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Abstract

Purpose — This paper aims to study qualitative properties and approximate solutions of a thermostat
dynamics system with three-point boundary value conditions involving a nonsingular kernel operator which is
called Atangana-Baleanu-Caputo (ABC) derivative for the first time. The results of the existence and
uniqueness of the solution for such a system are investigated with minimum hypotheses by employing Banach
and Schauder’s fixed point theorems. Furthermore, Ulam-Hyers (/H) stability, Ulam-Hyers-Rassias UHR
stability and their generalizations are discussed by using some topics concerning the nonlinear functional
analysis. An efficiency of Adomian decomposition method (ADM) is established in order to estimate
approximate solutions of our problem and convergence theorem is proved. Finally, four examples are exhibited
to illustrate the validity of the theoretical and numerical results.

Design/methodology/approach — This paper considered theoretical and numerical methodologies.
Findings — This paper contains the following findings: (1) Thermostat fractional dynamics system is studied
under ABC operator. (2) Qualitative properties such as existence, uniqueness and Ulam-Hyers—Rassias
stability are established by fixed point theorems and nonlinear analysis topics. (3) Approximate solution of the
problem is investigated by Adomain decomposition method. (4) Convergence analysis of ADM is proved. (5)
Examples are provided to illustrate theoretical and numerical results. (6) Numerical results are compared with
exact solution in tables and figures.

Originality/value — The novelty and contributions of this paper is to use a nonsingular kernel operator for the
first time in order to study the qualitative properties and approximate solution of a thermostat dynamics
system.
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1. Introduction

Fractional differential equations have been lately used as advantageous tools to learn about the
modeling of many real phenomena. Comparing with integer derivatives, the most essential
benefit of fractional derivatives is that it describes the quality of a heredity and memory of
diverse materials and processes. For more important points about fractional calculus and its
applications, we refer to these works [1-10, 49, 50], and the references given therein. Probably,
sometimes the nonlocal fractional operators via a singular kernel cannot describe the
complicated dynamics systems. Thus, the researchers used a new approach and another tool to
provide different options for improving the description of real models of phenomena. For this
regarding, there appeared new fractional operators with a nonsingular kernel [11-14]. Indeed,
the most optimal emulative operator among a nonsingular kernel operator is that which depends
on Mittag—Leffler function, which is called Atangana—Baleanu—Caputo (ABC) operator [12].
In view of this, many authors employed ABC derivative to study fractional differential equations
and modeling of the infectious diseases, we refer to these works [15-20]. Particularly, Alnahdi
et al. [21], studied the existence, uniqueness and continuous dependence of solutions of the
nonlinear implicit fractional differential equation with nonlocal conditions involving the ABC
fractional derivative. Furthermore, a lot of excellent materials on the mathematical models with
different derivative operators applied to model real-life phenomena such as [22-28].

Adomian [29, 30], used ADM for estimating approximate solutions of integral equations,
integro-differential equations, ordinary and partial differential equations, etc. Recently, the
ADM algorithm received attention of researchers in fractional differential equations field; for
more information see refs. [31-35] and the references therein.

On the other hand, the thermostat control is considered as the best physio-electrical type.
A thermostat is a gauge device that regulates and measures the temperature of a particular
physical model and takes a procedure related to its temperature, which is closed to a fit and
preferred degree. This instrument is utilized in any controlling units and industrial systems,
which includes building central heating, medical incubators, water heaters, refrigerators
ovens, air conditioners and even vehicle engines, which increase or minimize the temperature.

In 2006, Infante and Webb [36], studied the following mathematical system for
thermostat model:

{16 s =05l = 0o n
©) =0, 1)+ () =0, |

where ¢ € Iand 57 > 0. Furthermore, recently some authors extended equation (1.1) to fractional
derivative of singular kernel such as Nieto and Pimentel [37], transferred the problem (1.1) to a
Caputo fractional version. Baleanu et al [38], formulated a hybrid fractional equation and
inclusion forms for a thermostat dynamics system of fractional-order. Very recently, Etemad
et al [39], studied the qualitative properties of the solution for a new composition of the
generalized thermostat dynamics model with multi-point by means of y — ¢-contraction. For
more research papers related to thermostat dynamics model, see these works [14, 40].

