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Abstract

Chen (2001) initiated the study of CR-warped product submanifolds in Kaehler manifolds and established a
general inequality between an intrinsic invariant (the warping function) and an extrinsic invariant (second
fundamental form).

In this paper, we establish a relationship for the squared norm of the second fundamental form (an extrinsic
invariant) of warped product bi-slant submanifolds of Kenmotsu manifolds in terms of the warping function
(an intrinsic invariant) and bi-slant angles. The equality case is also considered. Some applications of derived
inequality are given.
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1. Introduction
In [18], K. Kenmotsu studied one class of almost contact metric manifolds known as
Kenmotsu manifolds. He proved that:
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1. Locally a Kenmotsu manifold is a warped product / X (M of an interval / and a
Kaehler manifold M, with warping function f = ce/, where ¢ is a nonzero constant.

2. A Kenmotsu manifold with constant sectional curvature is a space of constant
curvature —1, and so it is locally a hyperbolic space.

A (2m + 1)-dimensional manifold M is said to be an almost contact manifold if it admits an
endomorphism ¢ of its tangent bundle 7'M, a vector field £ and a 1-form #, which satisfy:

@' =1 +nQ& @& =0,n(¢) = 0,700 = 0. (L1)
There exists a compatible metric g, which satisfies
g(eX, oY) =g(X,Y) = n(X)n(Y),n(X) = g(X, &), (1.2)

for all vector fields X, ¥ on M [6]. In addition, an almost contact metric manifold M is said to
be a Kenmotsu manifold [18] if the relation

(Vx@)Y = g(eX,Y)E—n(Y)eX (1.3)

holds, where V is the Levi-Civita connection of g. From (1.3), for a Kenmotsu manifold M,
we also have

ViE=X - n(X)e. (14)

As Kenmotsu manifolds are warped product manifolds, therefore it is interesting to
investigate the geometry of its warped product submanifolds. The notion of warped
submanifolds was first introduced by B.-Y. Chen as a CR-warped product submanifold of
Kaehler manifolds in his series of articles [11,12]. He established a general sharp inequality
between the main extrinsic invariant (the second fundamental form) and an intrinsic invariant
(the warping function) of such submanifolds. Motivated by Chen’s work many geometers
studied warped product submanifolds for different spaces (see, e.g., [4,17,19-25,29,30]
among many others. For the most up-to-date overview of this subject, see [13-15]).

On the other hand, J.L. Cabrerizro et al. studied in [7] bi-slant submanifolds of almost
contact metric manifolds. In [28], the first author and B.-Y. Chen investigated warped product
bi-slant submanifolds in Kaehler manifolds. They proved that there do not exist any warped
product bi-slant submanifolds of Kaehler manifolds other than hemi-slant warped products
and CR-warped products. The non-existence of warped product bi-slant submanifolds is
proved in [2] for cosymplectic manifolds.

In this paper, we study warped product bi-slant submanifolds of a Kenmotsu manifold.
The geometry of such submanifolds in Kenmotsu manifolds is quite different from Sasakian
and cosymplectic case because in case of Kenmotsu manifolds such submanifolds exist while
there is no proper warped product bi-slant submanifolds in Sasakain and cosymplectic as
well. On their existence, we establish a generalized Chen type sharp inequality for the squared
norm of the second fundamental form in terms of the warping function and bi-slant angles.
The equality case is considered. Some applications are given in the last section.

2. Preliminaries

Let y : M" — M©+9 be an isometric immersion of an 7-dimensional Riemannian manifold
M into an (n + d)-dimensional Riemannian manifold /. We denote by V and V the Levi-
Civita connections on M and M, respectively. Then the Gauss and Weingarten formulas are
respectively given by [31]

VxY = ViV + 1(X,Y) 21)
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and
ViV =-AyX + ViV, 2.2

forany X,Y € TM and V € T*M, where V* is the normal connection in the normal bundle
T*M and Ay is the shape operator of M with respect to V. Moreover, i : TM X TM — T*M
is the second fundamental form of M in M. Furthermore, Ay and % are related by

forany X, Y€ TM and V € T*M. ~

A submanifold M of a Riemannian manifold M is said to be a totally umbilical submanifold
if h(X,Y)=g(X,Y)H, for any X,Y € TM, where H =157 h(e;,¢;) is the mean
curvature vector of M. A submanifold M is said to be totally geodesic if (X, Y) = 0. Also,
one denotes

||hH2 = Zg(h(eiaef)ah(€i7ef))a h; :g(h(eiae]')7€r)7 (24)

