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Abstract
Hamming distance of a two bit strings u and v of length n is defined to be the number of positions of u and v
with different digit. If G is a simple graph on n vertices andm edges and B is an edge–vertex incidence matrix
of G, then every edge e of G can be labeled using a binary digit string of length n from the row of B which
corresponds to the edge e. We discuss Hamming distance of two different edges of the graph G. Then, we
present formulae for the sum of all Hamming distances between two different edges of G, particularly when G
is a path, a cycle, and a wheel, and some composite graphs.
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1. Introduction
Let Z2 ¼ f0; 1g. Notice that hZ2;þ2i is a group with binary operation addition modulo 2. A

bit string x of length n can be thought as an element of the set Z2 � Z2 � � � � � Z2
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{n

.

Moreover, the set Z2 � Z2 � � � � � Z2
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{n

with binary operation defined by

x�2 y ¼ ðx1þ2 y1; x2þ2 y2; . . . ; xnþ2 ynÞ
is a group. For a bit string x 2 Z2 � Z2 � � � � � Z2 the weight of x, denoted by wtðxÞ, is the
number of 1 contained in x. For two bit strings x; y 2 Z2 � Z2 � � � � � Z2 the Hamming
distance of x and y, denoted by Hdðx; yÞ, is the number of positions in x and y with different
digits. Hamming distance can also be defined byHdðx; yÞ ¼ wtðx�2 yÞ (Pless, 1998).

Let G(V,E) be a simple graph on n vertices and m edges with vertex set
V ¼ fv1; v2; . . . ; vng and edge set E ¼ fe1; e2; . . . ; emg . If the edge e ¼ fu; vg , we say that
the edge e incident to vertices u and v. Two edges ei and ej are adjacent if they have one end
vertex in common.
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An edge–vertex incidence matrix of a graphG is anm� nmatrix B ¼ ðbijÞ defined by

bij ¼ 1; if the edge ei incident to the vertex vj;
0; if the edge ei not incident to the vertex vj:

�

Notice that every row of the edge–vertex incidence matrix of G is a bit string of length n and
thus the edge–vertex incidence matrix contains m bit strings each of length n. For
i ¼ 1; 2; . . . ;m we define sðeiÞ ¼ Bði; :Þ where Bði; :Þ is the ith row of B. For each two
different edges ei and ej the Hamming distance between ei and ej is defined to be

HdðsðeiÞ; sðejÞÞ ¼ HdðBði; :Þ;Bðj; :ÞÞ ¼ wtðBði; :Þ�2 Bðj; :ÞÞ:

The sum of Hamming distances of a graphG, denoted byHðGÞ, is defined as

HðGÞ ¼
X

1� i<j �m

HdðsðeiÞ; sðejÞÞ

¼
X

1� i<j �m

HdðBði; :Þ;Bðj; :ÞÞ ¼
X

1� i<j �m

wtðBði; :Þ�2 Bðj; :ÞÞ:

The sum of Hamming distances is also called the Hamming index.
The notion of Hamming distance and sum of Hamming distances of edges of simple

graph G is initiated by Ramane et al. (2015). They discuss a general formula for Hamming
index of a graph and apply this formula to get the Hamming index of classes of regular
graph. Hamming distance and Hamming index of a graph can also be defined using the
adjacency matrix of the graph (Ganagi and Ramane, 2016). In this paper, we discuss
Hamming distance and sum of Hamming distances of simple graph with respect to its edge–
vertex incidence matrix. We especially discuss a way of finding the Hamming index of a
graph from the known Hamming index of its subgraph. We first present formulae for
Hamming index of some graphs consist of a path or a cycle as its subgraph. We then present
a formula for Hamming index of some composite graphs.

2. Necessary background
LetG be a graph with vertex setV ¼ fv1; v2; . . . ; vng and edge set E ¼ fe1; e2; . . . ; emg. For
each vertex vi the degree of vi, denoted by degðviÞ, is the number of edges in G that are

incident to vi. It is well known that
Xn

i¼1

degðviÞ ¼ 2m (Korte and Vygen, 2006).