Motivated by the above ideas, the target of this paper is to investigate the existence,
uniqueness, stability and approximate solutions of the following thermostat fractional
differential equation involving ABC derivative:

CDu(s) + (s, u(s)) = 0,sel = [0,1], 12
with three-point boundary value conditions

W0) =g, nu)+ul) =g, 1.3)



where “#“D° denotes the ot ABC fractional derivative such that ¢ € (1, 2]. The constants
91,9, €R, b :J X R— R be continuous, ¢ € I and the parameter # > 0. The novelty and
contributions of this paper is to use a nonsingular kernel operator for the first time in order to
study the qualitative properties and approximate solution of a thermostat dynamics system.
Since singular kernel sometimes creates difficulty during numerical analysis. This is because
of its local singular kernel. So, in order to overcome this difficulty, we use ABC operator of
nonlocal nonsingular kernel type derivative.

Our manuscript is structured as follows: Several needful preliminaries are provided in
Sec.2. The existence and uniqueness results are given in Sec.3. The UH stability and UHR
stability results are investigated in Sec.4. An approximate solution and its convergence for
our problem are established by ADM in Sec.5. Finally, four examples represent the validity of
the main findings which are provided in Sec.6.

2. Preliminaries
Here, we will introduce several needful preliminaries for nonlinear analysis and fractional
calculus [11, 12, 41-43]. In addition, we conclude an equivalent fractional integral equation
corresponding to the thermostat fractional dynamics system (1.2)—(1.3).

We denote by C(I, R) the Banach space of all continuous functions equipped with usual
norm ||u|| = sup{|u(s)| : sel}.

Definition 2.1 Consider 6 € (0, 1] and beHl(O, T). The oth left-sided ABC fractional
derivative with the lower himit zero for a function b is given by

ABC o _ o) [ =0T\,
( @h)(s)_l_a/o [E(,(al_o_ b ()dt, s >0, @1)
and the associated oth left-sided AB fractional integral is given by
(**37)(5) = Ll UL / (s— 0 b0, 5> 0 (22)
(o) ¢(0) T'(0) Jo ’ ’ '
where ¢(o) is the normalization function with ¢0) = ¢Q) = 1, and &, is called the Mittag—
Leffler function defined by \
= 7
Eq(r) = ;Fi(ok 7y 23)

here Re(6) > 0,7 € Cand I'(.) is a well-known Gamma function.
Definition 2.2. Consider h™ e H'(0,T) and o € n,n + 1, n = 0,1,2, .. .. Then, ABC

fractional derivative satisfies
ABC (~o ABC ,~oy. (n
(*2%) () = (D) s),

and the associated fractional integral
(") (s) = (1" **3") (9).

where 8 = o — n and I" is an usual nth integral.
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Lemma 2.1. Foree m,n+ 1,n=0,1,2, ..., the following relation holds:
Aszy (ABCQGK,)) (S) — h(s) + ¢ —I—Cls—i-CzSZ I +Cnsn,

for an arbitrary constant ¢; withj = 0,1,2, .., n

In the subsequent lemma, we derive an equivalent fractional integral equation corresponding
to the system (1.2)—(1.3).

Lemma 2.2. Leto € (1, 2]and h € C(I, R) with H(0) = h(1) = O. Then, the system:
nou(s) +b(s) =0, sel=[0,1], 2.4)
VO0) =g, nw@)+ul) =g, 25

has a solution given by:

We) = g+ == O+ g o | (=0 b

/h JG N U)/ € =)t 26)
0_1/6 - =T )m/o(—l‘)“‘h(t)df-

Proof. Consider h satisfying the system (2.4)—(2.5). Then by applying ot AB fractional
integral operator on both sides of (2.4) and using Lemma 2.1, we have

1 § o
u(s) =1 + €5 — 7—— 0 / h(t) (;5(5 — 1) I )/ (s — ) 'p(t)dt, @.7)

where ¢y, ¢2 € R. It follows that

2 — 0 o — 1 1 s s
¢lo—1) his) - $(c—1)T(c—1) /0 (s =1)""p(t)at. 2.9

Now, by using the first nonlocal boundary value condition 1'(0) = g;, and the fact §(0) =
we get

W (s) =c —

€2 =0 29

Next, by applying the second nonlocal boundary value condition /(1) + u(¢{) = gy, and by
using h(1) =0, ¢z = g;, we obtain the following.

c—1 n ! -2
ng; ) m/o (L—=8)""n(t)dt

-6 [* c— ¢ 1
+e1 + ¢y fh/o "UW*W_ID%/O (=8 bt)dt = gy,

which yields:



4 o-1 1 L e Thermostat
AT sl +C>91+¢((,_1) <a—1>/ oo fractional

» dynamics
6_1/6 d+ /(C—l‘” system

Substituting the values of ¢; and ¢, in (2.7), we have:

= o—-1 n ! o-2
us) = gﬁ(s—n—@gﬁmm/ (100

G_I/b /(c—“

1 -1
et ﬁ/0 (s — 7 B (e)dt.

