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Abstract

Purpose – In this paper, we consider the Heisenberg groups which play a crucial role in both geometry and
theoretical physics.
Design/methodology/approach – In the first part, we retrieve the geometry of left-invariant Randers
metrics on the Heisenberg group H2nþ1, of dimension 2n þ 1. Considering a left-invariant Randers metric, we
give the Levi-Civita connection, curvature tensor, Ricci tensor and scalar curvature and show the Heisenberg
groups H2nþ1 have constant negative scalar curvature.
Findings – In the second part, we present our main results. We show that the Heisenberg groupH2nþ1 cannot
admit Randers metric of Berwald and Ricci-quadratic Douglas types. Finally, the flag curvature of Z-Randers
metrics in some special directions is obtainedwhich shows that there exist flags of strictly negative and strictly
positive curvatures.
Originality/value – In this work, we present complete Reimannian geometry of left invarint-metrics on
Heisenberg groups. Also, some geometric properties of left-invarainat Randers metrics will be studied.

Keywords Heisenberg group, Randers metrics, Flag curvature

Paper type Research paper

1. Introduction
Research into left-invariant Riemannianmetrics on Lie groups is an active subject of research
and this topic is mentioned among many author’s works so far. The curvature properties of
such metrics on various kinds of Lie groups are mainly investigated in classical works of
Milnor (see [1]).

Randers metrics as a special case of Finsler metrics are constructed by Riemannian
metrics and vector fields. Similar to the Riemannian case, the notion of left-invariant Randers
metrics on a Lie group G is defined, and the geometry of such spaces is part of many author’s
interest topic. A general study of Berwald-type Randers metric on two-step homogeneous
nilmanifolds of dimension five is done in [2]. Also, curvature properties of Douglas-type
Randers metrics on five dimensional two-step homogeneous nilmanifolds can be found in [3].

The Heisenberg groups play a crucial role in theoretical physics, and they are well
understood from the viewpoint of sub-Riemannian geometry. These groups arise in the
description of one-dimensional quantum mechanical systems. More generally, one can
consider Heisenberg groups associated to n-dimensional systems, and most generally, to any
symplectic vector space.

In this study, we develop the results of [4] for a special case of five-dimensional Heisenberg
group by investigating the geometry of left-invariant Randersmetrics on the Heisenberg group
H2nþ1, of dimension 2nþ 1 [5]. Considering a left-invariant Randers metric, we give the Levi–
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Civita connection, curvature tensor, Ricci tensor and scalar curvature and show theHeisenberg
groups H2nþ1 have constant negative scalar curvature. Also, we show the Heisenberg group
H2nþ1 cannot admit Randers metric of Berwald and Ricci-quadratic Douglas types. Finally, the
flag curvature of Z-Randers metrics in some special directions is obtained.

2. Preliminaries
In this section, we summarize the main concepts and definitions that are needed in this paper.

Definition 1. A (semi-)Riemannian metric g on a Lie group G is said to be left-invariant if

L*aðgÞ ¼ g, for all a ∈ G.

It is well-known that there is a bijective correspondence between left-invariant metrics on a
Lie group G, and inner products on its associated Lie algebra g ¼ TeG. So, the geometry of a
left-invariant metric on a Lie group G can be recovered from the geometry of its associated
inner product space g ¼ TeG. For instance, let G be a Lie group with a left-invariant metric g
then the Koszul formula on U ;V ;W ∈ g is given by

2h∇UV ;W i ¼ h½U ;V �;W i � h½V ;W �;Ui þ h½W ;U �;V i;

where, 〈., .〉 denotes the induced inner product on g by g.
The rest of this section is devoted to remind some basic notions on Finsler geometry and in

particular to developing the definition 1 for Finsler manifolds.
A Finsler metric on a manifold M is a function F: TM → [0, ∞) with the following

properties:

(1) Regularity: F is smooth on the entire slit tangent bundle TM\{0}.

(2) Positive homogeneity: F(x, λy) 5 λF(x, y) for all λ > 0.

