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Abstract
Let E be an elliptic curve with Weierstrass form y2 ¼ x3 − px;where p is a prime number and let E½m� be its
m-torsion subgroup. Let p1 ¼ ðx1; y1Þ and p2 ¼ ðx2; y2Þ be a basis for E½m�, then we prove that
ℚðE½m�Þ ¼ ℚðx1; x2; ξm; y1Þ in general. We also find all the generators and degrees of the extensions
ℚðE½m�Þ=ℚ for m ¼ 3 and m ¼ 4.
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1. Introduction
Let E be an elliptic curve withWeierstrass form y2 ¼ x3 − px, where p is a prime number. Let
m be a positive number, we denote by E½m� the m -torsion subgroup of E, by ℚðE½m�Þ the
number field generated by the coordinates of them -torsion points of E, and byℚðEx½m�Þ the
number field generated by the abscissas ofm -torsion points ofE. Mazur proves them -torsion
subgroup is isomorphic to one of 15 finite groups [5]. Let p1 ¼ ðx1; y1Þand p2 ¼ ðx2; y2Þbe two
points in E forming a basis of E½m�, then ℚðE½m�Þ ¼ ℚðx1; x2; y1; y2Þ. By Artin’s primitive
element theorem the extension ℚðx1; x2; y1; y2Þ=ℚ is monogeneous and we can find unique
generator forℚðx1; x2; y1; y2Þ=ℚby combining the above coordinates. As usual, we denote by
μm the group ofmth roots of unity and by ξm one of its generators. By Weil pairing, we have
ξm ∈ℚðE½m�Þ, so ℚðξmÞ ⊆ ℚðE½m�Þ for all m [5]. In [3] Paladino gives a family of elliptic
curves such that ℚðE½3�Þ ¼ ℚðξ3Þ and in [4] finds the number fields generated by the 4th
torsion points, degrees and Galois groups of an elliptic curve y2 ¼ ðx−αÞðx− βÞðx− γÞ
where α; β; γ ∈ℚ, and α ≠ β≠ γ. In [1] Bandini and Paladino determine the number fields
generated by the 3-torsion points, degrees and Galois groups of an elliptic curve y2 ¼ x3 þ c
where c∈ℚ*. In [2] the result of Brau and Jones says that the rational points on the modular
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curve of level 6 yield elliptic curve E satisfying the given containment. In the first part of this
paper we prove ξm ∈ℚðEx½m�Þ and ℚðE½m�Þ ¼ ℚðx1; x2; ξm; y1Þ for allm. In the second part
of this paper we find the number fields of torsion points E½m� for casesm ¼ 3; 4, extensions
and degrees. These theorems have applications in local–global divisibility problem [4] and
modular curves [2].

2. Generators for ℚðE ½m�Þ
Let p1 ¼ ðx1; y1Þand p2 ¼ ðx2; y2Þ form a basis ofE½m�. We haveℚðE½m�Þ ¼ ℚðx1; x2; y1; y2Þ.
We will denote by L the field ℚðx1; x2Þ and by K the field ℚðE½m�Þ. Suppose ðx3; y3Þ be the
coordinates of the point p3 ¼ p1 þ p2 and ðx4; y4Þbe the coordinates of the point p4 ¼ p1 − p2.
In next theorem we will prove ξm ∈ℚðEx½m�Þ for all m.
Lemma 2.1. Let fP;Qg be a basis for E½m�. Then emðP;QÞ is a primitive mth root of unity.