As an outcome of Lemma 2.2, we have the next lemma:

Lemma 2.3. Consider 6 € (1, 2] and h €C(I X R, R) with h(0,u(0)) = h(1,u(1)) =0
Then, the solution of the system (1.2)—(1.3) is given by

_ c—1 n ! -2
u(s) = gz+(s—ﬂ—C)91+mm | a0

oc—1 1 ¢ o
571 / bt + 57— )F(g)/ €=t u@)d (210)
(

G_I/btut) ¢0

1 ) o-1
1) (o) /0 (s = )" b(t,u(®))dt.

Now, we will state the Banach and Schauder’s fixed point theorems, respectively.

Theorem 2.1. [43] Consider 11 : Y — Y as a contraction operator such that Y is a Banach
space. Then, there is only one fixed point for ILin Y.

Theorem 2.2. [43] Consider D as a closed, bounded and convex subset of a Banach space ).
If 11 : D— Dis a continuous mapping such that 11D is relatively compact and 11D C Y, then
there is at least one fixed point for Il in D.

3. Existence and uniqueness of solution
Firstly, we will discuss the existence and uniqueness of the solution for the system (1.2)—(1.3)
by using Banach’s fixed point theorem. In view of this, we are in need of the next hypothesis:

HI. [(Hi)]Leth :[0,1] X R— Rbe a continuous function with §(0,1(0)) = h(1,u(1)) =0,
and there is a constant ¢; > 0 such that

(s, 1) = b(s,u2)| < bl — g,

forallse/=[0,1]and i eR (j = 1,2).
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Theorem 3.1. Let (H1) be fulfilled. If

b n LE+D)E2—-0)  o0-1 51(C6+1)<1
¢(c—1)T(c—1) ¢(c-1) ¢(c—-1) T(e+1)

then, the system (1.2)—(1.3) has only one solution.

Y= 3.1)

Proof. Define a mapping Q : C(I, R) — C({, R) as follows:

(@u)(s) = gﬁ(s—n—r:)gﬁd);%l)ﬁ | a-otauen

7= -t 32

071)/ h tu dt+¢(a ) ( )/ (Z: t) h(t,u(t))dt ( )
c—1 1 § o1

(]5(0— 1)/ hit,u(t Cpc—-1) F(a)/o (s =8)""b(t,u(t))dt.

In order to show the system (1.2)—(1.3) has a unique solution, we will verify that a mapping £
has a unique fixed point. Indeed, by utilizing (H; ), then for u, v €C(I, R) and s € I, we have

[(Lu)(s) = (20)(s)]

c—1 n ! -2
Smﬁ / (1= 02 lo(t,u(0) — b2, w(t)
c—1 1 ¢ o-1
P / (8.6 = 000l + 57— s / (€ = BBt u(t)) — B v(t))|dt
c—1 1 N o-1
(H)/mru )'d”mﬁ/o (s — 7 Io(t,u(t)) — bi(t, o(t))|at
c—1
e WU MO
2—0 : c—1 1 ¢ o—1
s | e1|u<t>fn<t>\dt+m@/0 (€= 07 () — o(0)|dt
1 1 s o-1
671)/@ (t)|dt + (571)ﬁ/0 (s = 7 fu(t) — o(t)|dt
¢ Ui
smm\\ufv\l
4e(2 - o) B -1 0Hee _
oo ”+¢( ey
Lk N U Ak S R Y
oo —1) T TorT
4 n gl(Cle)( - ) c—1 (]((:"+1) ||u—n||.

Pe-DTe-D " d6-1 *qﬁ(afl) Mo +1)

Hence,
[|2u — Qo|| < Y|lu— v]|.



Then, in view of the condition (3.1), the mapping £2 is contraction. Therefore, according to
Theorem 2.1, there exists one fixed point for a mapping £, which represent a solution of the
system (1.2)—(1.3).

Secondly, before stating and proving the second existence result by utilizing Schauder’s
fixed point theorem, we list the next hypothesis as follows.

