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Abstract

Purpose –The purpose of this paper is to study the geometry of screen real lightlike submanifolds of metallic
semi-Riemannian manifolds. Also, the authors investigate whether these submanifolds are warped product
lightlike submanifolds or not.
Design/methodology/approach –The paper is design as follows: In Section 3, the authors introduce screen-
real lightlike submanifold of metallic semi Riemannian manifold. In Section 4, the sufficient conditions for the
radical and screen distribution of screen-real lightlike submanifolds, to be integrable and to be have totally
geodesic foliation, have been established. Furthermore, the authors investigate whether these submanifolds
can be written in the form of warped product lightlike submanifolds or not.
Findings –The geometry of the screen-real lightlike submanifolds has been studied. Also various results have
been established. It has been proved that there does not exist any class of irrotational screen-real r-lightlike
submanifold such that it can be written in the form of warped product lightlike submanifolds.
Originality/value –All results are novel and contribute to further study on lightlike submanifolds of metallic
semi-Riemannian manifolds.

Keywords Metallic semi-Riemannian manifolds, Warped product lightlike submanifolds,

Irrotational lightlike submanifolds

Paper type Research paper

1. Introduction
It is well known that the study of semi-Riemannian manifolds and its submanifolds is more
complicated as compared to Riemannian manifolds and its submanifolds. It is observed that
the inducedmetric on submanifolds of semi-Riemannian manifolds has two cases, either non-
degenerate or degenerate. In case of non-degenerate, there is no complications to do calculus
on these submanifolds. On the other hand, if submanifold has a degenerate metric then there
is non-trivial intersection of tangent bundle and normal bundle. Due to this, it is not possible
to induce many structures uniquely and with same character as structures of ambient space.
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The study of degenerate submanifolds is known as lightlike geometry. Due to extensive use
as a tool to understand theory of relativity, it becomes a topic of interest for mathematicians
and physicists.

In 1996, Duggal and Bejancu gave a detail explanation of lightlike geometry in [1]. Later,
many research articles have been published on lightlike geometry. In physics, various
spacetime models have been studied with the help of lightlike geometry.

Crasmareanu and Hretcanu [2] introduced golden Riemannian manifolds by using
golden ratio. Later, Spinadel introduced generalization of golden means known as metallic
means [3–5]. For any positive integers p and q, the positive solutions of the equation
y2 − py− q ¼ 0, are known as metallic means and

σp;q ¼ pþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4q

p
2

:

is known as ðp; qÞmetallic number. A metallic semi-Riemannian manifold ð ~N ; ~gÞ is a semi-
Riemannian manifold with metallic structure ~P such that ~g is ~P-compatible metric.
Different types of submanifolds of metallic and golden Riemannian manifolds have been
studied in [1, 3–9]. Apart from this, the geometry of various submanifolds of metallic and
golden semi-Riemannianmanifolds have been studied in [10–12]. This paper is categorized
as follows:

In Section 1, we give brief description of lightlike geometry and metallic semi-Riemannian
manifolds. In Section 2, the necessary definitions and theorems required for the current work
have been mentioned. In Section 3, we introduce geometry of screen-real lightlike
submanifolds of metallic semi-Riemannian manifolds. The necessary and sufficient
conditions for integrability and to be totally geodesic foliations of RadðT �NÞ and SðT �NÞ
have been established. In Section 4, we prove that “there does not exist any class of
irrotational screen-real r-lightlike submanifolds that can be written in the form of warped
product lightlike submanifold.”

2. Preliminaries
A submanifold ð �Nm

; �gÞ of a semi-Riemannian manifold ð ~Nmþn
; ~gÞ with constant index q

ð1≤ q≤mþ n− 1; m; n≥ 1Þ is known as degenerate (lightlike) submanifold, if the induced
metric �g is degenerate [7].

