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Abstract

Purpose — This paper aims to prove some fixed-point theorems for a general class of mappings in modular
G-metric spaces. The results of this paper generalize and extend several known results to modular G-metric
spaces, including the results of Mutlu ef @/ [1]. Furthermore, the authors produce an example to demonstrate
the applicability of the results.

Design/methodology/approach — The results of this paper are theoretical and analytical in nature.
Findings — The authors established some fixed-point theorems for a general class of mappings in modular
G-metric spaces. The results generalize and extend several known results to modular G-metric spaces,
including the results of Mutlu et al. [1]. An example was constructed to demonstrate the applicability of the
results.

Research limitations/implications — Analytical and theoretical results.

Practical implications — The results of this paper can be applied in science and engineering.

Social implications — The results of this paper is applicable in certain social sciences.

Originality/value — The results of this paper are new and will open up new areas of research in mathematical
sciences.
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1. Introduction

In search for the generalization of classical metric spaces, in 1966, Gahler [2], introduced the
concept of 2-metric spaces and proved that its results exists. Dhage [3] extend the work in[2]
in which D-metric spaces were introduced. These authors claimed that their results
generalized the concept of metric spaces.

In 2003, Mustafa and Sims [4] claimed that the fundamental topological properties of
D-metric spaces introduced by Dhage [3] were incorrect. To ameliorate the drawbacks about
D-metric spaces, Mustafa and Sims [5] introduced a generalization of metric spaces, which
they called G-metric spaces and proved some fixed-point theorems, and in [6], Mustafa ef al.
proved some fixed-point results on complete G-metric spaces.
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Modular theories on linear spaces were given by Nakano in his two monographs [7, 8],
where he developed a spectral theory in semiordered linear spaces (vector lattices) and
established the integral representation for projections acting in this modular spaces. Nakano
[7] established some modulars on real linear spaces, which are convex functionals.
Nonconvex modulars and the corresponding modular linear spaces were constructed by
Musielak and Orlicz [9]. Orlicz spaces and modular linear spaces have already become
classical tools in modern nonlinear functional analysis.

In 2010, a remarkable work of Chistyakov [10]introduced an aspect of metric spaces called
modular metric spaces or parameterized metric spaces with the time parameter 1 (say), and
his purpose was to define the notion of a modular on an arbitrary set and developed the theory
of metric spaces generated by modulars, called modular metric spaces and, on the basis of it,
defined new metric spaces of (multi-valued) functions of bounded generalized variation of a
real variable with values in metric semigroups and abstract convex cones.

In the same year, Chistyakov [11], as an application, presented an exhausting description
of Lipschitz continuous and some other classes of superposition (Nemytskii) operators, acting
in these modular metric spaces. Chistyakov developed the theory of metric spaces generated
by modulars and extended the results given by Nakano [7], Musielak and Orlicz [9] and
Musielak [12] to modular metric spaces. Modular spaces are extensions of Lebesgue, Riesz
and Orlicz spaces of integrable functions.

The development of theory of metric spaces generated by modulars, called modular
metric spaces attracted many research mathematicians still investigating fixed-point
results in this area, including Chistyakov himself. Chistyakov [13] also established some
fixed-point theorems for contractive maps in modular spaces. It is related to contracting,
rather generalized average velocities than metric distances, and the successive
approximations of fixed points converge to the fixed points in a weaker sense as
compared to the metric convergence in [13] and other fixed-point results in modular metric
spaces can be found in [1, 14]. Considering applicability, these fixed-point results are
applied in finding the fixed-point solution of nonlinear integral equations see [14-16] and
references therein, while [17] deals with application to partial differential equation in
modular metric spaces. Interested readers may see [16, 18-21] and the references therein
for further studies in modular function spaces.

In 2013, Azadifar et al [22] introduced the concept of modular G-metric space and
obtained some fixed-point theorems of contractive mappings defined on modular G-metric
spaces. Our intention in this paper is to extend the fixed-point theorem of Mutlu ef al. [1]from
the setting of modular metric spaces to modular G-metric spaces. Our results extend and
generalize several known results in the literature. For results in non-unique fixed-point
theorems in modular metric spaces, readers should also see Hussain [23] and references
therein.