H2. [(H2)]Leth : [0,1] X R — Rbe a continuous function with (0, u(0)) = h(1,u(1)) =0,
and there isareal number ¢, > O such that |h(s, u)| < l2(1 + ||u||),forallse/=[0,1]andu e R.

Theorem 3.2. Suppose that the hypothesis (Hz) holds. Then there will be at least one solution
found for the system (1.2)—(1.3), provided that:

£y Ui LE+D(2—0)  o-1 6 +1)
¢(c—1)T(c—1) ¢(c—1 ¢(c—1) T(c+1)

)
Proof. Consider an operator Q:C(I,R)—C(I,R) as defined in (3.2). Let the ball
B, = {ueC([,R) : |[u]| <@} with > &HE=1=DllaF¥ g g < 1.

Now, we prove that (2%8,) C*B,. By using the hypothesis (Hs), we get
|(R2u)(s)]
<lgo| + [(s =0 = Q)| gl

q;a;—lu %/ (L=t u(t))|dt
-1 1

¢
2= [intuoyiar+ 2= a o | €0

st [+ 57— s [ st ucfa
S|92| + I(S—n—é)l |1

Y= <L 3.3)

+

c—1 U ! o2
TCEY 7(0_1)/ (1= 67201 + [u(t)|)dt
2— -1 1 ¢ o—-1
+¢6 1)/ ﬁzl+\u(t)|)dt+¢( 1) ()/ (€ = 7 61 + [u(t))dt
1)/ G+ |u( )\)dt+ F(g)/ — (1 + [u(d))dt
S|Qz| + |(5*'7*C)| lg1
L1 n
ST T )«2(1+||uu
5(2 ) c—1 &’
(2_ ) s-1 1
<@ +1s =1 =0 ol

€2 n 62(54-1)(2—0') c—1 fz(f;g-i-l)

e-DTe-DT $e-1  ee-1 rern LT ID
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AJMS For ue B, we have
1Qu| <[gof + |(s =7 = &) |oa| + ¥(1 + ) <e.
Hence, (298,) C B,

Next, we show that a mapping 2 be continuous. Let {u,, } is a sequence convergence to uin
B, as 7 — oo. Then for all s € 1, we obtain

|(£2u,)(s) = (Lu)(s)]

c—1 n ! ou
ST e ), (7 e = (et

_ ¢
+276/ \f)(f,un(f))*b(t,u(t))\dt+¢66 5 %/ _
1
o / -

7 bt ua(1)) = bt u(t))lat

/ (¢, w (¢ u(t)|dt + ¢"a B [B(t (1)) — B(t, u(t))|dt

(D@ =1 [Ib(u,

() = bl u())]
Iy r '

)—h
c+1)

)
(

According to the continuity of the function b, we find:
|Ru, — Qu|| >0 as n— oo.

So, £ is continuous on B,,.
Subsequently, we show that £2(8,) is relatively compact. Since we have (295B,) C B,
hence (£2%8,,) is an uniformly bounded.

To establish that a mapping £2 be equicontinuous operator in B, let ue B, and s, 52 € 1
with s1 < so. Then, by using (Hz), we have

(@)(s1) ~ ()(s2)
<l -l o+ | [ nuonar = [ ety

oc—1 1 S1 ol Sp ol
e AR G R ORI
<l(s1 = o) a1 + o351+ Dl — o)
c—1 1

+ lo(1+ ||u|\)‘( 32)|

$oc—1)T(c+1)

Clearly, as s — s1, then | (Qu)(s1) — (€2u)(s2)| — 0. Since uis an arbitrary in B, therefore
Qbean equlcontlnuous mapping. In view of well-known Arzela—Ascoli Theorem, it follows
that (£29,) be relatively compact, and consequently Q2 is completely continuous. As an
outcome of Theorem 2.2, we deduce that the system (1.2)—(1.3) admits at least one solution.
The proof is finished.



4. Stability of solution
The UH stability concept is initiated by the authors Ulam and Hyers [44, 45], and it has a
significant effect in the fractional differential equations field [17, 46, 47]. Throughout this
section, we will discuss U H stability, U H'R stability and their generalizations for the solution
of the system (1.2)—(1.3).