(3) Strong convexity: The n 3 n Hessian matrix

½gij� ¼
"
1

2

v2F2

vyivyj

#

is positive definite at every point (x, y) ∈ TM\{0}.
The Finsler geometry counterpart of the Riemannian sectional curvature is the notion of

flag curvature. The flag curvature is defined as follows:

KðP;Y Þ ¼ gY ðRðX ;Y ÞY ;XÞ
gY ðY ;Y ÞgY ðX ;XÞ � g2Y ðY ;XÞ

where,

gY ðX ; ZÞ ¼ 1

2

v2

vsvt
js¼t¼0F

2ðY þ sX þ tZ Þ;

is the osculating Riemannian metric, P5 span{X, Y}, R(X, Y)(Z)5∇X∇YZ�∇Y∇XZ�∇[X,Y]

Z and ∇ is the Chern-Rund connection induced by F on the pull-back bundle π*TM (see [6]).
A special case of Finsler metrics are Randers metrics which are constructed by

Riemannianmetrics and vector fields (1-forms). In fact, for a Riemannianmetric g and a vector
field X onM such that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðX ;XÞp

< 1, the Randers metric F, defined by g and X, is a Finsler
metric as follows:
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Fðx; yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðy; yÞ

p
þ gðXðxÞ; yÞ ∀x∈M ; y∈TxM : (1)

Now, we are prepared to generalize the definition 1 for Finsler manifolds.

Definition 2. A Finsler metric F on a Lie group G is said to be left-invariant if

Fða; vÞ ¼ Fðe;L*
a−1
ðvÞÞ ∀a∈G; v∈TaG;

where e is the unit element of G.

A Randers metric of the form (1) is called of Berwald type if and only if the vector field X is
parallel with respect to Levi–Civita connection of g. It is well-known that in such metrics the
Chern-Rund connection of Randers metric F coincides with the Levi–Civita connection of g.
Also, if for a Randers metric of the form (1) the 1-form g(X, .) is closed, then the Randers metric
is said to be of Douglas type. In the case thatM5G is a Lie group, one can easily check that a
left-invariant Randers metric on G with underlying left-invariant Riemannian metric is of
Douglas type if and only if its underlying vector field Q satisfies the following equation

< ½U ;V �;Q >¼ 0; ∀U ;V ∈ g ¼ TeG:

Suppose thatG is a Lie group, g andU are left-invariant Riemannianmetric and left-invariant

vector field on G, respectively, such that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðU ;UÞp

< 1. Then Formula (1) defines a left-
invariant Randers metric on G. In fact, one can easily check that there is a bijective
correspondence between left-invariant Randers metrics on a Lie groupGwith the underlying
Riemannian metric g and the left-invariant-vector fields with length <1. Therefore, the
invariant Randers metrics are one-to-one corresponding to the set (see [2], Proposition 3.1)

fU ∈ gj < U ;U >< 1g:
Suppose that G is a Lie group with a left-invariant Randers metric F which is defined by a
U ∈ g, then the S-curvature is given by

Sðe; vÞ ¼ nþ 1

2

h½U ; v�; hv;UiU � vi
Fðe; vÞ � h½U ; v�;Ui

� �
;

and the Randers metric has vanishing S-curvature if and only if the linear endomorphism
ad(U) of g is skew symmetric with respect to the inner product 〈., .〉 on the Lie algebra g. (See
[7] Proposition 7.5).

3. Geometry of Heisenberg groups
In this section, we investigate the Riemannian geometry of left-invariant metrics on the
Heisenberg group H2nþ1, of dimension 2n þ 1.

The Heisenberg group H2nþ1 is defined on the base manifold R2n 3R by multiplication

ðx; λÞ:ðy; μÞ ¼ ðxþ y; λþ μþ ωðx; yÞÞ;

where ω denotes the standard symplectic form on R2n. Its associated Lie algebra H2nþ1 is

H2nþ1 ¼ R2n
⊕R ¼ fðx; λÞjx∈R2n; λ∈Rg;

with the following Lie bracket

½ðx; λÞ; ðy; μÞ� ¼ ð0;ωðx; yÞÞ: (2)
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The center ofH2nþ1 is one-dimensional, hence the Heisenberg group is 2-step nilpotent. In the
other hand, every 2-step nilpotent Lie group of odd dimension with a one-dimensional center
is locally isomorphic to the Heisenberg group H2nþ1.

Following [8], any positive definite inner product on H2nþ1 is given by the following
theorem. For σ1 ≥� � � σn ≥ 1 and σ 5 (σ1, . . ., σn) denote

DnðσÞ ¼ diagðσ1; σ1; . . . ; σn; σnÞ:

Theorem 1. [8]Any positive definite inner product onH2nþ1, up to the automorphism of Lie
algebra (i.e. in some basis ofH2nþ1 such that the commutators are given by (2)) is represented by
the matrix

Dn−1ðσÞ 0
0 S

� �

where S 5 diag(1, 1, λ), λ > 0.