Zhao [24] 2019 applied the exponential dichotomy, and Tikhonov and Banach fixed-point
theorems are used to study the existence and uniqueness of pseudo almost periodic solutions
of a class of iterative functional differential equations of the form x'(£) = 3¢ 3% C;,.(¢)
(x (1)) + G(t), where x¢) is the nth iterate of x(@).

Recently, Combettes and Glaudin [25] constructed iteratively, a common fixed-point of
nonexpansive operators by activating only a block of operators at each iteration. In the more
challenging class of composite fixed-point problems involving operators that do not share
common fixed points, current methods require the activation of all the operators at each
iteration, and the question of maintaining convergence while updating only blocks of
operators is open. They propose a method that achieves this goal and analyzed its asymptotic
behavior. Weak, strong and linear convergence results are established by exploiting a
connection with the theory of concentrating arrays. Applications to several nonlinear and
nonsmooth analysis problems are presented, ranging from monotone inclusions and



inconsistent feasibility problems to variational inequalities and minimization problems
arising in data science.

2. Preliminaries

Definition 2.1. [22]Let X be a nonempty set, and let @ : (0, 00) X X X X X X — [0, co] be a
Sfunction satisfying;

1) wf(x,y,z) =0foralx,y,zeXandA>0ifx =y =2
2 w§(x,x,5) > 0forallx,y € X and 2> 0 with x #,

3) wf(x,x,5) <&$(x,9,2) for all x,y,z € X and A > O with z # y,

G

@) wf(x,,2) = 0% (x,2,9) = @f (v,2,%) = - - - for all > 0 (symmetry in all three variables),

©) of.,(x,9,2) <0f(x,a,a) + 05 (a,y,2), for all x,y,2, a € X and 4, v > 0,
then the function o is called a modular G-metric on X.

Remarks 2.1. (@) The pair (X, @) is called a modular G-metric space, and without any
confusion, we will take X,c as a modular G-metric space. From condition (5) above, if @ is
convex, then we have a strong form as,

®) a)fw (%,9,2) < w%(x, a,a) + w}iﬂ(a,y,z),

(©) If x = a, then (5) above becomes w5, (a,y,2) <wf(a,y,z) and
(d) Condition (5) is called rectangle inequality.

Definition 2.2. [22] Let (X, w°) be a modular G-metric space. The sequence {%0} e i Xis
modular G-convergent to x, if it converges to x in the topology t(w{).

A function T : X, — X, at x € X, 1s called modular G-continuous if o (x,, x,x) — 0 then
@§(Txy, Tx, Tx) — 0, for all 1> 0.

Remark 2.1. The sequence {x,},cn s modular G-converges to x as n — oo, if
im ¢ (%, %, ) = 0. That is for all € > 0 there exists ng € N such that wf (X, xm, %) < €

n—oo

Sor all n, m > ny. Here we say that x is modular G-limit of {x,},,cn

Definition 2.3. [22] Let (X, 0°) be a modular G-metric space, then {%n}yen € X618 said to
be modular G-Cauchy if for every € > 0, there exists n. € N such that a)f (%, X, 1) < €foralln,
m, [ >n.and A > 0.

A modular G-metric space X is said to be modular G-complete if every modular G-Cauchy
sequence in X, 1s modular G-convergent in X,

Proposition 2.1. [22] Let (X, ®©) be a modular G-metric space, for any %, v, z, a € X, it
follows that

(1) If w§(x,y,2) =0forallA>0, thenx =y = z.
2 wf(x,5,2) <wl(x,%,9) + of (x,x,2) for all 4 > 0.
2 2

3 f(x,9,9) <20 (x,x,y) for all 2> 0.
2
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@) of(x,,2) Swf(x, a,z) + wf(a,y, z) for all 2> 0.

(5) 0f(5,9,2) S3 (@ (x,9,0) + 0f (1,0,2) + 0f (a,,2)) for all 2> 0

o
W;
2
(2,0

(@
©) of(r,y,2)<0f(x,a,a) +6f (v,a,a) + o (2,a,a) for all 4> 0.