=1
withs,7=1,...,m7 =n+1,...,n+d, where {ey, ...,e,} is an orthonormal basis of the
tangent space T, M and {e,,1, . .., €4} an orthonormal basis of the normal space 73, for

any pe M. ~

For a differ_gntiable function f on a m-dimensional manifold M, the gradient Vf of fis
defined as g(Vf,X) = X(f), for any X tangent to M.

For any vector field X tangent to M, we write

oX = TX + FX, 25

where TX is the tangential component and FX is the normal component of ¢X. Thus, 7'is an

endomorphism on the tangent bundle 7M and F is a normal bundle valued 1-form of 7M. A

submanifold M is called invariant if F is identically zero, that is, ¢ X € TM for any X € TM;

while, M is anti-invariant if T is identically zero, that is, X € T*M, for any X € TM.
Similarly, for any vector field V normal to M, we put

oV =tV +fV, (2.6)

where ¢V and fV are the tangential and normal components of ¢V, respectively.

Let M be a submanifold of an almost contact metric manifold (M, ¢, &, 1, ). Hence, if we
denote ® the orthogonal distribution to & in 7M, then TM = D @ (&), where () is the
1-dimensional distribution spanned by & For any nonzero vector X tangent to M at the point
b €M, such that X is not proportional to £,, we denote by 6(X), the angle between ¢X and
TyM.In fact, since & = 0,0(X) agrees with the angle between ¢X and D,. A submanifold M
of an almost contact metric manifold M is said to be slant [8], if for any non-zero vector X
tangent to M at psuch that X is not proportional to £,, the angle 6(X) between X and T, M is
constant, i.e., it does not depend on the choice of p € M and X € T,M — (&, ). In this case Disa
slant distribution with slant angle 6.

A slant submanifold is said to be proper slant, if neither @ = 0 nor 8 = 7 [9,10]. We note
that on a slant submanifold if § = 0, then it is an invariant submanifold and if # = , then it is
an anti-invariant submanifold. A slant submanifold is said to be proper slant if it is neither
invariant nor anti-invariant.

A characterization of slant submanifolds was given in [8] as follows:

Theorem 1 (/8]). Let M be a submanifold of an abmost contact metric manifold M such that
Ee TM. Then M is slant if and only if there exists a constant A€ [0,1] such that



T =M-I+nQ®¢). @7
Furthermore, in such case, if 0is slant angle, then \ = cos? 0.
The following relations are straightforward consequences of (2.7)
g(TX,TY) = cos*0lg(X,Y) — n(X)n(Y)], 2.8
g(FX,FY) = sin®6[g(X, V) — n(X)n(Y)], (29)

for any X, Y tangent to M.
The following useful relation is obtained as a consequence of (2.7) in [26].

Theorem 2 (/26]). Let M be a proper slant submanifold of an almost contact metvic manifold
M. Then

(@) tFX =sin®0(-X +n(X)&), (b) fFX = -FTX, 2.10)
for any X € TM.
Another characterization of slant submanifolds was given in [7]:

Theorem 3 (/7]). Let D be a distribution on M f orthogonalto . Then, D is slant if and only
if there exists a constant ). € [0, 1] such that (PT)" X = —)\X, forany X € Dyatp e M , where
P denotes the orthogonal projection on D. Furthermore, in this case, » = cos*6-.

J.L. Cabrerizo et al. [7] defined bi-slant submanifolds as follows:

Definition 1. A submanifold M of an almost contact metric manifold M is said to be bi-slant
if there exists a pair of orthogonal distributions ©; and ©, on M such that:

(i) The tangent bundle 7M admits the orthogonal direct decomposition: TM =
D1 DDy D (&)

(i) Each ®, Vi = 1,21is a slant distribution with slant angle 6;.