We note that by definition, the Hamming index of a graph can be calculated using the
formulaHðGÞ ¼

X

1� i<j�m

wtðBði; :Þ�2 Bðj; :ÞÞ. Employing this formula, the Hamming index

of a certain graph can be determined using the following algorithm (Figure 1).
The following lemma, due to Ramane et al. (2015), presents a formula for Hamming

distance between two edges of a simple graph. We present a simpler proof than in
Ramane et al. (2015).

Lemma 2. LetG be a simple graph. Then

HdðsðeiÞ; sðejÞÞ ¼ 2; if ei adjacent to ej;
4; if ei not adjacent to ej:

�
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Proof. Since every edge of G is incident to exactly two vertices, then for each i ¼ 1; 2; . . . ;m,
we have wtðsðeiÞÞ ¼ 2: Let sðeiÞ ¼ x1x2x3 � � � xn and sðejÞ ¼ y1y2y3 � � � yn. If edge ei is
adjacent to ej, then there is a common vertex, say vk, of edges ei and ej. This implies
xk ¼ yk ¼ 1, and if t 6¼ k then xt ¼ yt ¼ 0 or xt 6¼ yt . Therefore, if the edge ei is adjacent to
the edge ej,

HdðsðeiÞ; sðejÞÞ ¼ wtðsðeiÞÞ þ wðsðejÞÞ � 2 ¼ 2:

If the edge ei is not adjacent to the edge ej, then there is no common vertex vk of ei and ej.
This implies for each t ¼ 1; 2; . . . ; n, xt ¼ yt ¼ 0 or xt 6¼ yt . Therefore, if the edge ei is not
adjacent to the edge ej, we have

HdðsðeiÞ; sðejÞÞ ¼ wtðsðeiÞÞ þ wðsðejÞÞ ¼ 4: (

Theorem 3. Let G a simple graph on m edges. If there are n(P) adjacent pairs of edges in G,
thenHðGÞ ¼ 2mðm� 1Þ � 2nðPÞ.
Proof. By Lemma 2 we have HðGÞ ¼ 2nðPÞ þ 4nðQÞ, where nðQÞ is the number of pairs of
non-adjacent edges in G. Since the graph G contains m edges, then we have
nðQÞ ¼ mðm� 1Þ=2� nðPÞ. Therefore,HðGÞ ¼ 2mðm� 1Þ � 2nðPÞ. h

Proposition 4. Let Pn a path on n � 3 vertices. ThenHðPnÞ ¼ 2ðn� 2Þ2.
Proof. Notice that EðPnÞ ¼ fei ¼ fvi; viþ1g : i ¼ 1; 2; . . . ; n� 1g. Therefore, there are
nðPÞ ¼ n� 2 pairs of adjacent edges ei and eiþ1. Since Pn has m ¼ n� 1 edges, then by
Theorem 3 we have

HðPnÞ ¼ 2mðm� 1Þ � 2nðPÞ ¼ 2ðn� 1Þðn� 2Þ � 2ðn� 2Þ ¼ 2ðn� 2Þ2: (

Proposition 5. Let Cn be a cycle on n vertices. ThenHðCnÞ ¼ 2nðn� 2Þ.
Proof. There are n pairs of adjacent edges ei and eiþ1 (we note that enþ1 ¼ e1),
i ¼ 1; 2; . . . ; n. Hence nðPÞ ¼ n. By Theorem 3 we have

HðCnÞ ¼ 2mðm� 1Þ � 2nðPÞ ¼ 2nðn� 1Þ � 2n ¼ 2nðn� 2Þ: (

Figure 1.
Algorithm for Sum of
Hamming Distances

Algorithm 1: Sum of Hamming Distances
Input: The edge-vertex incidence matrix B
Output: Sum of Hamming distances H_B(G)
H_B(G) = 0;
for i = 1 to m – 1 

for j = i + 1 to m
H_d(ij) = 2( ( ,:) ( ,:))wt B i B j⊕
H_B(G) = H_B(G) + H_d(ij)

end
end
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3. Main results
LetG be a graph and F be a subgraph ofG. We discuss the Hamming index of the graphG in
term of the Hamming index of its subgraph F. We note that