2 4 4
Proposition 2.2. [22] Let (X, 0®) be a modular G-metric space and {%n},en be a sequence in
X, 6. Then the following are equivalent:

@

(1) {5} ,en 15 @%-convergent to x,

(2) @S (x4, %) > 0as n — oo, i.e. {2,},en Converges to x relative to modular metric o$(.),
(3) @§ (2, %, %) = 0as n — oo for all 2> 0,

(4) @f(xy,%,%) = 0asn— oo for all A > 0 and

(5) @S (X, X, X) = 0 as m,n — oo for all 2> 0.

The following construction was motivated by conditions (3) and (4) of Proposition 2.2 above
and [1].

Let @ : (0, 00) X X X X X X — [0, 0o] be a modular G-metric on X, X,c be a modular
G-metric space, BC X, and x: B> R"U{co} be a function on B. k is called lower
semicontinuous on Bif lim @ (x, x,,, %,) = 0 = x(x) < liminf x(x,), or im @§ (x,x,x,) =0

= k(x) < nlim inf x(x,) for all 2 > 0 and {x,},5; € B. B is closed, if the limit of a modular

G-convergent sequence in B always belongs to B. Also B is modular G-bounded, if
846 (B) = sup{w§ (x,9,») : ¥,y €B, ¥ 1 > 0} is finite.

3. Main results
We begin this section with the following results, which extends the results of Mutlu et al. [1]
from the setting of modular metric spaces to modular G-metric spaces.

Theorem 3.1. Let w® be a modular G-metric on X, X, be a complete modular G-metric
space, x : X,c — RTU{co} be a lower semicontinuous functionon X,cand T : X,c — X, c bea
self-map such that

k(Tx) + a§ (x, Tx, Tx) < x(x) 3.1)

JorallxeX,c and 2 > 0. Then T has a fixed point in X,c.

Proof. For any x € X,, let F(x) = {y € X, : 0§ (x,,9) <x(x) —x(¥), ¥ 4> 0} and n(x)
= inf{x(y):y € F(x)}. Since x € F(x), therefore, F(x) # @ and 0 < 5(x) < (). Let x € X ¢ be an
arbitrary point. Now, we construct a sequence {x;, },,»; in X,,¢ as follows. Let x = x; and when
X1, %9, . . ., X, have been chosen, choose ¥, 11 € Fx) such that k(x,+1) <n(x,) + %for allne N.
By the process above, we get a sequence {x, },,; satisfying the conditions.

wf (xm Xn+1y Xn+1 ) < K(xn) - K(xn+1 ) 5 7’/(-7511) < K(xn+1) < 7’](-xn) + (32)

1
o
for allze€ N and A > 0. Then {«(x,)},, is a nonincreasing sequence in R, and it is bounded
blow by zero. So, the sequence {x(x,)},5; is convergent to a real number M > 0 (say). By
inequality (3.2), we get



M = limk(x,) = limy(x,) 3.3

n—oo n—oo

Now, let ke N be arbitrary, from inequalities (3.2) and (3.3), there exits at least a positive
number N, such that x(x,) < M +2ik for all # > N,. Since «(x,) is monotone, we get
M <k(%p) <(x,) < M + 5 for m > n > N, It follows that

1
k(X)) — k(%) < o for all m>n>N,. (34)

Without loss of generality, suppose that 7 > n and m, n € N. From inequality (3.2), we get

A A
w%(xmxwrhxn#rl) < K(xn) - K(xn+1)7 for m—n > ;l > 0. (35)

Suppose that m,neN and m > neN. Applying rectangle inequality repeatedly, ie.
condition (5) of Definition (2.1) we have

G G G G
601 (xna Xoms xm) < wﬁ(xnvxnﬁ—laxn-%—l) + a)ml__n(xn-#la Xn+2s xn+2) + wmlTn(xn+27xn+37xn+3)
G G
+wﬁ(xn+37xn+4axn+4) + -+ w#(xm—lvxmvxm)

m-n

G G G
Sw% (-xna x71+17-x11+1) + a)% (xn+17 Xn+2y xﬂ+2) + 0)% (xn+27xn+3a xn+3)

(3.6)
+wg(xn+37 Xn+ds xn+4) +---+ (Ug(xm_l, Xy xm)
<k (%) — K(Xns1) + K(Xpi1) — K(Fns2) + - + k(1) — k(%)
= x(x,) — k(%)
for all m > n > N, for some N, € N. Then by inequality (3.4), we have
F (G T, ) < (37)

for all m, [, n > N}, for some N, € N, so that by condition (2) of proposition (2.1), we have