Wehave already observed above that every positive definite inner product on the Heisenberg
algebraH2nþ1 with the commutator specified in (2) has a diagonal representation. According
to theorem 1, we calculate the geometry of a left-invariant metric on the Heisenberg
group H2nþ1.

Let β 5 {u1, v1, . . ., un, vn, z} is a basis of H2nþ1 with non-zero commutators

½ui; vi� ¼ z; i ¼ 1; . . . ; n;

which is a special form of the Lie bracket given by (2). Suppose that

U1;V1; . . . ;Un;Vn; Z

denote the corresponding left-invariant vector fields on H2nþ1. Fix a Riemannian metric g on
the Heisenberg groupH2nþ1 and denote σn5 1. Then the Levi–Civita connection of g is given
by the following theorem.

Theorem 2. The Levi–Civita connection ∇ of the left-invariant metric g, satisfies the
following equations.

∇Ui
Vi ¼ 1

2
Z ; ∇Vi

Ui ¼ −
1

2
Z ;

∇Ui
Z ¼ −

λ

2σi
Vi; ∇ZUi ¼ −

λ

2σi
Vi;

∇Vi
Z ¼ λ

2σi

Ui; ∇ZVi ¼ λ

2σi

Ui:

Proof. Straightforward computations using Koszul’s formula, show the above relations, for
example we compute the first formula. We have,

2h∇Ui
Vi;Uji ¼ h½Ui;Vi�;Uji � h½Vi;Uj�;Uii þ h½Uj;Ui�;Vii ¼ 0;

2h∇Ui
Vi;Vji ¼ h½Ui;Vi�;Vji � h½Vi;Vj�;Uii þ h½Vj;Ui�;Vii ¼ 0;

2h∇Ui
Vi; Zi ¼ h½Ui;Vi�; Zi � h½Vi; Z �;Uii þ h½Z ;Ui�;Vii ¼ hZ ; Zi ¼ λ:
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Hence, ∇Ui
Vi ¼ 1

2 Z .

Theorem 3. The Riemannian curvature tensor of ∇, denoted by R, satisfies the following
relations.

RðUi;UkÞUk ¼ 0; RðUi;VkÞVk ¼ −
3λ

4σk

δikUk; RðUi; ZÞZ ¼ λ2

4σ2i
Ui;

RðVi;UkÞUk ¼ −
3λ

4σk

δikVk; RðVi;VkÞVk ¼ 0; RðVi; ZÞZ ¼ λ2

4σ2i
Vi;

RðZ ;UkÞUk ¼ λ

4σk

Z ; RðZ ;VkÞVk ¼ λ

4σk
Z ;

where δij is the Kronecker delta.

Proof. Routine computations show these results. For example we compute the second
formula. One can write,

RðUi;VkÞVk ¼ ∇Ui
∇Vk

Vk � ∇Vk
∇Ui

Vk � ∇½Ui ;Vk�Vk

¼ −δik

�
1

2
∇Vk

Z þ ∇ZVk

�
¼ −

3λ

4σk

δikUk:

Theorem4. The Ricci curvature tensor of∇, denoted byRic, satisfies the following relations.

RicðUi;UjÞ ¼ −
λδij
2σi

;

RicðVi;VjÞ ¼ −
λδij
2σi

;

RicðZ ; ZÞ ¼ λ2

2

Xn

k¼1

1

σ2k
:

Proof. It is straightforward to check these results. For instance, we can write:

RicðVi;VjÞ ¼ 1

λ
hRðVi; ZÞZ ;Vji þ

Xn

k¼1

1

σk

hRðVi;UkÞUk;Vji

¼ 1

λ
h λ

2

4σ2
i

Vi;Vji þ
Xn

k¼1

1

σk

h� 3λ

4σk

δikVk;Vji

¼ λ

4σ2
i

hVi;Vji � 3λ

4σ2
i

hVi;Vji

¼ −
λ

2σ2
i

hVi;Vji ¼ −
λ

2σ2i
δijσi ¼ −

λδij
2σi

:
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Remark. The above computations indicate that H2nþ1 neither cannot be Einstein nor the
metric is conformally flat. The next theorem shows that the Heisenberg groups H2nþ1 have
constant negative scalar curvature.

Theorem 5. The scalar curvature of ∇, denoted by R, is given by the following formula.