Let p > 0 and g, ueC(I, R). Then, the following identities hold:

’ABCBD"ﬁ(s) + h(s,a(s))] <p,sel, 78}
[#D7a(s) + b(s, 5(6))| <pBls) s €l 42)
‘Aﬁ%aa(s) + (s, i(s) )] <p(s),sel. 43)

Definition 4.1. The system (1.2)~(1.3) is UH stable, if E > 0be a real number such that for
every u e C(I, R) verify the identity (4.1), Vp > 0, there is only one solution ue C(I, R) of the
system (1.2)—(1.3) such that

[u(s) — u(s)| <Eyp,sel.

Definition 4.2. The system (1.2)~(1.3) is generalized UH is stable, if B, € C(R™,R") be a
Sunction with By (0) = Osuch that for every u € C(I, R) verify the identity (4.1),V p > 0, there is
only one solution ue C(I, R) of the system (1.2)—(1.3) such that

[i(s) —u(s)[ <By(p),s€l.

Definition 4.3. The system (1.2)—(1.3) is UHR stable with vespect to f € C(I, R), if By 3 > 0
be a real number such that for all e C(I, R) satisfy the identity (4.2), ¥ p > 0, there is only one
solution we C(I, R) of the system (1.2)-(1.3), such that

ji(s) — u(s)] <Eqypp(s),s€L.

Definition 4.4. The system (1.2)-(1.3) is generalized UHR is stable with respect to
peC(,R), ifEy s > 0beareal number such that for every it € C(I, R) satisfy the identity (4.3),
and there is only one solution ue C(I, R) of the system (1.2)~(1.3), such that

[u(s) — u(s)| <Eyph(s),s€L.

Remark 4.1. Let i €C(I, R) be a function verifying the identity (4.1), if and only if there
exists a function ay € C(I, R) such that

1) |eu(s)|<p, Vsel;

@ - YD%(s) = p(s,i(s)) + a(s),s €L
Remark 4.2. Let e C(I, R) be a function satisfying the identity (4.2), if and only if there
exists a function az € C(I, R) such that

@) laz(s)[<pp(s), VseL;

@ - CD%u(s) = b(s, ii(s)) + az(s), s€ L
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AJMS Remark 4.3. There exists a real number &z > 0 and nondecreasing function f(s) e C(I, R)
such that “*3°|p(s)| < €4(s), Vs € L

Now, we introduce the main results related to the U{H and U/ H'R stable of the solution for the
system (1.2)—(1.3).

Theorem 4.1. If the hypothesis (H1) holds with b(1,u(1)) = 0, subject to
(@-0),  o-1
o1 T Fo DT )

Then, the unique solution of the system (1.2)—(1.3) is UH stable and consequently generalized

IC_

£ < 1.

UH stable.
Proof. Consider p > 0 and let i€ C(I, R) verifies the identity (4.1). Then, by remark 4.1,
we have:
{ _jBC@rfﬁ(s) = b(s,E(s)) +a (s),s€l, (@4
u(0) =g, nu(l)+ul) =g

According to Lemma 2.3, we get

i(s) ¢Z;11) (6'77 5 / (1— 02 (£)dt
+% /0 : oy (t)dt + q&?a;—ll) % /0 : & =0y (t)dt
—% /0 S [h(t, it) + al(t)} dt — d)é’%_ll) %6) /0 C(s— [w, i) + al(t)] dt,
where

o-1 _n_ [ -2, ) -
2 :92+(5—’7—§)91+mm/0 (1 —8)%p(t, u(t))dt

2-0 : u o-1 1 ¢ o-1 ~
+m/0 h(l‘,u(l‘))dt-ﬁ-m@/o (&= D7 'p(t,u(t))dt,

which it follows that,
. 2—0 s - c—1 1 § ol -
u(s)—2a+7_1/ b(t,u(t))dt—i—mm/o (s — )7V (4, u(r) )dt
—¢Z,_fl o [ a0
o — ¢
_ o—-1 4
0—1 / it |dt+¢(6 ) ()/ (€= )7 e (8)|dt (45)
o —

: o-1
s | w0l 5o = s [ st

1 CH)2-0) o—1 (C+1)
S”(qb(—)F(a—l)+ $o—1) do-DTo+ ))'




Now, let u e C(I, R) be a solution of the following problem:

{ —MCDu(s) = h(s,u(s)) + a(s),s €1, 4.6)
w(0) =w(0),  u({)=u(). '

Since u(¢) = u(¢), V¢ €1, it follows that u(1) = u(1).
Next, in view of Lemma 2.3 the equivalent fractional integral equation of (4.6) is given by

72 —e ) o-1 1 ) o-1

Obviously, £, = X, as follows:

12— Z,|

< d)g;_ll) o [ -0 - a0
gt [ Ittt ot aco)ja

%%1) % / (€ — 0 It u(e)) — b, a()

) g [ 0o s

2—0 -
Ma_1LA|qnfuamﬁ

_ 9
o1 (1) |-

WCEC)
37 u(1) — a(1)|+ “I7Mu(g) — #(¢)[ = 0.

