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Abstract

Purpose — In this paper, the authors give a new version of the sub-super solution method and prove the
existence of positive solution for a (p, g)-Laplacian system under weak assumptions than usually made in such
systems. In particular, nonlinearities need not be monotone or positive.

Design/methodology/approach — The authors prove that the sub-super solution method can be proved by
the Shcauder fixed-point theorem and use the method to prove the existence of a positive solution in elliptic
systems, which appear in some problems of population dynamics.

Findings — The results complement and generalize some results already published for similar problems.
Originality/value — The result is completely new and does not appear elsewhere and will be a reference for
this line of research.
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1. Introduction
Consider the following (p1, po)-Laplacian system,

— Ayt = mF(x, u1,uz) m Q
—Dpuy = plr(xurun)  in Q @
Uy = s =0 on o0Q

Q is an open bounded domain of RY with smooth boundary 6Q. For i = 1, 2,
Ay, = div(| Ve P ’_ZVui) is the p,-Laplacian operator, p; > 1, y; is a positive parameter and
F;: QX R X R— Ris a continuous function.

Many authors have been interested by the problem (1) in different ways [1-4]. The sub-
super solution method, given in [5] by using a monotony argument, is the principal tool used
to prove the existence of solution of the problem (1) in[1, 3, 4]. Recently, a new version of the
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method of the sub-super solution is given to prove the existence of solution for the (p(x), (x))-
Laplacian systems by using the Schaefer’s fixed-point theorem [6].

Our main contribution in this article is, in first, to give a new version of the sub-super solution
method based on Schauder’s famous fixed-point theorem and, in second, use the method to prove
the existence of a positive solution of problem (1) under the continuity assumptions on functions
F and G. The functions F and G need not to be nondecreasing as in [1, 4].

Recall that the sub-super solution method is a topological method, which does not require
strong regularity assumptions as the variational method.

The paper is organized as follows: in Section 2, we present some preliminary results and
our main results. In Section 3, we study some general problems studied previously. We end
our paper by studying some concrete examples.

2. Preliminaries and main results
We start by the definition of sub-super solution of the problem (1).

Definition 2.1. We say that (u,,i), (32, 42) € (W'(Q) NL*®(Q)) X (WP2(Q)NL*®
(Q)) is a pair of sub-super solution of the problem (1) if they satisfy

Hl. u,<#;aeimQandu,<0<u; on0Q fori=1,2.

H2. —-A,u—Fi(x,uq,0) <0< — Apity — F1(x,41,0), Yo € [u 5, i),

H3. —Apu,—Fo(x,u,uy) <0< — Apits — Fo(x,u,iip), Vu € [uq, ).

Inequalities in H1 and H2 are in the weak sense. Where, for u < v a.e. in Q,

[u, v] = {z : u(x) < 2(x) < 0), ae. € Q}.

Theorem 2.1. Fori = 1,2, assume that F; is continuous in Q X R% Then, if there exists a
pair of sub-super solution of (1) in the sense of Definition (2.1), system (1) has a positive weak
solution (uy,uz) € [uy, 1] X [uy, Uz).

Proof. Consider, for i = 1, 2, the truncation operators, 7; : L#(Q) — L?(Q) defined by
u;(x) if z(x) <w(x)
Ti(z:)(x) = § zi(x) of  u;(x) <z(x) <wi(x)
wi(x) if z(x) 2ui(x)
then Vz; € #1(Q), Ti(z) € [u;, %;] and || T;(2)|| . €10, ||#]|,]- By the continuity of F; there
exists a positive constant C; such that

|Fi(%, Th(21) (%), To(22) (x))| < G

Let % : LFi(Q) X LPi(Q) — [7/(Q) be the Nemytskii operator defined by
Fi(ur, uz) (x) = Fi(x, Ty (1) (x), T2 (uz)(x)).

Then, % is L7 (Q)-bounded. By the dominate convergence theorem and the continuity of F;,
we conclude the continuity of 5, and we have V(u1,uz) € [P (Q) X [P2(Q).
(17 (o, t2) || o < G- . @

Now, fix (z1,22) €L/1(Q) X L/2(Q), there exists a unique pair (wy,ws)€ W% (Q) X
W(l)’p ?(Q) solution of the problem,

=Sy = Fi(Th(a), To(z2))  in Q

—Apwy = Fo(T1(21), To(22)) n Q )]

wr =wy =0 on 0Q



Therefore, we can define the operator S : L (Q) X LF2(Q) — LP1(Q) X [?2(Q) by Sz1,22) = The sub-super