HðGÞ ¼
X

ei ;ej2EðGÞ
HdðsðeiÞ; sðejÞÞ

¼
X

ei ;ej2EðFÞ
HdðsðeiÞ; sðejÞÞ þ

X

ei2EðFÞ;ej 62EðFÞ
HdðsðeiÞ; sðejÞÞ þ

X

ei ;ej 62EðFÞ
HdðsðeiÞ; sðejÞÞ

¼ HðFÞ þ
X

ei2EðFÞ;ej 62EðFÞ
HdðsðeiÞ; sðejÞÞ þ

X

ei ;ej 62EðFÞ
HdðsðeiÞ; sðejÞÞ:

A fan F1;n is a graph on nþ 1 vertices and 2n� 1 edges, where its vertex set is
VðF1;nÞ ¼ fv1; v2; . . . ; vnþ1g and its edge set is

EðF1;nÞ ¼ ffvi; viþ1g : i ¼ 1; 2; . . . ; n� 1g [ ffvi; vnþ1g : i ¼ 1; 2; . . . ; ng:

Theorem 6. For a fan F1;n, we haveHðF1;nÞ ¼ 7n2 � 17nþ 12:fo

Proof. Notice that a fan F1;n contains the path Pn as its subgraph where VðPnÞ ¼
fv1; v2; . . . ; vng and EðPnÞ ¼ ffvi; viþ1g : i ¼ 1; 2; . . . ; n� 1g. From Proposition 4, we have
HðPnÞ ¼ 2ðn� 2Þ2 ¼ 2n2 � 8nþ 8:

There are nðn� 1Þ pairs of edges ei and ej for which ei 2 Pn and ej 62 Pn. Among them
there are 2ðn� 1Þ adjacent edges. This implies

X

ei2Pn;ej 62Pn
HdðsðeiÞ; sðejÞÞ ¼ 2ð2ðn� 1ÞÞ þ 4ðn2 � 3nþ 2Þ ¼ 4n2 � 8nþ 4:

There are nðn� 1Þ=2 pairs of edges ei and ej for which ei 62 Pn and ej 62 Pn. All of them are
adjacent pairs. This implies

X

ei 62Pn ;ej 62Pn
HdðsðeiÞ; sðejÞÞ ¼ 2ðnðn� 1Þ=2Þ ¼ n2 � n:

We now conclude that

HðF1;nÞ ¼ HðPnÞ þ
X

ei2Pn ;ej 62Pn
HdðsðeiÞ; sðejÞÞ þ

X

ei;ej 62Pn

HdðsðeiÞ; sðejÞÞ

¼ ð2n2 � 8nþ 8Þ þ ð4n2 � 8nþ 4Þ þ ðn2 � nÞ ¼ 7n2 � 17nþ 12:

An n-wheel Wn is a graph on nþ 1 vertices and 2n edges with vertex set
VðWnÞ ¼ fv1; v2; . . . ; vnþ1g and edge set EðWnÞ ¼ ffvi; viþ1g : i ¼ 1; 2; . . . ; n� 1g[
ffvn; v1gg [ ffvi; viþng : i ¼ 1; 2; . . . ; ng. h

Theorem 7. If n � 2, thenHðWnÞ ¼ 7n2 � 9n.

Proof. We note that the cycle Cn is a subgraph of Wn. Proposition 5 guarantees that
HðCnÞ ¼ 2n2 � 4n. There are n2 pairs of edges ei and ej for which ei 2 Cn and ej 62 Cn.
Among them there are 2n pairs of adjacent edges. This implies
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X

ei2Cn ;ej 62Cn

HdðsðeiÞ; sðejÞÞ ¼ 2ð2nÞ þ 4ðn2 � 2nÞ ¼ 4n2 � 4n:

There are nðn� 1Þ=2 pairs of edges ei and ej for which ei; ej 62 Wn. All of them are adjacent
pairs. This implies

X

ei ;ej 62Wn

HdðsðeiÞ; sðejÞÞ ¼ 2ðnðn� 1Þ=2Þ ¼ n2 � n:

We now conclude that

HðWnÞ ¼ HðCnÞ þ
X

ei2Cn;ej 62Cn

HdðsðeiÞ; sðejÞÞ þ
X

ei ;ej 62Cn

HdðsðeiÞ; sðejÞÞ

¼ ð2n2 � 4nÞ þ ð4n2 � 4nþ ðn2 � nÞ ¼ 7n2 � 9n:

An n-Sheep Steering Wheel, denoted by SSWn, is a graph on 2nþ 1 vertices and 3n edges
such that its vertex set is VðSSWnÞ ¼ VðWnÞ [ fvnþ2; vnþ3; . . . ; v2nþ1g and its edge set is
EðSSWnÞ ¼ EðWnÞ [ ffvi; vnþ1þig : i ¼ 1; 2; . . . ; ng. h

Theorem 8. If n � 3, thenHðSSWnÞ ¼ 17nðn� 1Þ.
Proof. Notice that an n-wheel Wn is a subgraph of SSWn. If the pair of edges ei and ej are
both inWn, then by Theorem 7

X

ei ;ej2EðWnÞ
HdðsðeiÞ; sðejÞÞ ¼ 7n2 � 9n:

Let the pair of edges ei and ej are such that ei is in Wn and ej is not in Wn. There are 3n
adjacent pairs of such edges. There are nð2n� 3Þ non-adjacent pairs of such edges.
Therefore

X

ei2EðWnÞ;ej 62EðWnÞ
HdðsðeiÞ; sðejÞÞ ¼ 2ð3nÞ þ 4ðnð2n� 3ÞÞ ¼ 8n2 � 6n:

There are nðn� 1Þ=2 pairs of non-adjacent edgesei and ej such that both of them are not in
Wn. There are no pairs of adjacent edges ei and ej such that both of them are not in Wn.
Therefore

X

ei ;ej 62EðWnÞ
HdðsðeiÞ; sðejÞÞ ¼ 2nðn� 1Þ:

We now conclude that

HðSSWnÞ ¼
X

ei;ej2EðSSWnÞ
HdðsðeiÞ; sðejÞÞ ¼ 7n2 � 9nþ 8n2 � 6nþ 2n2 � 2n

¼ 17nðn� 1Þ:
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An (n,m)-Jahangir graph, denoted by Jn;m, is a graph on nmþ 1 vertices andmðnþ 1Þ edges
such that its vertex set isVðJn;mÞ ¼ VðCmnÞ [ fvmnþ1g and its edge set is

EðJn;mÞ ¼ EðCmnÞ [ ffvðj�1Þnþ1; vmnþ1g : j ¼ 1; 2; . . . ;mg: (

Theorem 9. If Jn;m is a (n,m)-Jahangir graph, then HðJn;mÞ ¼ ð2nmþ 4mÞ
ðnm� 2Þ þmðmþ 3Þ.
Proof. Notice that the cycle Cnm is a subgraph of the Jahangir graph Jn;m. If the pair of edges
ei and ej are both in Cnm, then by Proposition 5 we have

X

ei;ej2Cnm

HdðsðeiÞ; sðejÞÞ ¼ HBðCnmÞ ¼ 2nmðnm� 2Þ:

If the pair of edges ei and ej is such that ei is in Cnm and ej is not in Cnm, then there are 2m
pairs of edges that are adjacent and there are mðnm� 2Þ pairs of edges which are not
adjacent. Therefore

X

vi2VðCnmÞ;vj 62VðCnmÞ
HdðsðeiÞ; sðejÞ ¼ 2ð2mÞ þ 4mðnm� 2Þ:

If both edges ei and ej are not in Cnm, then there are mðm� 1Þ=2 pairs of edges which are
adjacent and there are no pairs of edges which are not adjacent. Therefore

X

vi ;vj 62VðCnmÞ
HdðsðeiÞ; sðejÞÞ ¼ mðm� 1Þ:

We now conclude that

HBðJn;mÞ ¼ 2nmðnm� 2Þ þ 4mþ 4mðnm� 2Þ þmðm� 1Þ
¼ ð2nmþ 4mÞðnm� 2Þ þmðmþ 3Þ:

We now discuss the hamming index of two classes of composite graphs. Let G1ðV1;E1Þ
and G2ðV2;E2Þ are two graphs. The graph G1 [ G2 is a graph with vertex set
VðG1 [ G2Þ ¼ VðG1Þ [ VðG2Þ and edge setEðG1 [ G2Þ ¼ EðG1Þ [ VðG2Þ. h

Theorem 10. Let G1 be a graph on m1 edges and G2 be a graph on m2 edges. If
VðG1Þ \ VðG2Þ ¼ 1, thenHðG1 [ G2Þ ¼ HðG1Þ þ HðG2Þ þ 4m1m2.

