(TN). A ligk}tlike
submanifold is known as 7-lightlike, if there exists a smooth distribution Rad(7'N) of
rank 7 > 0, such that every member « of N goes to an 7-dimensional subspace Rad(7},N) of
T,N. Let S (TN ) (screen distribution) and S( TN l) (screen transversal distribution) are
non—dggenerate complementary sub-bundles o{ Rad(TN)in TN and TN * respectively. Let
Itr (TN )(lightlike transversal bundle) and #( TN )(transversal bundle) be cgmplementary but
not orthogonal vector bundles to Rad(7TN) andvTN in S(TN+ )*and TN| v respectively.

Then, the orthogonal decomposition of t(TN) and TN| are given by (for detail see [7])

tr(TN) = ltr(TN) LS(TN™) @1
and
TN|y = TN @ tr(TN) = [Rad(TN) @ ltr(TN)] LS(TN) LS(TN") 22)

respectively.
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Theorem 2.1. [7]Let (N, &) be a semi-Riemannian manifold, (N, g, S(VTN ), S(TN l)) be
its 7-lightlike submanifold. Then there exists a vector bundle /#7(TN) and a basis of

[(itr(TN)|u) containing a smooth section {N;} of S(TN l)l\”, for a coordinate
neighborhood u of N, such that

8i(Ni; &) = 8;, &;(Ni, N;) =0, 23)

forany i, j €{1, 2, ..., r}, where {£;} is a lightlike basis of I'(Rad(TN)).
Forany U, VeI'(TN)and W I'({r(TN)), the Gauss and Weingarten formulae are
VoV =VyV+r(U,V), 24)
VuW = -AwU + Vi W, 25)

where {Vy,V, Ay U} and {h(U, V), V£ W} belong to T(TN) and ['(tr(TN)) respectively,
and V is a induced connection on N. Further, from (2.4) and (2.5), we deduce that

VoV =VuV +1(U, V)+ KU, V), (2.6)
VuN = —AyU + Vi, (N) + D*(U, N), N eT(itr(TN)), @7
VuWy = —AwU + V5, (Wh) + DU, Wy), Wy eT(S(TN)). 28)

Eqns (2.4), (2.6) are known as Gauss equations and (2.5), (2.7), (2.8) are known as Weingarten
equations respectively, for the lightlike submanifold N of V.
Using metric connection V and (2.4)-(2.8), we get the following equations:

gU, V), W)+g(U,D(V,W)) =54y U, V), (2.9)
g(U, V), &) +&(U, KV, &) =-gU, Vvé), (2.10)

for any ¢ e "(Rad(TN)) U, V e (TN),and W' e (S(TN")).
Since the induced connection is not necessarily Levi- Civita connection, for any
Uy, Us, UseT(TN)and U, U €I'(tr(TN)), we have following formula

(Vo) (U, Us) =2(H (U1, Uy), Us) +2(H(Uh, Us), Us). @1y

Let S denote projection map on S(TN ) from TN. Then, for any U, VEF(TN ) and
£el'(Rad(TN)), we have the following equations:

VySV = VSV +r*(U,SV). (212
Vyé = ALV + Vi(8), 2.13)
where {/*(U, PV), Vi/(€)} and {V},SV, ALV} belong to ['(Rad(TN)) and I'(S(TN))

respectively.
For detail understanding of Eqns (2.4)—(2.13), see [7] (pp. 196-198).

Definition 2.1. A metallic semi-Riemannian manifold is a smooth manifold with (1,1)
tensor field P on N such that

P’ = pP+4l, 2.14)

and gis P—compatible, 1e.



g(PU, V) =g(U, PV). (2.15)
Using (2.14) in (2.15), we obtain
g(PU, PV) =pg(PU, V) +qg(U, V), (2.16)

forany U, V€T (TN)[2, 8]
If (VyP) Y =0, then P is called locally metallic structure. Throughout the paper, we
assume that P is a locally metallic structure.

3. Screen-real lightlike submanifolds

Definition 3.1. A lightlike submanifold (N, g, S(TN)) of a metallic semi-Riemannian
manifold (N, g, P)is said to be a screen-real lightlike submanifold if it satisfies the following:

P(Rad(TN) = Rad(TN) & P(S(TN)) € S(TN™).

Clearly,
P(itr(TN) = ltr(TN) & P(u) = p.
From above decomposition of distributions, we get
TN|y = Rad(TN) @ itr(TN)] @orin. S(TN) @ oyt P(S(TN)) @ orin. - 3.1)

For any U e (TN, using (3.1), we obtain
U =RU + SU,

where R and S are projection maps on Rad(7N) and S(TN) respectively. Applying P on
above equation and using (3.1), we obtain

PU=RU+SU, 32

where PRU = RU, PSU = S'U and R, S’ are projection maps on Rad(TN) and S(TNL)
respectively. 5
For any wetr(TN), we have

P(w) = Bw + Gw + Guw + Gsw, 3.3)

where B, (i, G, and C; are projection maps on S(TN), ltr(TN), PS(TN) and u
respectively. } ~ 5