Given a bi-slant submanifold M, for any X € TM, we put
X =P X+ PX +nX)¢, 211)
where P;X denotes the component of X in ®,, forany ¢ = 1, 2. In particular, if X € ®,, then we
obtain X = P.X. If we define T; = P;~ T, then we have

for any X € TM. Given i = 1, 2, from Theorem 3, we get
TZ-ZX = —cos?0,X, 2.13)

forany X € ;.
Non-trivial examples of bi-slant submanifolds are given in [7].

3. Warped product bi-slant submanifolds
Let My X ¢ My be a warped product manifold of two Riemannian manifolds A4; and M. Then
from a result of [5], we have

1
f
for any vector fields X, Z tangent to M, M, respectively.

ViZ =V X =2 (X)Z 3.1)
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Recently, B.-Y. Chen and the first author introduced the notion of warped product bi-slant
submanifolds of Kaehler manifolds [28]. They proved the non-existence of proper warped
product bi-slant submanifolds. Then, they introduced the notion of warped product pointwise
bi-slant submanifolds and obtained several fundamental results [16]. In this section, we give
some useful lemmas for warped product bi-slant submanifolds of Kenmotsu manifolds. First
we define these submanifolds as follows:

A warped product M X ;Mo of two slant submanifolds }/; and M> with slant angles 6;
and 6, of a Kenmotsu manifold M is called a warped product bi-slant submanifold.

A warped product bi-slant submanifold M = M; X ¢ M, is called proper if both M and
M are proper slant submanifolds with slant angles 61, 82 # 0,5 of M. A warped product bi-
slant submanifold M; X s M, is a contact CR-warped product if 61 =0,6; =% or
0y = 0,6, = %; such submanifolds were discussed in [3,27]. Also, it is a warped product
pseudo-slant submanifold if #; = 6 and 6, = 5 [1] or 2 = 6 and 61 = § [23]. The warped
product bi-slant submanifolds with slant angles 6; = 0,0, =0 or 0, = 0,0, = 0 were
discussed in [25,30]. ~

Let M = M; X y Mo be a warped product bi-slant submanifold of a Kenmotsu manifold //
such that the structure vector field ¢ is tangent to M, where M; and M, are proper slant
submanifolds of M. Then, we distinguish 2 cases:

(1) &istangent to My;
(1) & is tangent to Mo.

From (1.4), (2.1) and (3.1), the second case is trivial i.e., there does not exist any proper warped
product bi-slant submanifold of a Kenmotsu manifold when the structure vector field is
tangent to the fiber.

Now, we start with the case (i). Throughout this paper, we assume that the tangent spaces
of My and M, respectively are 1 and ©,. From now on, we use the following conventions:
Xi, Y7 are vector fields in ©; and X, Y5 are vector fields in s,

Lemma 1. Let M = My X s Mo be a warped product bi-slant submanifold of a Kenmotsu
manifold M such that € € D1 . Then, we have

@) &(nf) =1;
(@) g(h(X1, Y1), FX) = g(h(X1, X2), FY1),

forany X1, Y1 € D1 and Xo € D,

Proof. First part is trivial and can be obtained by using (1.4), (2.1) and (3.1). For the second
part, we have

g(Vx, V1, X)) = —g(Vx, X5, V1) = =X (Inf) g (Y1,X5) =0, (3.2
forany X1, Y1 € ®;and X, € D,. Also, from (1.2) and the fact that &is tangent to M, we have
(Vi Y1, Xe) = g(eVi 11, 0X2) = 2(Vx 01, 0X5) — (Vi @) V1, 0X2).  (83)
Form (3.2) and (3.3), we obtain
g(WXl(P)Yh oXy) = gWXlQDYh oXy) = g(leTl 1, T>X,)
+ g(Vx, T\ Y1, FXo) + g(Vx FY1, 0X).

Then using the covariant derivative property of Riemannian connection and (1.2), (1.3), (2.1)
and (3.1), we derive



() g(ThX1, ToXp) = -Xi(Inf) g(Th 11, ToXo) + g(h(Xi, Th1h), FX)
+ 8((Vx,0)FY1,X5) — 8(Vx, @FY1, Xs).
By the orthogonality of vector fields, the left hand side and the first term in the right hand side
vanish identically. Then using (1.3), (2.6) and (2.10), we find
0=g(h(X,, TWY1),FXy) +sin*0, g (Vy, 11, X,) — sin® 0; g (Vx, &, Xo)
+ g(Vx FT\ Y1, Xo).