(w01, wo), where (wq, w») is the unique solution of problem (3).
S'is a compact operator. Indeed, let (21, 22,,) be a bounded sequence in 71 (Q) X [72(Q)

and (1, w2,) = SE1 22,), then Vo, € Wi (Q)

/|Vwi,n‘pi_szi,n~v¢’i = /E(Tl(zl,n)7T2(22,n))§Di-
Q Q

If the test function ¢; = w;,,, by the Sobolev embedding theorem, there exists some constants
K; such tat

il = / Vit = / F(Ty(@1), o) 010 <Clialli iy <Killiinll o .
in W(l)p, Q) o in o n)s n in ilWinllL (@) i||Win W (@)

(
Then, (w1 ,, w2,) is bounded in W(l)‘p Q) X W(l)"b2 (Q). By the compact embedding, there
exists a convergent sub-sequence of (w ,,, ws,,) in L1 (Q) X L2(Q). So, S is compact.

From (4), there exists L; > 0 such that

= o
||Wi.n\|W;'-p,(Q) <K, =K! I:HwLnHLM(g)SLz'- ©)

Remark that in (2), (4), and (5), the constants are independent of the choice of (z1, z5). Then,

S(L(Q) X L*(Q)) C By @ x2()(0,L).

for some L > 0. By the Schauder fixed-point theorem, in By (q) x 172(0)(0, L), there exists a

unique (u7, u2) € LP1(Q) X LP2(Q) such that Sy, us) = (i1, us).
—Amul = f(Tl(Ml), Tg(uz)) zn Q
7Ap2u2 = fz(Tl(Ml), Tz(uz)) m  Q
w=us =0 on 0Q

©)

Finally, (1, #2) is a solution of problem (1) if, and only if, 73(1) = u; and T(uz) = u, which
means that u;<u; <it; and u,<u; <its. We need to prove that (u;—u;)" =0,
(u —it1)" =0, (uy—uz)™ =0 and (uz—ii)" = 0. Let us prove, for example, that
(1 —u1)" = 0. The same argument works for the others cases.

Let Qt ={xe€Q, u;(x) >wum(x)}. Since (#,u,) is a sub-solution, then for
@ = (uy—u1)" and v = Ty(uy), we have,

[t 99w, =) < [ B, Tote) - )
Q JQ
and as (u1, u») is a solution of (6),
/|Vu1|p‘_2Vu1.V(@1 - %1)+ = /Fl(% Ti(ur), To(uz))(u, — ”1)+
Q Q

Then,
/(|Vg1|p1_2V@1 — |Vu1|p1_2Vu1>.V(g1 —u)" <

/Q Py, Tow)) — Fi (e, T (), To(u) (e, — 1)
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AJMS Remark that in Q*, T7(u1) = u;. So,
29,2 / (‘Vﬂﬂpl_zvﬂl _ |VM1|D1_2VM1).V(Q1 _ u1)+ _
Q}

/ (|V@1|m_2Vg1 - |Vu1|p1_2Vu1).(Vg1 — Vi) <0.
Qt

148 Therefore, by the monotonicity of the p1-Laplacian, #; —#; = 0in Q*. Then, #; <u; in Q.In
the same way, we get #; <#; in Q. Then, #; <u; <#; and u, <uy <uts= T1(1) = u; and
To(us) = uo. Finally, (i1, us) is a solution of the problem (1).

3. Applications

Theorem 3.1. Consider system (1) and assume that fori = 1, 2,

A13G, a; f; > 0, such that |Fi(x,s1,82)| < Cz'(l + Is1]* + |52|ﬂ’);
A2F;(x 0 0)+Fs(x, 0 0)>0ae x €2
Then,

(1) Ifmax(a;, ;) <p;,— 1, fori =1, 2, then Vu; > 0, there exists a weak positive solution of
problem (1).

2 Ifminfa, p) = p; — 1, for i = 1, 2, then, there exists positive numbers ji; such that
V(uy, y) €10, 1] X 10, ii] the problem (1) has at least a weak positive solution (u;, uz)
such that ||ui]| e < |6l oo €: 1S the unique solution of problem (7).