R ¼ −
λ

2

Xn

i¼1

1

σ2
i

:

Proof. We have,

R ¼ 1

λ
RicðZ ; ZÞ þ

Xn

i¼1

1

σi
RicðUi;UiÞ þ

Xn

i¼1

1

σi

RicðVi;ViÞ

¼
Xn

i¼1

λ

2

1

σ2i
� λ

2

1

σ2i
� λ

2

1

σ2
i

¼ −
λ

2

Xn

i¼1

1

σ2
:

4. Main results
In this section, our main results will be stated.

Theorem 6. There is not any left-invariant Randers metric of Berwald type on the
Heisenberg group H2nþ1.

Proof. Asmentioned before, a left-invariant Randersmetric on Lie groupG is constructed
by a left-invariant vector field with length <1. In the other hand, by definition a Randers
metric is Berwald type if and only if the vector field is parallel with respect to the Levi-Civita
connection. Suppose that Q is a left-invariant vector field on H2nþ1 which is parallel with
respect to the Levi-Civita connection. This implies that for all U ∈H2nþ1 we have ∇UQ5 0.
Let

Q ¼ aZ þ
Xn

i¼1

aiUi þ biVi;

then the relations in theorem 2 show that a5 ai5 bi5 0 for 1≤ i≤ n, which is a contradiction.

Note that a Finsler metric is said to be Ricci-quadratic if its Ricci curvature Ric(x, y) is
quadratic with respect to y.

Corollary 1. There is not any left-invariant Randers metric of Douglas type on the
Heisenberg group H2nþ1 which is Ricci-quadratic.

Proof. It is worth mentioning that there is a bijective correspondence between left-
invariant Randers metric of Douglas type on H2nþ1 and the set fU ∈H2nþ1j < U ;U >< 1;
< U ; Z >¼ 0g. Suppose that Q ¼ Pn

i¼1aiUi þ biVi is a left-invariant vector field such
that
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Fða; vÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðv; vÞ

p
þ gðQðaÞ; vÞ;

is a left-invariant Randers-Douglas metric on H2nþ1, and F is Ricci-quadratic. Then by
([7], Theorem 7.9) F is Berwald type. But the relations in theorem 2 show thatQ5 0, which
is a contradiction.

We recall that a naturally reductive homogeneous space is a reductive homogeneous
Riemannian manifold M ¼ G

H
with a decomposition g ¼ hþm, that satisfies

h½X ;Y �m; Zi ¼ −hY ; ½X ; Z �mi; X ;Y ; Z ∈m:

Moreover, when H 5 {e}, then m ¼ g and the above condition can be rewrite as follows:

h½X ;Y �; Zi þ hY ; ½X ; Z �i ¼ 0; X ;Y ; Z ∈ g:

Now we are able to prove the following result.

Corollary 2. Randers Heisenberg group H2nþ1 of dimension 2n þ 1 is never naturally
reductive.

Proof. Suppose, conversely, that a Randers metric F on H2nþ1 is naturally reductive.
Then by theorem 4.1 in [9] the underling Riemannian metric is naturally reductive and we
have

h½U ;V �;W i þ hV ; ½U ;W �i ¼ 0; U ;V ;W ∈H2nþ1:

If we replace (U, V, W) by (U1, V1, Z), then we have the contradiction λ 5 0.
As we observed in theorem 6, the Heisenberg group H2nþ1 cannot admit left-invariant

Randers metric of Berwald type. A special family of non-Berwald left-invariant Randers
metrics which give us a geometric relationship between the Lie algebra H2nþ1 and the
Randers metrics are Z-Randers metrics. We say a left-invariant Randers metric

Fða; vÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðv; vÞ

p
þ gðQðaÞ; vÞ; (3)

onH2nþ1 is a Z-Randersmetric if and only ifQ∈ span < Z> . In fact, the conditionQ∈ span <
Z > guarantees that the Randers metric is not Berwald.

A homogeneous Finsler space (M,F) is said to be a geodesic orbit space if every geodesic in
M is an orbit of 1-parameter group of isometries. More details on such spaces can be found
in [10].

Theorem 7. All Douglas Heisenberg groups H2nþ1 are not geodesic orbit spaces. The only
Randers metrics on Heisenberg group H2nþ1 which could be geodesic orbit are Z-Randers
metric.