Due to generate induced metric on T �N, for any u∈ �N ; there exist non zero intersection of

Tu
�N (m-dimensional) and Tu

�N
⊥
(n-dimensional), which is called RadðT �NÞ. A lightlike

submanifold is known as r-lightlike, if there exists a smooth distribution RadðT �NÞ of

rank r > 0, such that every member u of �N goes to an r-dimensional subspace RadðTu
�NÞ of

Tu
�N. Let SðT �NÞ (screen distribution) and SðT �N

⊥Þ (screen transversal distribution) are

non-degenerate complementary sub-bundles of RadðT �NÞ in T �N and T �N
⊥
respectively. Let

ltrðT �NÞ(lightlike transversal bundle) and trðT �NÞ(transversal bundle) be complementary but

not orthogonal vector bundles to RadðT �NÞ and T �N in SðTN⊥ Þ⊥ and T ~N j �N respectively.
Then, the orthogonal decomposition of trðT �NÞ and T �N j �N are given by (for detail see [7])

trðT �NÞ ¼ ltrðT �NÞ⊥ SðT �N
⊥Þ (2.1)

and

T ~N j�N ¼ T �N ⊕ trðT �NÞ ¼ ½RadðT �NÞ⊕ ltrðT �NÞ�⊥SðT �NÞ⊥ SðT �N
⊥Þ (2.2)

respectively.
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Theorem 2.1. [7] Let ð~N ; ~gÞbe a semi-Riemannian manifold, ð�N ; �g; SðT �NÞ; SðT �N
⊥ÞÞbe

its r-lightlike submanifold. Then there exists a vector bundle ltrðT �NÞ and a basis of

ΓðltrðT �NÞjuÞ containing a smooth section fNig of SðT �N
⊥ Þ⊥ ju; for a coordinate

neighborhood u of �N ; such that

~gijðNi; ξjÞ ¼ δij; ~gijðNi; NjÞ ¼ 0; (2.3)

for any i; j ∈ f1; 2; . . . ; rg, where fξig is a lightlike basis of ΓðRadðT �NÞÞ.
For any U ; V ∈ΓðT �NÞ and W ∈ΓðtrðT �NÞÞ; the Gauss and Weingarten formulae are

~∇UV ¼ ∇UV þ hðU ; VÞ; (2.4)

~∇UW ¼ −AWU þ ∇
⊥

UW ; (2.5)

where f∇UV ; AWUg and fhðU ; V Þ; ∇⊥

YWg belong to ΓðT �NÞ and ΓðtrðT �NÞÞ respectively,
and ∇ is a induced connection on �N : Further, from (2.4) and (2.5), we deduce that

~∇UV ¼ ∇UV þ hlðU ; V Þ þ hsðU ; V Þ; (2.6)

~∇UN ¼ −ANU þ ∇
l
U ðNÞ þ DsðU ; NÞ; N ∈ΓðltrðT �NÞÞ; (2.7)

~∇UW1 ¼ −AW1
U þ ∇

s
U ðW1Þ þ DlðU ; W1Þ; W1 ∈ΓðSðT �N

⊥ÞÞ: (2.8)

Eqns (2.4), (2.6) are known as Gauss equations and (2.5), (2.7), (2.8) are known as Weingarten
equations respectively, for the lightlike submanifold �N of ~N.

Using metric connection ~∇ and (2.4)-(2.8), we get the following equations:

g
∼ðhsðU ; V Þ; W 0 Þ þ g

∼�
U ; DlðV ; W

0 Þ� ¼ �gðAW
0U ; VÞ; (2.9)

~g
�
hlðU ; V Þ; ξ�þ ~g

�
U ; hlðV ; ξÞ� ¼ −�gðU ; ∇VξÞ; (2.10)

for any ξ∈ΓðRadðT �NÞÞU ; V ∈ΓðT �NÞ, and W
0
∈ΓðSðT �N

⊥ÞÞ.
Since the induced connection is not necessarily Levi- Civita connection, for any

U1; U2; U3 ∈ΓðT �NÞ and U ; U
0
∈ΓðtrðT �NÞÞ, we have following formula�

∇U1
�g
�ðU2; U3Þ ¼ ~g

�
hlðU1; U2Þ; U3

�
þ ~g

�
hlðU1; U3Þ; U2

�
: (2.11)

Let S denote projection map on SðT �NÞ from T �N. Then, for any U ; V ∈ΓðT �NÞ and
ξ∈ΓðRadðT �NÞÞ, we have the following equations:

∇USV ¼ ∇
�
USV þ h�ðU ; SVÞ: (2.12)

∇Vξ ¼ A�
ξV þ ∇

�t
V ðξÞ; (2.13)

where fh�ðU ; PVÞ; ∇�t
V ðξÞg and f∇*

USV ; A*
ξVg belong to ΓðRadðT �NÞÞ and ΓðSðT �NÞÞ

respectively.
For detail understanding of Eqns (2.4)–(2.13), see [7] (pp. 196–198).