Q) Ifo+pi<pi—landaj+p;>pi—1.j=_2ift=1andj = 1ifi = 2. Thenthere exists
H; such that problem (1) has at least a weak positive solution Vy; > 0 and 0 < p; <ji;

Proof. By A.2,(0,0) is a sub-solution, but not a solution, of problem (1). By Theorem 2.1, we
need to find a super solution of problem. Let ¢; be the unique positive solution of the Dirichlet
boundary condition problem,

{u =0 on 0Q @

(1) In the sub-linear case, as max(a, ) <p; — 1, for i = 1, 2, there exists K > 1, large
enough, such that

8y, (Ke) = K" 2 G (14 K9 ler]| 2 + K ealf2)
> G (1+ K= el + lo]2).
> wkFi(x,Key,v), Yvel0,Kes)
8 (Ke) =K 2 G (14 Ko + Ko
2 1,Co(1+ [l + KP les] )
> o lo(x,u,Key), Vue|0,Ke]

/fz)
(s




in the weak sense. So, (i1, 42) = (Key,Kes) is a super-solution of the problem (1).
Therefore, there exists (u1, #s) € [0, Kei] X [0, Kes] solution of system (1).

(2) Inthesuper-linear case, for: = 1,2, min(e;, f;) > p; — 1. Put fi; =
let 0 < Wi < ;. Then,

—dpe =1 = G 1+ alld + o))
G (1+ lealle + lleal2)

> G (L [l + o)
> 1 Fi(x,e,0), Yoe(0,e5]

Ao =1 = ﬁzcz(l + lerll2 + fle2l%)
1oL+ lleall2 + llealt)

:)

2 ”ZFZ(xﬂ’tveZ)? Vue [07 81}.

1
———— an
G (1+ler 1 +lezlt )

\%

> UG 1+ u

(e1, e9) 1s a super-solution, and we deduce that the problem (1) admits a weak positive
solution (1, u2), V(ky, py) €10, iy ] X0, fi5] such that 0 < |u;]| o < [l€;]] -
(3) Consider the sub -super linear case, 0 < a7 + f1 <p; — land as + o > p» — 1 and put

gy = ——————~Letpu; >0and 0 < p, < fi,. Then, there exists K, large enough,
cz(1+nelum+uezu )
such that
—A,, (Key) = Kl > uFi(x,Kep,v), Yoel0,Ke)
—Aper =1 > k(v u,e0), Vuel0,e].

So, (Key, e-) is as super solution of problem (P).
By the same argument, if a7 + 1 > p1 — 1 and 0 < as + fo < pp — 1. Put

= +ﬂ For all 0 < p; <ji; and ps > 0, there exists K, large enough, such
L (1l |+ e
that
—Ap e =1 > i Fi(x,e1,0), Yvel0,e]
—Ay,(Kep) = Kl > pFy(x,u,e), Vuel0,Ke.

So, (e1, Ke») is as super solution; hence, the problem (1) admits a weak positive solution
(¢41, u2). The proof of Theorem 3.1 is complete.

O

Remark 3.1. The second point of Theorvem 3.1 is of great importance because no restriction
was made on the growth of nonlinearities but only on the parameter u; which must not be large.

The hypothesis A.2 plays an essentialvole in the way that we need only to find a super-solution. In
what follows, we provide an example without the hypothesis A.2 of Theorem (3.1). We will see
that the assumptions on nonlinearities become more restrictive.

Proposition 3.1. For i = 1, 2, assume that 30 < ¢, < C, 0 < @, p; < p; — 1,
V(Sl,Sz) eR" X R+,
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¢Sy <Fi(x,81,82) <G (s? + s?).

Then, Yu; > 0, there exists a weak positive solution of the problem (1).

Proof. According to the proof of Theorem 3.1, there exists K, large enough, such that (Ke;,
Ke,) is a super-solution of the problem (1). Then, we need only to find a sub-solution. Let
u; = e¢;, @;1s the principal eigenfunction (positive) associated with the principal eigenvalue

of p-Laplacian operator such that ||¢;||c = 1,

D = e in Q ®)
@ =0 on 0Q

(u1,u5) is as sub-solution of the problem (1). We need to have
—Dpuy = /11,01917]_1 110_11 < /4151"3“1‘»0?‘1171 < b uy,v), Y E Uy, )]
{ —Aplty = llﬁzfprlﬁpll}i;zl < ﬂchgﬂzﬁoﬁz < Wl uuy),  Vu € luy, ]
As || @il = 1,it is enough to have 41 5€*~ < p;c;e% (8, = a1 and 8, = o). This is possible for

g, small enough, ¢ < 1 and for all ; > 0. To end the proof, we need to verify that
ep; = u; <it; = Ke; for a small ¢ and K large. By the maximum principle, we have

—Ay(e@)) = €7 gy <€y SKPTY = — A, (Key) = e < Ke.

4. Examples
In this section, we use Theorem 3.1 and solve some elliptic (b, po)-Laplacian systems studied
in some published articles see [7].