Proof. If pairs of edges ei and ej are bothG1, then
X

ei ;ej2EðG1Þ
HdðsðeiÞ; sðejÞÞ ¼ HðG1Þ:

If pairs of edges ei and ej are both onG2, then
X

ei ;ej2EðG2Þ
HdðsðeiÞ; sðejÞÞ ¼ HðG2Þ:
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If ei is on G1 and ej is on G2, then ei and ej are not adjacent. Since there are m1m2 pairs of
such edges, by Lemma 3 we have

X

ei2EðG1Þ;ej2EðG2Þ
HdðsðeiÞ; sðejÞÞ ¼ 4m1m2:

Therefore,HðG1 [ G2Þ ¼ HðG1Þ þ HðG2Þ þ 4m1m2.
Let G be a graph on n vertices VðGÞ ¼ fv1; v2; . . . ; vng and m edges EðGÞ. Define the

thorn graphGþ ofG to be a graph on 2n vertices andmþ n edges such that

VðGþÞ ¼ VðGÞ [ fvnþ1; vnþ2; . . . ; v2ng

and

EðGþÞ ¼ EðGÞ [ ffvi; viþng : i ¼ 1; 2; . . . ; ng: (

Theorem 11. Let G be a graph on n vertices and m edges, then
HðGþÞ ¼ HðGÞ þ 4mnþ 2n2 � 2n� 4m.

Proof. If the pair of edges ei and ej are both lie onE(G), then by definition
X

ei ;ej2EðGÞ
HdðsðeiÞ; sðejÞÞ ¼ HðGÞ:

There are nðn� 1Þ=2 pairs of edges ei and ej where both of them are not on E(G). Since ei
and ej are not adjacent, then

X

ei ;ej 62EðGÞ
HdðsðeiÞ; sðejÞÞ ¼ 2nðn� 1Þ:

We next consider the pairs of edges ei and ej where ei 2 EðGÞ and ej 62 EðGÞ. If the edge ej is
incident to some vertex vk then ej is adjacent to degðvkÞ edges in E(G) and ej is not adjacent

to ðm� degðvkÞÞ edges in E(G). This implies there are
Xn

k¼1

degðvkÞ ¼ 2m adjacent pairs of

edges and there are
Xn

k¼1

ðm� degðvkÞÞ ¼ nm� 2m pairs of non-adjacent edges. This

implies

Xj

ei2EðGÞ;ej 62EðGÞ
HdðsðeiÞ; sðejÞÞ ¼ 2ð2mÞ þ 4ðnm� 2mÞ ¼ 4nm� 4m:

ThusHðGþÞ ¼ HðGÞ þ 4nmþ 2n2 � 2n� 4m:
For n � 3, an n-Sun, denoted by Sn, is a graph on 2n vertices and 2n edges

with VðSnÞ ¼ fv1; v2; . . . ; v2ng and EðSnÞ ¼ ffvi; viþ1g : i ¼ 1; 2; . . . ; n; vnþ1 ¼ v1g[
ffvi; viþng : i ¼ 1; 2; . . . ; ng. h
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Corollary 12. If n � 3, thenHðSnÞ ¼ 2nð4n� 5Þ.
Proof.Notice that Sn ¼ Cþ

n . Proposition 5 guarantees thatHðCnÞ ¼ 2nðn� 2Þ. Since a cycle
Cn hasm5 n edges, by Theorem 11 we have

HðSnÞ ¼ HðCnÞ þ 4mnþ 2n2 � 2n� 4m
¼ 2nðn� 2Þ þ 4n2 þ 2n2 � 2n� 4n ¼ 2nð4n� 5Þ: (
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