Proof. Suppose that Q ¼ Pn
i¼1aiUi þ biVi is a left-invariant vector field such that

Fða; vÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðv; vÞ

p
þ gðQðaÞ; vÞ;

is a left-invariant Randers-Douglas metric on H2nþ1. If (H2nþ1, F) is a geodesic orbit Finsler
space, then by Corollary 5.3 of [10], the S-curvature vanishes which means ad(Q) is a skew
symmetric on the H2nþ1. But we have

½Q;Ui� ¼ −biZ ; ½Q;Vi� ¼ aiZ ; ½Q; Z � ¼ 0:
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So, ad(Q) is skew symmetric if and only if ai 5 bi 5 0 for 1 ≤ i ≤ n, which is a
contradiction.

Now, let Fða; vÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðv; vÞp þ gðQðaÞ; vÞ is a left-invariant Randers metric onH2nþ1 with

Q ¼ aZ þPn
i¼1aiUi þ biVi. If (H2nþ1, F) is a geodesic orbit Finsler space, then a similar

argument applied to ad(Q) derives the assertion.
Recall that a connected Finsler space (M, F) is said to be a weakly symmetric space if for

every two points p and q inM there exists an isometry f in the complete group of isometries
I(M, F) such thatf (p)5 q. Aweakly symmetric Finsler spacemust be a geodesic orbit Finsler
space by theorem 6.3 in [7].

Corollary 3. All Douglas Heisenberg groups H2nþ1 are never weakly symmetric spaces.

In the rest of this section, we will restrict our attention to the geometry of Z-Randers metrics
on the Heisenberg group H2nþ1.

Theorem8. For every Z-Randersmetric on the Heisenberg groupH2nþ1 the flag curvature of
the Chern-Rund connection with flag pole W ¼ 1ffiffi

λ
p Z is given by the following equation.

KðΠ;W Þ ¼ KðΠÞ ¼ λ

4

Pn

i¼1

ða2
i
þb2

i
Þ

σiPn

i¼1ða2i þ b2i Þσi
;

where, Π 5 span{U, W} and U ¼ Pn

i¼1aiUi þ biVi.

Proof. Suppose that Fða; vÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðv; vÞp þ gðQðaÞ; vÞ is a Z-Randers metric on H2nþ1

with Q ¼ ξW ¼ ξffiffi
λ

p Z for a real number 0 < ξ < 1. Using the method described in ([11],

Theorem 3.10) which is applied in [12] (for a special frame, namely, Berwald-Moor frame), we
calculate the osculating metric and the Chern-Rund connection directly. One can easily check
the following relations.

hUi;UjiW ¼ ð1þ ξÞδijσi; hVi;VjiW ¼ ð1þ ξÞδijσi;
hUi;VjiW ¼ 0; hUi;W iW ¼ 0;

hVi;W iW ¼ 0; hW ;W iW ¼ ð1þ ξÞ2:

The local components of the Chern-Rund connection associated to the osculatingmetric 〈.,.〉W
with respect to the basis fUi;Vi;Wgni¼1 which is denoted by ∇ are given by the following
formulas.

∇Ui
Vi ¼

ffiffiffi
λ

p

2
W ; ∇Vi

Ui ¼ −

ffiffiffi
λ

p

2
W ;

∇Ui
W ¼ −

ffiffiffi
λ

p

2σi
ð1þ ξÞVi; ∇WUi ¼ −

ffiffiffi
λ

p

2σi

ð1þ ξÞVi;

∇Vi
W ¼

ffiffiffi
λ

p

2σi

ð1þ ξÞUi; ∇WVi ¼
ffiffiffi
λ

p

2σi
ð1þ ξÞUi:

According to the above relations, for the Riemannian curvature of the Chern-Rund connection

∇ denoted by R, we have
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RðUi;W ÞðW Þ ¼ λ

4σ2
i

ð1þ ξÞ2Ui; RðVi;W ÞðW Þ ¼ λ

4σ2
i

ð1þ ξÞ2Vi:

Applying the above computations, we find that

KðΠ;W Þ ¼ hRðUi;W ÞW ;UiiW
hW ;W iW hUi;UiiW � hW ;Uii2W

¼ λ

4σ2
i

;

KðP;W Þ ¼ hRðVi;W ÞW ;ViiW
hW ;W iW hVi;ViiW � hW ;Vii2W

¼ λ

4σ2i
;

where,Π5 span{Ui,W} and P5 span{Vi,W}. Now, letU ¼ Pn

i¼1aiUi þ biVi andΠ5 span
{U, W}, then easy calculations show

KðΠ;W Þ ¼ KðΠÞ ¼ λ

4

Pn

i¼1

ða2
i
þb2

i
Þ

σiPn

i¼1ða2i þ b
2
i Þσi

:

The above theorem shows that the flag curvature of every Z-Randers metric on the
Heisenberg group H2nþ1 with flag pole W ¼ 1ffiffi

λ
p Z is strictly positive.