<n

Now, by using the hypothesis (H;) and (4.5), we have
|u(s) — u(s)|

¢<a_1/‘”” )it + g7 s [ =it

U_I/mtu ()t

/(c—t“mtu b(t, () |dt

1 1 C+D2-0) o—1 (C+1)
= (¢<a— DTe-1) " ¢o-1  do-1 r<o+1>)
e2=0) -1 ¢
=001 =+ 5 o+

¢(6—1

O ]|u — 1.
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Therefore,
o <527 = =,
such that
B 1 n ¢+ 1)(2-0) c—1 (°+1)
H= <¢(0—1) To—1 " dlo=1) @ ¢o-1) F(0+1)>’

(2-0),  o-1

AR TP S TP Y P

/
£1,

and Fj :=%. This satisfies that the system (1.2)-(1.3) is UH stable. Furthermore, if
|lu—1i]| <By(p) so that By, (0) = 0; hence, the solution for the system (1.2)—(1.3) is generalized
and U'H stable.

Theorem 4.2. If the hypothesis (H1) holds with h(1,u(1)) = 0 subject to

{(2-o0), n c—1 ¢
$lo—1)"  dle—-1)T(o+1)

K= «”,1<1.

Then, the unique solution of the system (1.2)~(1.3) is UHR stable and consequently
generalhized UHR.

Proof. Let p > 0 and assume that ueC(I, R)verifies the identity (4.2). By remark 4.2,
we have:

{ —ABCR(s) = b(s,U(s)) + ax(s), s €1, 4.8)

W0)=g, nuQQ)+ul) =g,

As an outcome of Lemma 2.3, we find that

o=l _ 1 /‘l(l—t)""zag(t)dt
J0

¢(c—1) (o —1)

2—o0 ¢ c—1 1 e -
9o T e
‘m/o {W’ W)+ “2(")} h = =T To) /0 (s—1) [h(t, () + az(t)} dt.

u(s) =X, +

Hence, due to Remark 4.3, we obtain
oc—1 1

~ 2—o0 s ~ $ o—1 ~
u(s)—Eﬁer/o b(t7u(t))dt+¢(ail)@/o (s—1) r;(z;u(t))dt‘

<n P37 a (1)|4+473° @z () [+ 5% |as (s) |
<(n+2)p &P(s).

4.9



Now, let ue C(I, R) be a solution of (4.6). Therefore, by the hypotheses (H;) and (4.9), for any
s € I, we have:

|u(s) —u(s)]
S‘ﬁ(s) ¢(o‘—1 /htu ( 11)%/OS(S—l‘)ﬁilb(l‘,ﬁ(t))dt
¢(a—1 /””u J(t)|at
0_1 /(C—f“ (¢, u(t)) = b(t, (1))t

<(n+2)p fﬂﬂ(s) + Kl — wf.

Thus,

2
U +1 )_p;iﬂﬂ(S) = By spP(s),

[Ju—1 <
such that By 4= <"+2> 5/’ . This establish that the system (1.2)—(1.3) is U/ H'R stable. In addition, if
p = 1, then the solutlon of the system (1.2)—(1.3) is the generalized /HR stable.

5. Approximate solutions

In this section, we will introduce approximate solutions of the system (1.2)—(1.3) by using
ADM. In the light of Lemma 2.3, we have proved that the solutions of system (1.2)—(1.3) and
Eq. (2.10) are equivalent. Therefore, we can express decomposition of the solution of Eq. (3.2)
as follows.