60? (xmxm7 xl) < wéc(xna Xms xm) + wgc(xhx;mxm)a (38)

so that

hm wf(-x;ﬁxm’xl) S hm wic(xn;xma-xm) + hm wic(xhx;mxm)

nn,l—oo nm—oo 2 lim—oco 2

. G . G
< lim @} (X, X, %) +lhm @3 (%1, Xy Xom)
M—>00

n,m—>c0

11 (39)

<?+?
2

? = 21_k.

Thus, as £ — oo, we have
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lim a)f(xn,xm,x;) =0. (3.10)

nm,l—oo

Therefore, we can say straightaway that {x,},c is modular G-Cauchy sequence. The
completeness of (X,,, ®°) implies that for any 1> 0, lim @S (X, %, 1) = 0, 1e. for any € >0,
n,M—>00

there exists 79 € N such that @ (x,,, x,,, u) < efor all n,m € N and n, m > no, which implies
that limx, -« € X,c as#n — co. But k : X6 - R"U{ oo} is a lower semicontinuous function

n—o00

on X, using inequality (3.6), we get

k(u) < lim inf(x(x,,))

m—oo

< liminf(x(x,) — wf(xn,xm,xm)) 3.11)

m—00

= k(x,) — @ (%, 1, 1)

Thus, we have that w$(x,, u,u) <x(x,) —x(«). So that u € F(x,) for all n€ N and hence
n(x,,) < k(u). Then by inequality (3.3), we get M < k(). Moreover, by lower semicontinuity of x
and inequality (3.3), we have k() < liminf x(x,,) = M.So x(u) = M. From inequality (3.1), we

know that Tu € Flu), such u € F(u). For n € N, we have

@S (%, T, Tu) < a)%«c(xn7 u, ) + wg(u, Tu, Tu)

< a)f(xn, u,u1) + wf(u, Tu, Tu) 312)

<k(x,) —x(u) + x(u) — x(Tu)
= k(%) — x(Tu).

Thus, Tu € Flx,), and this implies that 5(x,) < x(T%). Hence, we obtain M < k(7). From
inequality (3.1), we get x(Tu) < x(u). As k(u) = M, we have k(1) = M < x(Tu) < k(u). Therefore,
k(Tu) = k(). Then from inequality (3.1), we get $(u, Tu, Tu) <x(u) —x(Tu)
= k(u) —x(u) = 0. Thus, Tu = u. Therefore, T has a fixed point in X, . O

Remark 3.1. Suppose that o is a modular G-metric on X, X,c be a complete modular
G-metric space, x : X, c — RtU{oco} be a lower semicontinuous function on X, and
T : X, — X, be a self-map. To get inequality (3.1) of Theorem 3.1 in Mutlu et al. [1], we
invoke the definition of modular G metric space as follows for any A > 0, define
w;(x,9,2) = % {|x—y| + |y—2| + |x—z|}. Take y = Tx and z = Tx, then inequality (3.1)
transform into

w; (%, Tx) <k(x) — x(Tx) (3.13)

forall x € X,,and 2 > 0. Then T has a fixed point in X,,, which is clearly the result in Mutlu
etal [1].

Theorem 3.2. Let w° be a modular G-metric on X, X,c be a complete modular G-metric
space, x : X0 — RTU{co} be a lower semicontinuous function on X,c and T : X,c — X, c bea
self-map such that for some positive integer, m > 1,

@b (x, T"x, T"x) <x(x) — x(T"x) (3.14)

Jforall x € X,c and A > 0. Then T has a fixed point in X for some positive integer m > 1.