Proof.We know that there are S;T ∈E½m� such that emðS;TÞ ¼ ξm, a primitivemth root of
unity. Write S ¼ aP þ bQ and T ¼ cP þ dQ. Then the antisymmetry properties of the Weil
pairing imply that

ξm ¼ emðS;TÞ ¼ emðP;QÞad−bc:

Since emðP;QÞ is an mth root of unity and a power of it is a primitive mth root of unity, it
follows that emðP;QÞ is a primitive mth root of unity. ,

Theorem 2.2. Let fp1; p2g be a basis for E½m�, let p3 ¼ p1 þ p2 and p4 ¼ p1 − p2, and write
pi ¼ ðxi; yiÞ. Then

ℚðξmÞ⊆ℚðx1; x2; x3; x4Þ⊆ℚðEx½m�Þ:

Proof. The second inclusion is by the definition ofℚðEx½m�Þ. For the first inclusion. Let σ be
an automorphism of ℚðE½m�Þ that fixes ℚðx1; x2; x3; x4Þ. Then σðyiÞ ¼ ±yi since σðy2i Þ ¼ y2i .
The equation

y1y2 ¼ ðx4 � x3Þðx1 � x2Þ2
4

shows that σðy1y2Þ ¼ y1y2. This means that either σðyiÞ ¼ yi for i ¼ 1; 2, or σðyiÞ ¼ −yi for
i ¼ 1; 2. These mean that either σðpiÞ ¼ pi for i ¼ 1; 2, or σðpiÞ ¼ −pi for i ¼ 1; 2. In the
first case,

emðp1; p2Þσ ¼ emðσðp1Þ; σðp2ÞÞ ¼ emðp1; p2Þ:
In the second case,

emðp1; p2Þσ ¼ emðσðp1Þ; σðp2ÞÞ ¼ emð–p1;�p2Þ ¼ emðp1; p2Þ:

Since emðp1; p2Þ is a primitivemth root of unity, we find that ℚðξmÞ ⊆ ℚðx1; x2; x3; x4Þ. ,
We know that ℚðx1; x2; y1; y2Þ ¼ ℚðx1; x2; y1; y1y2Þ. In next theorem we will prove that

ℚðE½m�Þ is equal to the field ℚðx1; x2Þ by adding ξm and y1.

Theorem 2.3. ℚðE½m�Þ ¼ ℚðx1; x2; ξm; y1Þ:
Proof. We have ℚðx1; x2; ξm; y1; y2Þ ¼ ℚðE½m�Þ. If we do not have the equality in the
theorem, then y2 ∉ ℚðx1; x2; ξm; y1Þ. Since y22 is in this field, there is an automorphism σ such
that σðy2Þ ¼ –y2 and σ is the identity on ℚðx1; x2; ξm; y1Þ. Then
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emðp1; p2Þ ¼ emðp1; p2Þσ ¼ emðσðp1Þ; σðp2ÞÞ ¼ emðp1;�p2Þ ¼ emðp1; p2Þ−1:
This implies that emðp1; p2Þ2 ¼ 1. Since emðp1; p2Þ is a primitive mth root of unity, we must
have m ¼ 2. But then y1 ¼ y2 ¼ 0, in which case the theorem is true. ,

3. Number fields ℚðE ½m�Þ for cases m ¼ 3, 4
It is well known that the abscissas of the 3-torsion points of an elliptic curve y2 ¼ x3 – px are
the roots of the polynomial

w3 ¼ 3x4 � 6px2 � p2;

then the roots bx1; bx2; bx3; bx4 of w3 are:

bx1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� 2pffiffiffi

3
p

s
; bx2 ¼ –

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� 2pffiffiffi

3
p

s
; bx3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ 2pffiffiffi

3
p

s
; bx4 ¼ –

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ 2pffiffiffi

3
p

s
:

In next theorems we will determine the field generated by 3 and 4 torsion points.

Theorem 3.1. Let E be an elliptic curve with Weierstrass form E : y2 ¼ x3 − px, where p is a
prime number. Then

ℚðEx½3�Þ ¼ ℚ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� 2pffiffiffi

3
p

s
; ξ3

!
with ½ℚðEx½3�Þ : ℚ� ¼ 8;

ℚðE½3�Þ ¼ ℚ

0BB@
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

ffiffiffi
3

p � 3p

q
3

vuut
; ξ3

1CCA with ½ℚðE½3�Þ : ℚ� ¼ 16:

Proof. We have ℚðbx1; bx2; bx3; bx4Þ ¼ ℚðbx1; bx3Þ. On the other hand we have

bx1 bx3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
p� 2pffiffiffi

3
p
��

pþ 2pffiffiffi
3

p
�s

¼
ffiffiffiffiffiffiffi
–p2

3

r
¼

ffiffiffiffiffi
–3

p
p

3
;

so ℚðbx1; bx3Þ ¼ ℚðbx1; bx1 bx3Þ ¼ ℚðbx1; ξ3Þ ¼ ℚ

 ffiffiffiffiffiffiffiffiffiffiffi
p – 2pffiffi

3
p

q
; ξ3

!
.