Forany wy e U(itr(TN)), wy eT(PS(TN))and w3 € T'(u), (3.3) takes following different
forms, respectively

P(w) = G, (34)
P(w;) = Buwy + Cow,, 35)

P(w?,) = C3W3. (36)
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Example 3.1 Let (N = RS, g, P) be a six dimensional semi-Euclidean space, where g is a
semi-Euclidean metric with signature (+ — + + + —) Let us define

p(-xly X2y X3, X4y X5, x(i) - (O-xly 0X2, (p - G)xg, 0Xy4, OX5, (p - 6).766),

where (x1, X2, X3, X4, X5, %6) is the standard coordinate system of RS. Then, it can be easily

verified that P is a metallic structure.
Let us define a submanifold N of N such that

x1 = sinkhouy, x; = coshou,

X3 = Uy,  Xg = Uy,

Va
Xs =U1, Xe= 0.
Then we can find following tangent vectors of the above submanifold
o 9 9
\/a (9.963 6.96'47
such that TN = span{ U, U,}. Clearly, N is a lightlike submanifold with
Rad(7TN) = span{U, = ¢},
S(TN) = span{U,},

X 1 a3 9
Itr(TN) = Span{ =5 ( smha— - cos/wa—2 + 8x5> }

0 0 0
U, = sinho — + cosho — + —, U, =
ax 6%2 6X5

. a ad
T = = — — —_
S(TN™) span{W q 6x3+66x4}’

where P¢ = o6&, P(N) = oN, P(Up) = W.SinceP satisfies P(Rad(TN)) = (Rad(TN))
and P(S(TN)) = S (TN ) N is a screen real lightlike submanifold.

Theorem 3.2. Let (N,2,S(TN)) be a screen-real lightlike submanifold of a metallic
semi-Riemannian manifold, then following equations hold:

RVyV +B(l¥(U,V)) = VyRV — Agy U,
GH(U, V) =H(U,RV)+D (U, SV)

and
(U, RV) +V3,SV =SVyV +Ch(U, V) + GIE(U, V).

Proof. Using (3.2)-(3.6) in (?UP) V =0, for any U, V e[ (TN), we obtain
VuRV + 1 (U, RV) + (U, RV) — Ay U + V§,SV +D(U,SV)=RV,V

, 37
+SVYV + GH (U, V) +Bi(U, V) + GlIE (U, V) + Gl (U, V).

By equating tangential, ##(TN) and S (TNL) components in the above equation, we get
required results. O

Theorem 3.3. Let (N, g, S(TN)) be a screen-real lightlike submanifold of a metallic semi-
Riemannian manifold, then



(1) Rad(TN) is integrable if and only if
I (Pey, &) = I (P&, &).
@ S(TN)is integrable if and only if
R(-Apy U+ Ap, V) =p(h" (U, V) =B (V, U)).

Proof. (1) For any &, & €'(Rad(TN)) and U € I(S(TN)), Rad(TN) is integrable if and
only if,

g([fb 52}7 U) =0.
Expanding g([&;, &), U) and using (2.16), we get
_ 1. .- - - ~
8([&, &), U) = gg(P(Vglgz - V,&), PU) —
Using (2.6), (2.8) and (2.12) in (3.8), we get
- 1. = ~ ~
8([61, &), U) = C—]g(hs(PZjb &) —I°(P&, &), PU). 3.9
From (3.11), we obtain g([£;, &]U) = 0if and only if
hs([Dfm 51) = hs(Pfh ﬁfz)

@ Forany U, Vel (S(TN))and N eT'(Itr(TN)), S(TN) is integrable if and only if,
&(U, V], N)=0.
Expanding g([U, V], N) and using (2.16), we get

p

gg(%]gz — V&, PU). 3.8)

(U, V], N) = 2§(13(%V —9y0), PN) - Lg(@uy -0 BN). G0

Using (2.6), (2.8) and (2.12) in (3.10), we obtain
Z([U. V1. N) = _2(=Ap U + A, V. PN) —§g<h (U, V)= I'(V, U), PN).  (311)

From (3.11), we obtain g([U, V], N) = 0if and only if
S(R(-Ap, U+ A, V), PN) =pa(W"(U, V) -1 (V, U), PN),
Le.
R(-Ap, U+ Ap, V) =p(* (U, V) = 1*(V, U)). O

Theorem 3.4. Let (N, g, S(TN))bea screen-real lightlike submanifold of a metallic semi-
Riemannian manifold, then

(1) Rad(TN) defines a totally geodesic foliation if and only if
1 (&, P&) = pl(&1, &)

@ S (TZV ) defines a totally geodesic foliation if and only if
R(Ap,U) = —ph*(V, U).
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Proof. (1) For any &,& eT'(Rad(TN)) and U eI(S(TN)), Rad(TN) defines a totally
geodesic foliation if and only if g(V¢ &, U) = 0.
Using (2.16), we get