Proof. By Theorem 3.1, 7" has a fixed point say « € X, for some positive integer m > 1, by
using inequality (3.14) for some positive integer m > 1. Now T"(Tu) = T’"“u =
T(T™u) = Tu, so Tu is a fixed point of 7”. Hence, we have Tu = u. Therefore, « is a fixed
point of 7" because fixed point of 7" is also fixed point of 7" for some positive integer m > 1. [

Next, we produce the following example to demonstrate the applicability of our results.
Example 3.1. Let X, = Rand we define the mapping @° : (0,00) X RX R X R = [0, o]
by o5 (x,9,) = Z\x —y| for all x,y € R and A > 0. So we can see that (R, ") is a complete
modular G-metric space and let us define T : (R, w%) > (R, w) by Tx =1 for xe R\ {0}
and «: (R,0%) > R U{co} by K(x) =3|x| for which «(x) defined above is lower
semicontinuous. Now we verify the inequality (3.1) of Theorem 3.1 as follows; For
xR\ {0} and 2 > 0, we have

11
Tx, Tx) =
w§(x, Tx, Tx) = af <x 7 x>

1{ 1 1 1 1}

= |lx——|+|-—- xX—-

A X X X X

21

iy x

_g 21 g( -Dx+1)
Al x A

lx — 1||x + 1]
_/1 |x]

<g lx — 1|« + 1|
~2 lx 4+ 1

—%|x—1|§\x\.

And
31
() —x(Te) = 31l — 5 1

(x] = (] + 1))

I
(] = 1)(Jx] + 1)

= ( EES! )

=Z(lx - 1)

<zlx].
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Therefore, oS (x, Tx, Tx) < k(x) —x(Tx) for all A > 0. Hence, the mapping T has a fixed point.
The trivial fixed point of this map, T is 1.

Remark 3.2. Aswe can see clearly in this Example 3.1 that the map T has a trivial fixed point
at 1.

Proposition 3.3. Let w® be a modular G-metric on X, and X,c be a complete modular
G-melric space, k : X,c = RTU{oo} be a lower semicontinuous function on X, which is
bounded from below, then there exists a point u € X ¢ such that x(u) < x(2) + @§ (u, z,2) for
eachze X c,z#+uand for all A > 0.

Proof. Following the proof of Theorem 3.1, we get a sequence {z, },,»; such that z, — u € X,
asn — oo. Now for any u € X, ¢, define F (1) = {z€ X0 : 0§ (u,2,2) <x(u)—x(z) ¥ 1> 0}
and 5(u) = inf{x@) : z € Flu)}. We will show that « ¢ F(u) as z # u. Suppose, if possible,
otherwise. Let v € F(u) for some v # u. Then we have that for all 1 > 0,
0 < @ (u,v,v) <x(u) — x(v) implies x(v) < k() = M, since

@§ (2,,0,0) swéc(zn, u, ) + a)g’(um, v)

< f (2, u, 1) + 0§ (1,0, 0) (3.15)
<k(2y) — x(u) + k(u) — x(v)
= k(z,) — k(v).

forall 4 > 0, v € Fig,) for n > 1. So (z,,) < x(v) for all # > 1. Therefore, M = lim#(z,) <x(v).
Hence, M < k(v), which is a contradiction to the fact that x(v) < x(«) = M. Therefore, for each
z€X,c,z2#u = 2¢F(u), that is z#u = ©%(u,z,2) > x(u) —k(z). Hence, x(u) < x(2)+
% (u,z,z) for each z€ X6,z #u and for all 1 > 0. O
Proposition 3.4. Let w® be a modular G-metric on X, and X,z be a complete modular
G-metric space, x : X,c — RYU{oo} be a lower semicontinuous function on X, which is
bounded from below, then for every ye X, c and y > 0, there exists xo € X,c such that
k(x0) < k(%) + 70§ (x, %, %0) on X6\ {x0} and k(x0) <x(¥) —yw§ (x0,3,), for all 4 > 0.

Proof. Define X7, = {z€X,c : k(z) <k(y) —yaf(2,y,y), VA >0}. Then X'  is a
nonempty complete modular G-metric space and x: X, — Rtu{co} be a lower
semicontinuous function on X, which is bounded from below. Let F'(x) = {ze X ; :

k(x) > x(z) + yo§(z,%,x), ¥V 2 > 0}. Then for every x€X "o Flx) # @ and closed. Also
z € F(x) implies F(z) C F(x). Choose x; € X Z)G with x(x;) < oo and when %1, %o, . . ., x,, have
been chosen, we can find x,,,1 € F(x) such that x(x,11) < inf{x(«) : u €F(x,)} + % for
n > 1.For any z € F(x,,1) C F(x,), we get that for all A > 0,