Definition 2.1. A metallic semi-Riemannian manifold is a smooth manifold with ð1; 1Þ
tensor field ~P on ~N such that

~P
2 ¼ p~P þ qI ; (2.14)

and ~g is ~P-compatible, i.e.
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~gð~PU ; VÞ ¼ ~gðU ; ~PV Þ: (2.15)

Using (2.14) in (2.15), we obtain

~gð~PU ; ~PV Þ ¼ p~gð~PU ; V Þ þ q~gðU ; V Þ; (2.16)

for any U ; V ∈ΓðT �NÞ [2, 8].
If ð~∇ U

~PÞV ¼ 0; then ~P is called locally metallic structure. Throughout the paper, we

assume that ~P is a locally metallic structure.

3. Screen-real lightlike submanifolds

Definition 3.1. A lightlike submanifold ð�N ; �g; SðT �NÞÞ of a metallic semi-Riemannian

manifold ð~N ; ~g; ~PÞ is said to be a screen-real lightlike submanifold if it satisfies the following:

~PðRadðT �NÞ ¼ RadðT �NÞ & ~PðSðT �NÞÞ ⊆ SðT �N
⊥Þ:

Clearly,

~PðltrðT �NÞ ¼ ltrðT �NÞ & ~PðμÞ ¼ μ:

From above decomposition of distributions, we get

T ~N j�N ¼ ½RadðT �NÞ⊕ ltrðT �NÞ�⊕orth: SðT �NÞ⊕orth:
~PðSðT �NÞÞ⊕orth: μ: (3.1)

For any U ∈ΓðT �NÞ; using (3.1), we obtain

U ¼ RU þ SU ;

where R and S are projection maps on RadðT �NÞ and SðT �NÞ respectively. Applying ~P on
above equation and using (3.1), we obtain

~PU ¼ RU þ S
0
U ; (3.2)

where ~PRU ¼ RU ; ~PSU ¼ S0U and R; S0 are projection maps on RadðT �NÞ and SðT �N
⊥Þ

respectively.
For any w∈ trðT �NÞ; we have

~PðwÞ ¼ Bwþ C1wþ C2wþ C3w; (3.3)

where B; C1; C2 and C3 are projection maps on SðT �NÞ; ltrðT �NÞ; ~PSðT �NÞ and μ
respectively.

For anyw1 ∈ΓðltrðT �NÞÞ; w2 ∈Γð~PSðT �NÞÞandw3 ∈ΓðμÞ; (3.3) takes following different
forms, respectively

~Pðw1Þ ¼ C1w1; (3.4)

~Pðw2Þ ¼ Bw2 þ C2w2; (3.5)

~Pðw3Þ ¼ C3w3: (3.6)
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Example 3.1. Let ð~N ¼ ℝ6
2; ~g;

~PÞ be a six dimensional semi-Euclidean space, where �g is a
semi-Euclidean metric with signature ð þ – þ þ þ –Þ Let us define

~Pðx1; x2; x3; x4; x5; x6Þ ¼ ðσx1; σx2; ðp� σÞx3; σx4; σx5; ðp� σÞx6Þ;

where ðx1; x2; x3; x4; x5; x6Þ is the standard coordinate system of ℝ6
2:Then, it can be easily

verified that ~P is a metallic structure.
Let us define a submanifold �N of ~N such that

x1 ¼ sinh σu1; x2 ¼ cosh σu1;

x3 ¼ σffiffiffi
q

p u4; x4 ¼ u4;

x5 ¼ u1; x6 ¼ 0:

Then we can find following tangent vectors of the above submanifold

U1 ¼ sinhσ
v

vx1
þ coshσ

v

vx2
þ v

vx5
; U2 ¼ σffiffiffi

q
p v

vx3
þ v

vx4
;

such that T �N ¼ spanfU1; U2g: Clearly, �N is a lightlike submanifold with

RadðT �NÞ ¼ spanfU1 ¼ ξg;
SðT �NÞ ¼ spanfU2g;

ltrðT �NÞ ¼ span

�
N ¼ 1

2

�
−sinhσ

v

vx1
� coshσ

v

vx2
þ v

vx5

	

;

SðT �N
⊥Þ ¼ span

�
W ¼ −

ffiffiffi
q

p v

vx3
þ σ

v

vx4



;

where ~Pξ ¼ σξ; ~PðNÞ ¼ σN ; ~PðU2Þ ¼ W : Since ~P satisfies ~PðRadðT �NÞÞ ¼ ðRadðT �NÞÞ
and ~PðSðT �NÞÞ ¼ SðT �N

⊥Þ; �N is a screen real lightlike submanifold.