Theorem 9. For every Z-Randers metric on the Heisenberg group H2nþ1 the flag
curvature of the Chern-Rund connection with flag pole W 5 U1 is given by the following
equations.

KðΠ;W Þ ¼ ξ2λ

4σ2
;

KðP;W Þ ¼ λ2ð1þ ξ2Þ2
4σ21λð1þ ξ2ð1� σ21ÞÞ

;

where, Π 5 span{U2, W} and P 5 span{Z, W}.

Proof. Suppose that Fða; vÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðv; vÞp þ gðQðaÞ; vÞ is a Z-Randers metric on H2nþ1

withQ ¼ ξffiffi
λ

p Z for a real number 0 < ξ< 1. IfW5U1 then, one can easily check the following

relations.

hUi;UjiW ¼ δijσi; hVi;VjiW ¼ δijσi;

hUi;VjiW ¼ 0; hUi; ZiW ¼ ξ
ffiffiffi
λ

p
δ1iσi;

hVi; ZiW ¼ 0; hZ ; ZiW ¼ λð1þ ξ2Þ:

The local components of the Chern-Rund connection associated to the osculatingmetric 〈.,.〉W
with respect to the basis fUi;Vi; Zgni¼1 which is denoted by ∇ are given by the following
formulas.
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∇Ui
Vj ¼ 1

2
δijZ þ ξ

ffiffiffi
λ

p

2

Xn

k¼1

�
δijδ1k þ δ1iδjk

σi
σk

�
Uk ¼ δijZ þ ∇Vj

Ui;

∇Ui
Uj ¼ −

ξ
ffiffiffi
λ

p

2

Xn

k¼1

�
δ1iδjk

σi

σk
þ δ1jδik

σj

σk

�
Vk ¼ ∇Uj

Ui;

∇Ui
Z ¼ −

λ

2σi
ð1þ ξ2ÞVi ¼ ∇ZUi;

∇Vi
Z ¼ λ

2σi

ð1þ ξ2ÞUi ¼ ∇ZVi;

According to the above relations, for the Riemannian curvature of the Chern-Rund connection

∇ denoted by R, we have

RðU2;W ÞðW Þ ¼ ξ2λ

4

σ1

σ2

U2;

RðZ ;W ÞðW Þ ¼ λ

4σ1

ð1þ ξ2ÞZ :

Applying the above computations, we find that

KðΠ;W Þ ¼ hRðU2;W ÞW ;U2iW
hW ;W iW hU2;U2iW � hW ;U2i2W

¼ ξ2λ

4σ2
;

KðP;W Þ ¼ hRðZ ;W ÞW ; ZiW
hW ;W iW hZ ; ZiW � hW ; Zi2W

¼ λ2ð1þ ξ2Þ2
4σ21λð1þ ξ2ð1� σ2

1ÞÞ
;

where, Π 5 span{U2, W} and P 5 span{Z, W}.

Remark 1. Considering some special cases of ξ and σ1, the above theorem shows that there
exist flags of strictly negative and strictly positive curvatures on Heisenberg groups.

5. Conclusion
In this paper, we investigated the geometry of left-invariant Randers metrics on the
Heisenberg group H2nþ1, of dimension 2n þ 1. We determined the Levi-Civita connection,
curvature tensor, Ricci tensor and scalar curvature of a left-invariant metric on H2nþ1 and
showed the Heisenberg groups H2nþ1 have constant negative scalar curvature. Other
geometric properties of such spaces are investigated. Also, we showed the Heisenberg group
H2nþ1 cannot admit Randers metric of Berwald and Ricci-quadratic Douglas types. Finally,
by computing flag curvature it was shown that there exist flags of strictly negative and
strictly positive curvatures.

The question of whether the Heisenberg group H2nþ1 admits a Randers metric of general
Douglas type is not considered in this paper. Also, we have computed the flag curvature of a
special kind of Randers metric (namely Z-Randers metric) on H2nþ1 and giving an explicit
formula for computing flag curvature in the general case would be matter of another paper.
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