Y03 (2 X1, X 1) SYOF (2, X, ) + 705 Ky X1, X1

< wa(zy Xn, -xn) + wa(xmxn+17xn+l)

SK(xn) — K(Z) + K(xn+1) - K(xn)

= k(Xp1) — x(2) (3.16)
<inf{x(u) :ueF(x,)} —k(2) +%
1

<—.
=on



So that 6,6 (F(x,)) = 0as n — oo, for all A > 0. Since X7 ; be a complete modular G-metric
space, N2, F(x,) = {x}. Since the intersection is a singleton set, we proceed as
follows. Now, xq € Flx,) implies that F{xo) C F(x,) for n > 1, we get F(xo) = {xo}, so
that for all 2 > 0, k(%) < x(x) + yof(x,x,%) on X7 :\{x0}. Again, the inequality
K(x0) < k(x) + yw§ (x,x,%) hold on X,¢\X"; since for z¢ X", for all 2 > 0, we have
k(y) —yw$(z,5,¥) < k(z) and thus, together with the fact that x, € X ! we have

k(x0) <k(y) — ya§ (x0,,5)

SK(y) - ya)%c(z,y,y) - ya)%c(xo,z,z)

(3.17)
<k(y) — yof (z,3,5) — yof (x0,2,2)
< Kk(2) — yo$(x0,2,2).
We are now at home since for all 2 > 0, k(%) < k(2) — yw$ (%, 2,2). O

Theorem 3.5. Let ° be a modular G-metric on X, and X, ¢, Y,c are complete modular
G-metric spaces. Let T : X, c — X ¢ be an arbitrary self mapping. Suppose that there exists a
closed mapping L : X,c— Yoo, and «: L(X,c) > R"U{co} be a lower semicontinuous
Sunction on X ., which is bounded from below, and for every y > 0, there exists x € X, such

that % (x, Tx, Tx) <x(Lx) — x(LTx), (3.18)

wa(Lx,LTmLTx) <k(Lx) — x(LTx), 3.19)

Jor all A > 0. Then, T has a fixed point in Xc.

Proof. For any x€X,, put Tx = y and let F(x) = {y€X,c: of(x,3,5) <x(x)

—k(Ly) and wa(Lx,Ly,Ly) <k(Lx)—x(Ly) ¥V A >0} and nx) = inf{x(ly) : y € F)}.
Since x € F(x), therefore, F{x) # @ and 0 < (x) < x(Lx). Let x € X, ¢ be an arbitrary point. Now,
we construct a sequence {x,},,; in X,¢ as follows. Let x = x; and when 3, x5, .. ., x,, have
been chosen, choose x,,, 1 € F(x) such that x(Lx,,11) <n(x,) + % for all # € N. By the process
above, we get a sequence {x, },; satisfying the conditions.

a)f(xn, Xn+1s xn+1) S K(xn) - K(Lx¢1+l)7 (320)
y @S (L, Liyy, Ly s1) <x(L,) — k(Lxyin), (3.21)
and
1
K(an+1) - g < ﬂ(xn) < K(anJrl)y (322)

for all € N and 4 > 0. Then from inequalities, (3.20), (3.21), {«x(Lx,)},, is a nonincreasing
sequence in R, and it is bounded blow by zero. So, the sequence {x(Lx,)},,; is @ modular
G-convergent and converges to a real number § > 0 (say). By inequality (3.22), we get

B = lim(Lx,) = limp(x,) (323)

Now, let € N be arbitrary, from inequalities (3.20),(3.21) and (3.23), there exits at least a
positive number N}, such that x(Lx,) < g+ 2—1,, for all # > N,. Since x(Lx,,) is monotone for
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AJMS m>n> N, we get f <w(Lx,) <k(Lx,) <+ 3 for m > n > Nj. It follows that
28,2 1
k(Lx,) — k(Lxy) < o for all m>n>N,. (3.24)

Without loss of generality, suppose that # > n and m, n € N. From inequalities (3.20) and
(3.21), we get