Theorem 3.2. Let ð�N ; �g; SðT �NÞÞ be a screen-real lightlike submanifold of a metallic
semi-Riemannian manifold, then following equations hold:

R∇UV þ BðhsðU ;VÞÞ ¼ ∇URV � AS0VU ;

C1h
lðU ; VÞ ¼ hlðU ; RVÞ þ DlðU ; S

0
V Þ

and

hsðU ; RVÞ þ ∇
s
US

0
V ¼ S

0
∇UV þ C2h

sðU ; V Þ þ C3h
sðU ; V Þ:

Proof. Using (3.2)-(3.6) in ð~∇U
~PÞV ¼ 0, for any U ; V ∈ΓðT �NÞ; we obtain

∇URV þ hlðU ; RVÞ þ hsðU ; RVÞ � AS
0
VU þ ∇

s
US

0
V þ DlðU ; S

0
VÞ ¼ R∇UV

þS
0
∇UV þ C1h

lðU ; V Þ þ BðhsðU ; VÞÞ þ C2h
sðU ; VÞ þ C3h

sðU ; V Þ:
(3.7)

By equating tangential, ltrðT �NÞ and SðT �N
⊥Þ components in the above equation, we get

required results. ,

Theorem 3.3. Let ð�N ; �g; SðT �NÞÞ be a screen-real lightlike submanifold of a metallic semi-
Riemannian manifold, then
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(1) RadðT �NÞ is integrable if and only if

hsð~Pξ2; ξ1Þ ¼ hsð~Pξ1; ξ2Þ:

(2) SðT �NÞ is integrable if and only if

Rð−A~PVU þ A~PUV Þ ¼ pðh*ðU ; VÞ � h*ðV ; UÞÞ:

Proof. (1) For any ξ1; ξ2 ∈ΓðRadðT �NÞÞ and U ∈ΓðSðT �NÞÞ; RadðT �NÞ is integrable if and
only if,

~gð½ξ1; ξ2�; UÞ ¼ 0:

Expanding ~gð½ξ1; ξ2�; UÞ and using (2.16), we get

~gð½ξ1; ξ2�; UÞ ¼ 1

q
~g
�
~Pð~∇ξ1ξ2 � ~∇ξ2ξ1

�
; ~PUÞ � p

q
~g
�
~∇ξ1ξ2 � ~∇ξ2ξ1;

~PU
�
: (3.8)

Using (2.6), (2.8) and (2.12) in (3.8), we get

~gð½ξ1; ξ2�; UÞ ¼ 1

q
~gðhsð~Pξ2; ξ1Þ � hsð~Pξ1; ξ2Þ; ~PUÞ: (3.9)

From (3.11), we obtain ~gð½ξ1; ξ2�UÞ ¼ 0 if and only if

hsð~Pξ2; ξ1Þ ¼ hsð~Pξ1; ξ2Þ
(2) For any U ; V ∈ΓðSðT �NÞÞ and N ∈ΓðltrðT �NÞÞ; SðT �NÞ is integrable if and only if,

~gð½U ; V �; NÞ ¼ 0:

Expanding ~gð½U ; V �; NÞ and using (2.16), we get

~gð½U ; V �; NÞ ¼ 1

q
~gð~Pð~∇UV � ~∇VUÞ; ~PNÞ � p

q
~gð~∇UV � ~∇VU ; ~PNÞ: (3.10)

Using (2.6), (2.8) and (2.12) in (3.10), we obtain

~gð½U ; V �; NÞ ¼ 1

q
~gð−A~PVU þ A~PUV ; ~PNÞ � p

q
~gðh*ðU ; VÞ � h*ðV ; UÞ; ~PNÞ: (3.11)

From (3.11), we obtain ~gð½U ;V �;NÞ ¼ 0 if and only if

~gðRð−A~PVU þ A~PUVÞ; ~PNÞ ¼ p~gðh*ðU ; VÞ � h*ðV ; UÞ; ~PNÞ;
i.e.