Consider the following (p1, p»)-Laplacian system

—Ap i = u (al (x) + by (x)ui’ ugl) n Q
(P) — Aty = p, (az (%) + bg(x)u'l’zugz) m Q
i = u, =0 on  o0Q

4.1 The case where (0, 0) is a sub-solution -

Assume, for i = 1, 2, that a;(x) and b{x) are continuous and nonnegative in &, @; or a, not
identically null. Then, (0, 0) is a sub-solution of problem (P). Taking into account Theorem 3.1
and its proof, we get the following propositions,

Proposition 4.1. Problem (P) has a positive weak solution provided that fori = 1, 2,
1) u;i>0i0<aq;+ p; <p; — I (The sub-linear case),

@ 0<p<py=—"—L‘—<ifa;+p>pi—1.C= max(|a] c ||il|«) (The super
G (1+ller 1 fezlt )
linear case) and
@) ui>0and0 < p; <pifo;+pi<pi—landoj+pi2p;— 1.7=21fi=1landj = 1if
1 = 2 (The sub-super linear case).



Proof. We have to look for a super solution of our problem.

(1) Since 0 < a; + p; < p; — 1, for Vu; > 0, there exists K such that for i = 1, 2,
kP> ﬂici(1 + K ler||]les]%, ). Then, we have

7A[,1 (Kel) = Kmil
WG 1+ (Kl (K ez )|

pr | () + b () (Ber) " (K|
py a1 (x) + by (x) (Key) "], Vv e[0,Kes].

vV IV IV

In the same way, we show that —2s (Keg) > iy {‘12 () + bz (x)u™ (KQZ)ﬁZ}, Vu € [0, Keq]. So,
(Keq, Keo) is a super solution of problem (P), and then the problem has a weak positive
solution.

(2) Consider the super linear case, fori = 1,2, a; + f; > p; — 1. Let 0 < p; < fi;, (e1, ¢5) is a
super solution of problem (P). Indeed, we have

dpe=1 = G+ e
G 1+ el ol
W [m( + b1 (x 61111@/}1}

> la(x) + bi(x)e], Voel0,e).

v

\%

In the same way, we obtain ~2p:€2 = Ha [612 (%) + ba(w)uey } Yu € [0, e1]. We conclude
that problem (P) has a positive weak solution in [0, ¢;] X [0, es].

(3) Finally, the third point, the sub-super linear case, follows from the two previous ones.
O

4.2 The case where (0, 0) is a trivial solution

We examine only the case where p; = ps = p. (0, 0) is a trivial solution of (P) if @;,7 = 1, 2, are
identically null. Our goal is to find a positive solution of problem (P). To do this, we need to
find a pair of positive sub-super solution. Nevertheless, we have to add some more
assumptions. Assume that, for ¢ = 1, 2, b; is positive continuous in Q. So, ¢; < ||bi]|« < C; for
some positive constants ¢; and C;. The problem becomes

—Apuy = b (0)ulul)  in Q
(P) —Aputy = oby(X)uPuy  in Q
Uy = u, =0 on 082

Proposition 4.2. Assume that, fori= 1,2, 0 <a;+ p; <p — 1. Then, the problem (Py) has a
positive weak solution Vu; > 0.
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Proof. According to Theorem 2.1, we need to find a pair of sub-super solution of the
problem (P;). Assume thatfori = 1,2,0 < a; + ; <p — 1, then Vu,; > 0, we can choose 0 < e < 1,

1
such that 4y ,e? =@ ) < yu;c; for i = 1, 2. Fix such & and choose K > max(4] ¢, 1) such that

KP=1-(@t6) > 1y .Cilley ||Zé+/j" fori =1, 2. Then, (e¢1, e¢1) and (Keq, Key) is a pair of sub-super
linear solution of the problem (7)) (|| ¢1]/e = 1). Indeed, we have, by the maximum principle,
e¢1 < Key because

—Ay(e@)) = Ape’ )T <Ay <KPT = —Ay(Key).

Y(u, v) € [ep;, Ke;] X [e@;, Ke;], we have

—Dp(e@r) = e e et g
Hcr(ep)™ (5€01)ﬂ1
pib1 (x) (e )" 0.
UaCo€72 P2 e
ﬂzcz(apl)az (5€01)ﬂ2

pobo () (g1 ).

INIAN TN IA

—Ay(epy) = Ape !

IANIA

and

—Ay(Key) = K K@y || 4
i Ci(Key)™ (Key)"
pibr (x) (Ker ) v/
poCE P2y || 272
1y Co(Ker )™ (Key )™
Ua Do (2) U™ (Kel)ﬁz.

v

vV IV IV

—Ap (Kel) = K{)—l

[\

The problem (P;) has a weak positive solution in the set [ep;, Ke1] X [e¢@1, Keq]. The proof is
complete. O
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