212
0)64 (%ns Xn1s 1) k(L) — k(L) (3.25)
0% (L Ly, L) k(L) — (L), for — a >0, (3.26)
or since —4->4 we have
a’;f (% X1y X)) S k(L) — k(Libg ), (3.27)
w%G (Lxy, L1, Loy 1) <x(Lxy) — x(Lxyyq), for % > 0. (3.28)

Suppose that 7,7 € Nand m > n € N. Using rectangle inequality repeatedly, i.e. condition 5
of Definition (2.1), we have

G G G G
w,; (xna xnuxm) < a)L(xmfolyanrl) + wﬁ(xwrla Xnt2, xn+2) + wﬁ(xwr% Xn+3, xn+3)

m—n

G G
+w’; (xn+37xn+4axn+4) + e+ wﬁ(xmflvxmvxm)

m—n

G G G

S w,i (xna Xn+1y xn+1) + w% (xn+17xn+2a xn+2) + w% (xn+Za Xn+3, x¢1+3)
G G

+ w; (xn+37xn+4: x11+4) +--t o (xm—hxrmxm)
n n

<k(Lxy) — k(Lxys) + k(Lxyin) — k(Lvpys) + - - + k(Lamer) — k(L)

= K(an) — K(Lxm)7
(3.29)

for all m > n > N, for some N, € N. Then by inequality (3.24), we have

WS (X Xy ) < (3.30)

2_k’
for all m, [, n > N, for some N, € N, so that by condition (2) of proposition 2.1, we have

@5 (X, Xmy 27) < wg (Xns Xy X)) + wg (X7, Xons X)), (3:31)

so that
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4
2

lim a)f(xn,xm,xl) < lim @f (2, Xy ) —i—llim 0]

nm,l—oo ngm—oo 2 M—00

(xh Xoms xm)

: G ; G
S hm wg (xn7x1n7xm) +l;'14%m a)g (xlvxmaxm)
M—00

n,m—>00

332
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Thus, as £ — oo, we have

im @ (x,, 2, %) = 0. (333

n,m,l—oco0

Therefore, we can say straightaway that {x,},.y is modular G-Cauchy sequence in X,c.
Again, using the same procedure, we get

G G G
]/Cl)l (Lxm Lxm»Lxm) < J/wﬁ(LXn,anH’anﬂ) + ywﬁ (Lx;1+laan+Za an+2)
G G
+ ya)ﬁ(LxHZ,Lx,Hg,Lx%g) + J’wﬁ([fxm?nan+4;an+4)
G
+ -+ ywﬁ(llxm—hllx;mllxm)

S ng (ana an+17L-xn+1) + ng (an+17Lx7l+2’ an+2)

34
o 10f Lz, L, Linas) + 70§ (Lo, Lysa, L) O3

+ -+ ng(Lx,n_l,Lx,n,Lxm)
k(L) = k(Lapir) + k(L) — k(Lo 12)
+ -+ k(L) — k(L)
= k(Lx,) — k(Lx),
for all m > n > N, for some N, € N. Then by inequality (3.24), we have

1

o 3.35)

y@$ (Lxy, L, L) <

for all m, [, n > N, for some N, € N, so that by condition (2) of proposition 2.1, we have

Y@ (L, Ly, Lxy) < ya)g (L, Ly, L)) + yw%G (Lxy, Lx,, L), (3.36)

so that
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lim yo; O (Lx,, Lx,,, Lx;) < lim ro; (Laty, Ly, Ly, + lim Yo C(Lay, Lx,,, Lx,,)

n,m,]—o0 n,m—00 M—00

< lim yo%(Lx,, Lx,,, Lx,,) —|— hm  y@; C(Lay, Lx,, Lx,,)

71 m—00

3.37)

Thus, as £ — oo, we have

lim yw); (L, Lx,, Lxy) = 0. (3.38)

nmJ]—oo

Therefore, we can say straightaway that {Lx, } . is modular G-Cauchy sequence in Y,¢. The
completeness of (X,,, ©°) and (Y,,, ®°) implies that for any 2 >0, lim @8 (%, Xy 1) = 0, Le.