(Lu)(s) = &(s) + N(h(s, u(s)), ®.1)

where & is a known function and 91is the nonlinear terms. Thus, we formulate Eq. (2.10) in the
following decomposed format:

u(s) = &(s) + N(h(s,u(s)). (5.2
Suppose that the solution of (5.2) is given in a series version as next:
=D o). (6.3)
n=0
So, yields that
D w(s) = &(s) + N(h(s, u(s)). (5.4)
n=0

Now, we can be decompose the nonlinear term 9t(h(s, u(s)) by Adomian polynomials as

follows:
=" A(s), (5.5)

n=0

where 21,,(s) is obtained by
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AIMS An(s) ;,:;{ (iws)} ., n=0,1,....
u=0

Therefore, we rewrite Eq. (5.4) as following format.

iu,,(s) = ®(s) + m(i %(s)) :

n=0 n=0
which admits the iterative technique as next:
uy(s) = &(s),
ui(s) = N(Ao(s)),
uz(s) = N(As(s)),
'ng(s) = ‘)‘I(le(s)), (56)

For numerical targets, the #-terms approximation solution of Eq. (2.10) is represented by:

P, (u Z w(s). (6%

Now, we will prove the convergence theorem of ADM algorithm for the system (1.2)—(1.3).

Theorem 5.1. Let (H1) and condition (3.1) hold. Assume that u(s) = >_:2ui(s) be a series
solution of Eq. (2.10) which obtained by ADM is convergent, then it converges to the exact
solution of Eq. (2.10), whenever ||u|| < oo.

Proof. For n > m, consider 9),,,9),, be an arbitrary partial sums, then we have
Zu, (s)— Zw
< Z [P (A;1(s))]

i=m+1

n

=D ()

i=m+1

19,(5) =D,,()| =

n
0'2
11

zml

2—0 o—1
(

+¢(6—_1 L / €~ Ba )t

¢01

/ B (it~ <la>/o.s“’”ﬂg”‘l(”d”"

n—1

ot 1/(1 0y At

i=m

p ¢ n-1 Ulnl
—1>./ ZQL dz‘+ oo 1)r /(g ) ZQL Ydt

i=m i=m

n-1

s n—1 1 1 -
/Zm 1)@/0 s—1)7 > Ui(t)dt|.

i=m i=m




From (5.3), we get
-1

05 9,1) = B8, Dt) = Y 68)

=m

=

Thus, by using (H;) and taking supremum, we find:

_ o1 o [N e ~
19 = Dull - ssupj s = /0 (1= 0208, D) — B(£, D))t

ey NUCE IR
+¢Zf;—11) ﬁ /Og (& =07 (O D) = b(6, D)t
g [ 09,0 = b,
7,52%11) ﬁ /0 =0 B ,0) — B D, )t

SYHEDH—I - QJm—l“
SYZH@n—Z - %m—ZH <o Srmnml - EDOH SY.mHulH

Since 0 < Y < 1 and ||| < oo, then the right-side of above inequality tends to be zero
whenever m — oo. Therefore, ||9),, — D, || = 0.So, we deduce that ), is a Cauchy sequence in
the Banach space C(/, R), hence the series convergence and the proof is finished.

6. Examples
Herein, we examine the validity of the main results by illustrating the following examples:

Example 6.1. Consider the following system.:

ABCRu(s) + h(s,u(s)) = 0,s€[0,1],1 < 6 <2,
3 s 1 6.1)

™ 1)+ u(g) =7

whereoc =3 n=%¢=% g, =0 g, = }and I = [0, 1] Define the function b : I X R — R by

(s, u(s)) = sin(xs) {9(1%“1(3))} .

Clearly, h(0,u(0)) = b(1,u(1)) = 0. Now, we are going to check that the hypothesis (H;)
holds. For any u, v € C(, R), we have

2
[B(s,(s)) = b(s, vls))| <5 | — o,
thus, 01 = % Therefore, by applying the condition (3.1), and choosing ¢p(c — 1) = 1, we get
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Y:=0.408298 < 1. 6.2)

Hence, all hypotheses of Theorem 3.1 are fulfilled. So, the system (6.1) has only one solution.
On the other hand, since I = 0.119571 < 1, with &, :=% = 2.0869 > 0. Thus, in view of
Theorem 4.1, we conclude that the system (6.1) is UH and generalized UH stable. Similarly, the
conditions of the UH'R and the generalized UH'R stability can be smoothly establish by choosing
an ncreasing function ps) = s.

Example 6.2. Consider the following system.:
ABC(s) + h(s,u(s)) = 0,s€[0,1],1 < 6 <2,

11 6.3)

W(0) =1, (1) Fug) =5,

whereoc =32, n=1¢=1 g =1 gy =Land I =[0,1] Define the function ty : I X R— Ras

Bls.u(s)) = (& =) |~

1+ sin™ |u(s) q

Obviously, h(0,u(0)) = h(1,u(1)) = 0. Now, we will check the hypothesis (Hz), for any
u,0€C(I,R), we have

s, us)) | <5 (1+ ),

so, by = % Moreover, set §(c — 1) = 1, then the condition (3.3) holds, i.e.