We have"
ℚ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� 2pffiffiffi

3
p

s
; ξ3

!
: ℚ

#
¼
"
ℚ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� 2pffiffiffi

3
p

s
; ξ3

!
: ℚðξ3Þ

#
½ℚðξ3Þ : ℚ�:

Put α ¼
ffiffiffiffiffiffiffiffiffiffiffi
p – 2pffiffi

3
p

q
, then

f ðxÞ ¼ minðα;ℚðξ3ÞÞ ¼ 3α4 þ 6pα2 � p2 ¼ 0

is irreducible over ℚðξ3Þ, because the roots of f ðxÞ are bx1; bx2; bx3; bx4. They are irrational, so
either f ðxÞ is irreducible or it has a quadratic factor that has bx1 and some other bxi as roots.
Since bx1 bx2 ∉ ℚðξ3Þ, the other root is not bx2. Suppose the other root is bx3 or bx4. Then (using bx3)

2p

3

�
3±

ffiffiffiffiffiffi
−3

p �
¼ ðbx1 þ bx3Þ2
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is a square in ℚðξ3Þ. But its norm to ℚ is 16p2

3
, which is not a square, so it cannot be a square.

Therefore, there is noquadratic factor and f ðxÞ is irreducible. So
"
ℚ

ffiffiffiffiffiffiffiffiffiffiffiffi
p− 2pffiffi

3
p

q
; ξ3

� �
: ℚðξ3Þ

#
¼ 4.

It is easy to verify that ½ℚðξ3Þ : ℚ� ¼ 2. Hence

½ℚðEx½3� : ℚÞ� ¼
"
ℚ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� 2pffiffiffi

3
p

s
; ξ3

!
: ℚ

#
¼ 4 • 2 ¼ 8:

By Theorem 2.2 we proved that ℚðE½3�Þ ¼ ℚðbx1; bx2; ξ3; by1Þ ¼ ℚðbx1; ξ3; by1Þ, where bx1 ¼ – bx2.
As by12 ¼ bx13 – pbx1, then

y1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibx31 � pbx1q

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� 2pffiffiffi

3
p

s !3

� p

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� 2pffiffiffi

3
p

s !vuut ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

ffiffiffi
3

p � 3p

q
3

vuut
and ½ℚðbx1; ξ3; by1Þ : ℚðbx1; ξ3Þ� ¼ 2. We found in previous case that ½ℚðbx1; ξ3Þ : ℚ� ¼ 8.
Hence

½ℚðE½3�Þ : ℚ� ¼ ½ℚðbx1; ξ3; by1Þ : ℚ� ¼ ½ℚðbx1; ξ3; by1Þ : ℚðbx1; ξ3Þ�½ℚðbx1; ξ3Þ : ℚ� ¼ 2 • 8 ¼ 16: ,

It is well known that the abscissas of the 4-torsion points of an elliptic curve y2 ¼ x3 – px are
the roots of the polynomial

w4 ¼ x6 � 5px4 � 5p2x2 þ p3;

then the roots bx1; bx2; bx3; bx4; bx5; bx6 of w4 arebx1 ¼ i
ffiffiffi
p

p
; bx2 ¼ þ ffiffiffi

p
p þ ffiffiffiffiffi

2p
p

; bx3 ¼ – i
ffiffiffi
p

p
;bx4 ¼ ffiffiffi

p
p �

ffiffiffiffiffi
2p

p
; bx5 ¼ –

ffiffiffi
p

p þ ffiffiffiffiffi
2p

p
; bx6 ¼ –

ffiffiffi
p

p
–
ffiffiffiffiffi
2p

p
:

Theorem3.2. Let E be an elliptic curve withWeierstrass form y2 ¼ x3 – px, where p is a prime
number. Then

ℚðEx½4�Þ ¼
�
ℚði;

ffiffiffi
2

p
;
ffiffiffi
p

p Þ with½ℚðEx½4�Þ : ℚ� ¼ 8 if p≠ 2;

ℚði;
ffiffiffi
2

p
Þ with½ℚðEx½4�Þ : ℚ� ¼ 4 if p ¼ 2:

ℚðE½4�Þ ¼
�
ℚði;

ffiffiffi
2

p
;
ffiffiffi
p4

p Þ with½ℚðE½4�Þ : ℚ� ¼ 16 if p≠ 2;

ℚði;
ffiffiffi
8

4
p

Þ with½ℚðE½4�Þ : ℚ� ¼ 8 if p ¼ 2:

Proof. The points of exact order 4 of y2 ¼ x3 – px are ±p1;±p2;±p3;±p4;±p5;±p6, where

p1 ¼
�
i
ffiffiffi
p

p
;�

ffiffiffiffi
p34

p
þ i

ffiffiffiffi
p34

p �
; p2 ¼

� ffiffiffi
p

p þ
ffiffiffiffiffi
2p

p
; 2

ffiffiffiffi
p34

p
þ

ffiffiffi
2

p ffiffiffiffi
p34

p �
;

p3 ¼
�
−i

ffiffiffi
p

p
;�

ffiffiffiffi
p34

p
� i

ffiffiffiffi
p34

p �
; p4 ¼

� ffiffiffi
p

p �
ffiffiffiffiffi
2p

p
;�2

ffiffiffiffi
p34

p
þ

ffiffiffi
2

p ffiffiffiffi
p34

p �
;

p5 ¼
 
–
ffiffiffi
p

p þ
ffiffiffiffiffi
2p

p
;
2pffiffiffiffi
p34

p þ 2p

i
ffiffiffi
2

p ffiffiffiffi
p34

p !
; p6 ¼

 
–
ffiffiffi
p

p
–

ffiffiffiffiffi
2p

p
;
2pffiffiffiffi
p34

p –
2p

i
ffiffiffi
2

p ffiffiffiffi
p34

p !
:

We have:
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ℚðEx½4�Þ ¼ ℚðbx1; bx2; bx3; bx4; bx5; bx6Þ
¼ ℚ

�
i
ffiffiffi
p

p
;
ffiffiffi
p

p þ
ffiffiffiffiffi
2p

p
;�i

ffiffiffi
p

p
;
ffiffiffi
p

p �
ffiffiffiffiffi
2p

p
;� ffiffiffi

p
p þ

ffiffiffiffiffi
2p

p
;�

ffiffiffi
2

p
�

ffiffiffiffiffi
2p

p �
¼ ℚ

�
i;
ffiffiffi
2

p
;
ffiffiffi
p

p �
with ½ℚðEx½4�Þ : ℚ� ¼ 8 if p≠ 2 and ½ℚðEx½4�Þ : ℚ� ¼ 4 if p ¼ 2. ,

Let fp1; p2g be a basis for E½4�, then
ℚðE½4�Þ ¼ ℚðbx1; bx2; by1; by2Þ

¼ ℚ

�
i
ffiffiffi
p

p
;
ffiffiffi
p

p þ
ffiffiffiffiffi
2p

p
;�

ffiffiffiffi
p34

p
þ i

ffiffiffiffi
p34

p
; 2

ffiffiffiffi
p34

p
þ

ffiffiffi
2

p ffiffiffiffi
p34

p �
¼ ℚ

�
i;
ffiffiffi
2

p
;
ffiffiffiffi
p34

p �
with ½ℚðE½4�Þ : ℚ� ¼ 16 if p ≠ 2 and ½ℚðE½4�Þ : ℚ� ¼ ½ℚði; ffiffiffi

84
p Þ� ¼ 8 if p ¼ 2. ,
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