nMm—c0
for any € > 0, there exists 7, € N such that @} C (%, X, 1) < €for all n,m € N and n, m > ny,
which implies that limx, - # € X ¢ as #n — oo and for any 1 > 0, hm X C(Lxy, Lxy,v) = 0,

n—oo
Le. for any e > 0, there exists 7, € N such that o¢(Lx,, Lx,,,v) < e for all n,m € N and 7,
m > ng, which implies that limLx, — v € X ¢ as #n — oo. The fact that L is closed mapping

implies that L« = v. But x : X, — R"U{ o0} is a lower semicontinuous function on X, using
inequality (3.29), we get
k(v) = x(Lu) < lim inf(k(Lx,,))

m— 00

< liminf(k(Lx,) — @ (X, X X)) (3.39)

m—00

= k(Lx,) — @S (%, u, )

Thus, we have that @$ (x,, #, u) <x(Lx,) — k(Lu) for all A > 0. Again, using inequality, (3.34),
we have

k(v) = k(Lu) < lim inf(k(Lx,,))

m—oo

< liminf(x(Lx,) — wa (L, Ly, L)) (3.40)
= k(Lx,) — ya§ (Lx,, u,u)

Thus, we have that ya$(Lx,, u,u) < x(Lx,) — x(Lu) for all A > 0. So that € Flx,) for all
n € N, and hence, 7(x,,) < x(Lu). So by inequality (3.23), we get # < x(Lu). Meanwhile, by lower
semicontinuity of x and inequality (3.23), we have «x(v) = x(Lu) sf}im inf x(x,) = .
Therefore, x(Lu) = . By Proposition 3.3, we have that x # « = x & F(u) and Proposition
34 fory ¢ X’ ;. From inequalities (3.18), (3.19), we know that LTu € F(u), such u € Fu). For
nenN, we have



@6 (X, Tt, Tut) < w0 (%, 2, 10) + wg(u, Tu, Tu)

IA

G
g
2
@6 (%, 1) + S (u, Tu, Tu)
<k(Lx,) — x(Lu) + x(Lu) — k(LTu)
= k(Lx,) — x(LTu).

(341)

Thus, LTu € Flx,), and this implies that n(Lx,,) < x(LTu). Hence, we obtain g < x(LTu). From
inequalities (3.18), (3.19), we get x(LTu) < x(Lu). As x(Lu) = p, we have
k(Lu) = p < k(L Tu) < x(Lu). Therefore, k(L Tu) = x(Lu). Then from inequality (3.18) and
(3.19), we get @%(u, Tu, Tu) <x(Lu) —x(LTu) = k(Lu) —k(Lu) = 0. Thus, Tu = u.
Therefore, T has a fixed point in X, . O

Theorem 3.6. Let o° be a modular G-metric on X, and X, ¢, Y,c are complete modular
G-metric spaces. Let T : X c — X, be an arbitrary self-mapping for some positive integer
m > 1. Suppose that there exists a closed mapping L : X ¢ — Y ¢ for each integer m > 1, and

W w”

k: L(X,6) = RTU{oo} be a lower semicontinuous function on Xz, which is bounded from

@

below, and for every y > 0, there exists x € X ¢ such that
a)f (%, T"x, T"x) <k(L"x) — (L T"x), (342)

ya)f(LWlx7L}ﬂTWlx7 L}ﬂTﬂlx) SK(me) _ ,<(L?7’17"17'l.x.)7 (343)

Jor all A > 0. Then, T has a fixed point in X, for some positive integer m > 1.

Proof. By Theorem 3.5, 7" has a fixed point say # € X, for some positive integer m > 1,
by using inequalities (3.42) and (3.43) for some positive integer m > 1. Now
T™(Tu) = T"u = T(T"u) = Tu, so Tu is a fixed point of 7. Thus, we have Tu = u.
Therefore, « is a fixed point of 7. because fixed point of 7is also fixed point of 7" for some
positive integer m > 1. O

Remark 3.3. The results of Theorem 3.6 improve and generalize several known results in
the literature, including the vesults of Mutlu et al. [1].

4 . Conclusion and future work

All fixed-point results obtained in this paper do not require the uniqueness of the fixed point of
mappings under consideration. As a future direction of study, it will be of interest to prove some
new fixed-point results for the nonunique fixed-point theorems established in this paper. More
precisely, geometric properties of the set Fix(T) can be investigated as a future problem for a
self-mapping 7" on a modular G-metric space in the case of nonunique fixed point.
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