Using (1.4), (2.2), (2.3), (3.1) and the orthogonality of vector fields, we derive
g(h(Xl,Xz),Flel) :g(h(Xh T1Y1)7FX2). (34)

Interchanging Y7 by 77Y7 in (3.4), we obtain
COS2 0 g(h(Xth),FYl) = COS2 glg(l’l(Xl, Yl),FXZ)

, (3.5
— cos” (Y1) g (X1, &), Xs).

Since for a submanifold M of a Kenmotsu manifold 37, nX,€E) =0,VXeTM, then the
second part of the lemma follows from above relation. Hence, the proof is complete. W

Lemma 2. Let M = My X ¢ My be a warped product bi-slant submanifold of a Kenmotsu
manifold M such that € € D1, where My and My are proper slant submanifolds of M with slant
angles 01 and 6, , respectively. Then, we have

g(h(Xz, Y2)7FT1X1) —g(]’l()(g7 Tle),FYZ) = Tle(lnf) g(XZ: T2Y2)
— cos” 01 (X1 (Inf) — (X)) g(Xe, V)

3.6)
Jor any X1 € D1 and X, Yo € D,
Proof. For any Xj € ©; and X, s € D, we have
2(Vy, X1, Ys) = Xi(Inf) g(Xy, Yo). 3.7

On the other hand, we also have
g(@XZXla YZ) = g(@@xz X1 ) QDYZ) = g(ﬁXz(Ple QDYZ) —g<(6X2§D)X1, QDYZ)'

Using (1.3) and (2.5), we arrive at
g(ﬁXzXla Yy) = g(@szle, T,Y5) +g(6X2T1X17FY2)
+ 2(V,FX1, oYs) + n(X1) & (X3, 9Y3).
From (1.2), (2.1) and (3.1), the above equation takes the form
gV, X1, Vo) = TWXi(Inf)g(Xo, ToY2) + g(h(Xe, T1X1), FY2) — g(Vx,0FXi, Ya)
+ g((Vx,@)FX1, Ya) + (X)) g (Xa, Ya).
Again, using (1.3) and (2.6), we derive
g(Vy, X1, Y2) = TiXi(Inf) g (Xz, ToY3) + &(h(Xe, T1X1), FY3) — g(Vy,t FXy, Vo)
- g(ﬁxszXb YZ) =+ ”(Xl) g(X27 YZ)
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AJMS Then, from (2.10) and (3.1), we obtain
27,1 2V X1, Vo) = TiXi(In f) g(Xs, ToY2) + g(h(Xs, T1X1), FY)
+ sin® 61 X (Inf) g(Xs, Ys)
— sin” 6, (X)) g(Xo, Vo) + g(Vx, FT1X1, Ya) + n(X1) g(Xs, Y2)
8 = TX\(Inf) g(Xy, ToYs) + g(h(Xs, Ty X1), FY3)
+ sin® 0.X,(In f) g(Xz, V)
+ cos® (X)) g(Xs, Vo) — g(h(Xe, Ya), FT1.X7).

3.8

Thus, the result follows from (3.7) and (3.8), which proves the lemma completely. W

The following useful relations are easily derived by interchanging Xi by 71.X7, Xo by 152X,
and Y, by 75Y5 in Lemma 2.

g(l’l(Xz, Yg),FXl) —g(]/Z(Xl,Xg),FYZ) = Tle(lnf) g(Xz, YZ)
— (Xi(Inf) — (X)) g(T2Xs, Ya),

SU(ToXs, Vo), FTL X)) — (W ToXo, TiXo), FY3) = cos” 0, T1.Xi (Inf) g(Xz, Ya)
— cos® 0) (Xi(Iny) (3.10)
- ”(Xl)) g(T2X27 Y2)7

g((Xo, T,Ys), FT1Xy) — g(h(Xz, Ty X1), FT5Ys) = — cos® 0, 11X (Inf) g(Xs, Y2)
+ cos” 6 (X (Inf) (.11
- 77(X1)) g(TzX% Yz)»