. - 1. . - e B
#(Ve, U) = (Vs U) = 2(PY0. PU) 2290, PU). 612
Using (2.6), (2.8) and (2.12) in (3.12), we obtain
e 1. ~ ~ - ~
g(V§1§27 U) = 5g(hs(§17 P§2)7 PU) _jq_)g(hs(é:h 52)7 PU) (313)

From (3.13), we get §(V¢, &, U) = 0if and only if
1 (&1, P&y) = pIF (&1, &)

2 For any U, Ve S(TN )and N eltr(TN), S(TN) defines a totally geodesic foliation if
and only if, g(VyV, N) = 0.
Using (2.16), we get

F(VuV, N) =2(VuV, N) = ég(ﬁﬁyv, PN) - %’g(wv, PN). (314
Using (2.6), (2.8) and (2.12) in (3.14), we obtain
g(VyV,N) = ég(—ApVU, PN) — i]-’g(—A*VU + 1 (V, U), PN). (3.15)
From (3.15), we get g(VyV, N) = 0if and only if
R(Ay,U) = —ph"(V, U). O

4. Warped product lightlike submanifolds

Definition 4.1. [7] A product manifold N = N; X ;No, where (N}, g1) is an 7-dimensional
totally lightlike submanifold and (N2, g2) is an m-dimensional semi-Riemannian submanifold
of a semi-Riemannian manifold NV, is known as a warped product lightlike submanifold with
induced degenerate metric g defined as

gU, V) = a(m.U, m.V) + (Gom) gy (.U, m.V), @D
where U, V eI'(TN), A(non constant) € C*(N;, R), z; and 7, are projection maps from
N; X N, to Ny and N, respectively and * denotes tangent map.

Theorem4.1. LetN = N X ,N, be a warped product lightlike submanifold. Then, for any
éel(Rad(TN))and U €T(S(TM)), we have V.U € T(S(TN)).

Proof. For any éeT'(Rad(TN)) and U, V eT'(S(TM)), the Koszul formula is
28 (VeU, V) =& (U, V) + Ug(e, V) - V&g, U)+&(l& U, V) +&([V, &, U)

—&(lU, V1, &)
@2



In the present situation, this reduces to Existence of

If V.U eT'(Rad(TN)), then above equation reduces to product
&(U, V) = &(om)'g,(U, V) = 0.

Since g, is constant on N, we get

149

@gZ(U, V)=0.

Since 4 is non-constant and g, is a positive definite metric, this contradicts our assumption.
Hence, we must have V:U € T(S(TN)). O

Definition 4.2. [7] An r-lightlike submanifold is said to be a irrotational lightlike
submanifold if and only if

H(E U)=0,I( U) =0, 43
for any U € S(TN) and & e Rad(TN).
Theorem 4.2. Let (N, g, S(TN)) be an irrotational screen-real 7-lightlike submanifold
of a metallic semi-Riemannian manifold, then the induced connection is a metric connection.

Proof. Let V be a connection induced from the ambient connection V. Then, for any
U,V eT(TN), Vis said to be a metric connection if and only if #(U, V) = 0. 5
From (4.2), #(U, &) = 0. Now, it is enough to show that 2(U, V) = 0,if U, V € S(TN).
Using (2.16), we get
L= 1. - -
BVuV. &) = 2PV, P —2
Since V is a metric connection, equation (4.4) reduces to

2(VyV, Pe). 4.4

Z(H(U.V), &) = %g(i’v, VuPe) +§g<Pv, T0e). “5)
Using (2.6) in (4.5), we get
ZUHU, V), &) = —éguﬁv, (U, Pg)) +§§<Pv, i (U, 8)). “6)

Since 5 (U, P€) = 0and (U, &) = 0, (4.6) becomes
gH(U, V), & =0
This implies /2/(U, V) = 0. This completes the proof. O

Theorem 4.3. There does not exist any class of irrotational screen-real 7-lightlike
submanifolds that can be written in the form of warped product lightlike submanifolds.

Proof. If possible, let there exist a class of irrotational screen-real 7- lightlike submanifolds
such that any N in this class can be written as warped product lightlike submanifolds
ie. N = Ny X ;No.
Using Theorem (4.1) in (4.1), we obtain
£(4)

EVU, V) === &, V). @D

Since N is irrotational, using Theorem (4.2), for any U, V e [(TN), we get 7 (U, V) =0,
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From (2.4), we obtain

(& (U, V) =-2(V:U, V) = 0. 9
From (4.7) and (4.8), we get
A) .
Wew, v =0
This implies that either A is constant or g, is a degenerate metric. In either case, it is
a contradiction. This completes the proof. O

5. Conclusion

Our aim in this paper is to investigate whether it is possible to write lightlike submanifolds of
metallic semi-Riemannian manifolds in the form of warped product lightlike submanifolds or
not. In this context, we introduce the screen real lightlike submanifolds and find that, it is
difficult to say that screen real lightlike submanifolds are warped product lightlike
submanifolds or not. We find a special class of screen real lightlike submanifolds namely,
“Irrotational screen real lightlike submanifolds”that can never be written in the form of
warped product lightlike submanifolds.
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