P:=0.282889 < 1. (6.4)

Therefore, all hypotheses of Theorem 3.2 ave fulfilled. Thus, the system (6.3) has at least one
solution.

Example 6.3. Consider the following system:
ABCDI(s) + (s — ) (s — uP(s)) = 0,5€[0,1],1 < 6 <2,
0)=1 Ly rud =1 9
W(0) =1, (1) +u) =1,
wherec =19, n=1% ¢ =1 g, =1, g, = Land it has the exact solution u(s) = s. Table 1 and

Figure 1, show an efficiency of ADM algorithm which estimates rapid convergence approximate
solution with the exact solution of problem (6.5).

Example 6.4. Consider the following system:

ABCRYLE, (5) 4 (s — /5 )((1 s o uz(s)) —0,5€0,1],1 <0<2,

3 1 (6.6)
/ _ 9 o

uw'(0) =1, i (1) + u(4) 2,

wheres =18, n=3 ¢ =1 g, =1, g, = 2and it has exact solution u(s) = 1+ s. Table 2 and

Figure 2, show a good agreement of approximate solution obtained by ADM with the exact

solution of problem (6.6).



Thermostat

Exact sol Absolute error .
s u(s)=s ADM-solution -ADM fraCtlonal
0 0 0.000159 0.000159 dynamlcs
01 01 0.099841 0.000159 system
0.2 0.2 0.199844 0.000156
0.3 0.3 0.299850 0.000150
04 04 0.399861 0.000139
0.5 0.5 0.499878 0.000122
0.6 0.6 0.599899 0.000101 Table 1.
0.7 0.7 0.699924 0.000076 Numerical results of
0.8 0.8 0.799951 0.000049 exact solution and
09 0.9 0.899977 0.000023 ADM-solution at
1 1 1 1725 X 107° & = 1.9 of Example 6.3
1 T T T T
/
0.9 ) P
Y /
0.8 J/ 1
/,/
0.7 % B
P e
0.6 )y B
g
0.5 i
04 Y d .
03 p |
0.2 / / 1 Figure 1.
/ Exact solution
0.1 y = Exact solution ] compared with ADM-
/ ADM - solution solution at 6 = 1.9 of
0 i i i Z Example 6.3
0.2 04 0.6 0.8 1
Exact sol Absolute error
s u(s)=1+s ADM-solution -ADM
0 1 0.989180 0.010820
0.1 11 1.090730 0.009268
0.2 12 1.193520 0.006484
0.3 1.3 1.296940 0.003065
04 14 1.400580 0.000584
0.5 15 1.504100 0.004104
0.6 1.6 1.607210 0.007213 Table 2.
07 L7 1709750 0.009746 Numerical results of
0.8 18 1.811680 0.011679 exact solution and
09 19 1.913130 0.013129 ADM-solution at
1 2 2014320 0014316 ¢ = 1.8 of Example 64
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Figure 2.
Exact solution

compared with ADM-

solution at ¢ = 1.8 of
Example 6.4

2
1.8f : R
16 R
141 s ]
1.2 R
1 ]
m— Exact solution
ADM - solution
0.8 i i i I
0.2 0.4 0.6 0.8 1

7. Conclusion
In the fractional calculus field, there appeared many derivative and integral definitions
involving an arbitrary order. It is important to focus our attention to study the real
phenomena by utilizing those definitions. In particular, a thermostat dynamics system is one
of the beneficial topics in life. In this paper, we introduced the system (1.2)—(1.3) in framework
of a nonsingular kernel operator (ABC) for the first time. Moreover, Schauder and Banach
fixed point theorems were applied for discussion the existence and uniqueness of solution of
the system (1.2)—(1.3) with minimum hypotheses. In addition, the {H and U HR stability of
the solution for the system (1.2)—(1.3) were proved. Approximate solutions of problem (1.2)—
(1.3) were established by ADM algorithm and convergence theorem of series solution was
investigated. In addition, the efficiency of ADM algorithm which estimates that rapid
convergence approximate solution was proved by compared ADM solution with exact
solution. Finally, the validity of the main outcomes was described by four examples.

As a future direction, the studied problem would be interesting if it was studied under
nonlocal boundary conditions via generalized ABC fractional operators, which is introduced
by Fernandez and Baleanu [48].
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