Rð−A~PVU þ A~PUV Þ ¼ pðh�ðU ; V Þ � h�ðV ; UÞÞ: ,

Theorem3.4. Let ð �N ; �g; SðT �NÞÞbe a screen-real lightlike submanifold of ametallic semi-
Riemannian manifold, then

(1) RadðT �NÞ defines a totally geodesic foliation if and only if

hsðξ1; ~Pξ2Þ ¼ phsðξ1; ξ2Þ:
(2) SðT �NÞ defines a totally geodesic foliation if and only if

RðA~PVUÞ ¼ −ph�ðV ;UÞ:
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Proof. (1) For any ξ1; ξ2 ∈ΓðRadðT �NÞÞ and U ∈ΓðSðT �NÞÞ; RadðT �NÞ defines a totally
geodesic foliation if and only if ~gð∇ξ1ξ2;UÞ ¼ 0:

Using (2.16), we get

~g
�
∇ξ1ξ2; U

� ¼ ~g
�
~∇ξ1ξ2; U

� ¼ 1

q
~g
�
~P ~∇ξ1ξ2;

~PU
�� p

q
~g
�
~∇ξ1ξ2;

~PU
�
: (3.12)

Using (2.6), (2.8) and (2.12) in (3.12), we obtain

~g
�
~∇ξ1ξ2; U

� ¼ 1

q
~gðhsðξ1; ~Pξ2Þ; ~PUÞ � p

q
~gðhsðξ1; ξ2Þ; ~PUÞ: (3.13)

From (3.13), we get ~gð~∇ξ1ξ2; UÞ ¼ 0 if and only if

hsðξ1; ~Pξ2Þ ¼ phsðξ1; ξ2Þ:
(2) For any U ; V ∈ SðT �NÞ and N ∈ ltrðT �NÞ; SðT �NÞ defines a totally geodesic foliation if
and only if, ~gð∇UV ; NÞ ¼ 0:

Using (2.16), we get

~gð∇UV ; NÞ ¼ ~gð~∇UV ; NÞ ¼ 1

q
~gð~P ~∇UV ; ~PNÞ � p

q
~gð~∇UV ; ~PNÞ: (3.14)

Using (2.6), (2.8) and (2.12) in (3.14), we obtain

~gð~∇UV ; NÞ ¼ 1

q
~gð−A~PVU ; ~PNÞ � p

q
~g
�
−A*

VU þ h*ðV ; UÞ; ~PNÞ: (3.15)

From (3.15), we get ~gð∇UV ; NÞ ¼ 0 if and only if

RðA~PVUÞ ¼ −ph*ðV ; UÞ: ,

4. Warped product lightlike submanifolds

Definition 4.1. [7] A product manifold �N ¼ N1 3 λN2;where ðN1; g1Þ is an r-dimensional
totally lightlike submanifold and ðN2; g2Þ is anm-dimensional semi-Riemannian submanifold
of a semi-Riemannian manifold ~N ; is known as a warped product lightlike submanifold with
induced degenerate metric �g defined as

�gðU ; VÞ ¼ �g1ðπ1�U ; π1�V Þ þ ðλ o π1Þ2�g2ðπ2�U ; π2�V Þ; (4.1)

where U ; V ∈ΓðT �NÞ; λðnon constantÞ∈C∞ðN1; ℝÞ, π1 and π2 are projection maps from
N1 3N2 to N1 and N2 respectively and � denotes tangent map.

Theorem4.1. Let �N ¼ N1 3 λN2 be awarped product lightlike submanifold. Then, for any
ξ∈ΓðRadðT �NÞÞ and U ∈ΓðSðTMÞÞ;we have ∇ξU ∈ΓðSðT �NÞÞ.
Proof. For any ξ∈ΓðRadðT �NÞÞ and U ; V ∈ΓðSðTMÞÞ; the Koszul formula is

2~g ð~∇ξU ; VÞ ¼ ξ~gðU ; V Þ þ U~gðξ; VÞ � V~gðξ; UÞ þ ~gð½ξ; U �; V Þ þ ~gð½V ; ξ�; UÞ
� ~gð½U ; V �; ξÞ:

(4.2)
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In the present situation, this reduces to

2~gð~∇ξU ; V Þ ¼ ξ~gðU ; V Þ � ~gð½U ; V �; ξÞ:
If ∇ξU ∈ΓðRadðT �NÞÞ; then above equation reduces to

ξ~gðU ; VÞ ¼ ξðλoπ1Þ2�g2ðU ; VÞ ¼ 0:

Since �g2 is constant on �N 1;we get

ξðλÞ
λ

�g2ðU ;V Þ ¼ 0:

Since λ is non-constant and �g2 is a positive definite metric, this contradicts our assumption.
Hence, we must have ∇ξU ∈ΓðSðT �NÞÞ: ,

Definition 4.2. [7] An r-lightlike submanifold is said to be a irrotational lightlike
submanifold if and only if

hlðξ; UÞ ¼ 0; hsðξ; UÞ ¼ 0; (4.3)

for any U ∈ SðT �NÞ and ξ∈RadðT �NÞ:
Theorem 4.2. Let ð�N ; g; SðT �NÞÞ be an irrotational screen-real r-lightlike submanifold
of a metallic semi-Riemannian manifold, then the induced connection is a metric connection.

Proof. Let ∇ be a connection induced from the ambient connection ~∇: Then, for any
U ;V ∈ΓðT �NÞ;∇ is said to be a metric connection if and only if hlðU ;VÞ ¼ 0:

From (4.2), hlðU ; ξÞ ¼ 0: Now, it is enough to show that hðU ;VÞ ¼ 0; if U ;V ∈ SðT �NÞ:
Using (2.16), we get

~gð~∇UV ; ξÞ ¼ 1

q
~gð~P ~∇UV ; ~PξÞ � p

q
~gð~∇UV ; ~PξÞ: (4.4)

Since ~∇ is a metric connection, equation (4.4) reduces to

~g
�
hlðU ;VÞ; ξÞ ¼ −

1

q
~gð~PV ; ~∇U

~PξÞ þ p

q
~gð~PV ; ~∇UξÞ: (4.5)

Using (2.6) in (4.5), we get

~gðhlðU ; V Þ; ξÞ ¼ −
1

q
~gð~PV ; hsðU ; ~PξÞÞ þ p

q
~gð~PV ; hsðU ; ξÞÞ: (4.6)

Since hsðU ; ~PξÞ ¼ 0 and hsðU ; ξÞ ¼ 0, (4.6) becomes

~g
�
hlðU ; V Þ; ξ� ¼ 0

This implies hlðU ;VÞ ¼ 0: This completes the proof. ,

Theorem 4.3. There does not exist any class of irrotational screen-real r-lightlike
submanifolds that can be written in the form of warped product lightlike submanifolds.

Proof. If possible, let there exist a class of irrotational screen-real r- lightlike submanifolds
such that any �N in this class can be written as warped product lightlike submanifolds
i.e. �N ¼ N1 3 λN2.

Using Theorem (4.1) in (4.1), we obtain

~gð~∇ξU ; VÞ ¼ ξðλÞ
λ

�g2ðU ; V Þ: (4.7)

Since �N is irrotational, using Theorem (4.2), for any U ;V ∈ΓðT �NÞ, we get hlðU ;VÞ ¼ 0,
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From (2.4), we obtain

~g
�
ξ; hlðU ; V ÞÞ ¼ −~gð~∇ξU ; V Þ ¼ 0: (4.8)

From (4.7) and (4.8), we get

ξðλÞ
λ

�g2ðU ; V Þ ¼ 0:

This implies that either λ is constant or �g2 is a degenerate metric. In either case, it is
a contradiction. This completes the proof. ,

5. Conclusion
Our aim in this paper is to investigate whether it is possible to write lightlike submanifolds of
metallic semi-Riemannian manifolds in the form of warped product lightlike submanifolds or
not. In this context, we introduce the screen real lightlike submanifolds and find that, it is
difficult to say that screen real lightlike submanifolds are warped product lightlike
submanifolds or not. We find a special class of screen real lightlike submanifolds namely,
“irrotational screen real lightlike submanifolds”that can never be written in the form of
warped product lightlike submanifolds.
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[12] Poyraz N€O, Yaşar E. Lightlike submanifolds of golden semi-Riemannian manifolds. J Geom Phys.
2019; 141: 92-104.

Further reading

[13] Gezer A, Cengiz N, Salimov A. On integrability of golden Riemannian structures. Turkish J Math.
2013; 37: 693-03.

AJMS
28,2

150



[14] Hretcanu CE, Blaga AM. Submanifolds in metallic Riemannian manifolds. Diff Geom Dynm Syst.
2018; 20: 83-97.

[15] Hretcanu CE, Blaga AM. Slant and semi-slant submanifolds in metallic Riemannian manifolds. J of
Func Spac; 2018: 13: 2864263.

[16] Hretcanu CE, Crasmareanu M. On some invariant submanifolds in Riemannian manifold with
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