(X, ToYo), FTLX,) — g(h(ToXo, TiX0), FTyYy) = — cos? 6, TyXa (Inf)
8(TeXs, Ya)
— cos? 6; cos® 0, (X (Inf)
—n(X1)) g(Xs, Y2),
g TsXo, Y2), X)) — g(h(ToXo, X,), FYs) = Ty Xy (Inf) g(ToXe, Vo)
+ cos? 6, (X, (Inf) (3.13)
- (X)) g(Xz, V2),
&(h(Xo, ToY2), FX1) — g(h(Xo, X1), FT2Y2) = T X (Inf) g(Xz, T2Y5)
— cos® 0, (X, (Inf) (3.14)
— (X)) g(X, ¥2)

3.9

(3.12)

and
g(h(T2X27 Tng),FXl) —g(h(Tng,Xl),FTng) = COS2 92T1X1(11’1f) g(Xg, Yz)

— cos? 0y (X1 (Inf) — n(Xy)) (3.15)
(12X, V).



4. An inequality for warped product bi-slant submanifolds
Let M = M X s M, be a warped product bi-slant submanifolds of a Kenmotsu manifold M;
we decompose the normal bundle of M as follows

where p is a ¢-invariant normal subbundle of T*M.

A warped product bi-slant submanifold M = M; X ;M5 of a Kenmotsu manifold Mis
said to be mixed totally geodesic, it h(X,Z) = 0,forany X € ©;and Z € Dy, where D and Dy
are the tangent bundles of M, and M,, respectively.

Now, we set the following frame fields for an #-dimensional warped product bi-slant
submanifold M = M; X s Myofa (2m + 1)-dimensional Kenmotsu manifold M such that £is
tangent to Ms, where M, and M, are proper slant submanifolds of M with slant angles 6; and
02 respectively. Let us consider the dimensions dim(M;) =2p+1 and dim M, = 2g,
ie, n = 2p + 1+ 2q. Then the orthonormal frames of the corresponding tangent spaces ®;
and Dy, respectively are given by {e, ..., ey, ¢p41 = secOiTien, . .., ez = secO1T1¢p, €2p41 = &}
and {eyp42 = @1, ..., €p11+9 = €, 2prq+2 = Egp1 = SeCO2 1981, ..., €, = &y = secO2712¢,}.
Thus, the orthonormal frame fields of the normal subbundles of I yl,F Dy and g,
respectively are {e,41 =é1 = cscOrFer, ..., epp =€) = CSC 01Fep, €n+p+1 = €41 = csCOy
sec01FTie, .. etz = @9y = csc O sec 91FT1€1,} {eni2ps1 = Copy1 = €1 = csc Oz Fey, . ..
nt2prg = erH—q = ¢ = 3COLFCy, eniopig1 = Copigi1 = €qq1 = CSCOpsecOy FTven, ...,
Cniopiag = opi2g = Cag = CSC Op sec Oz FTe,} and {eg, = €, -, Coms1 = Ca(mon+1) 1

Now, using the results of Section 3 and the above frame f1e1ds we give following main
result of this paper.

Theorem 4. Let M = M X Mo be a mixed totally geodesic warped product bi-slant
submanifold of a Kenmotsu manifold M such that £ is tangent to M , where My and M; are
proper slant submanifolds of M with slant angles 61 and 05 , vespectively. Then

(1) The second fundamental form h of M satisfies the following inequality
11])* = 2q esc® 6, (cos? 6y + cos? 65) (|| V (Inf)[|* = 1), 4.2)
where 2q = dim M, and 7(1n f) is the gradient of In f along M.
(1) If equality sign in (1) holds identically, then:
(a) My is a totally geodesic submanifold of M;
(b) My is a totally umbilical submanifold of M.

Proof. From (2.4), we have

2m+1  n

||hH _Zgh ¢ ¢), h(ei,e;)) Z Zg (ei,€), 9;

i, j=1 r=n+1 i, j=1

Splitting the above expression for the tangent bundles of M and M, we derive

) 2m+1 2p+1 2m+1 2p+1  2q
||hH = Z Zg(h et,e]) er +ZZ Z Zg et,ej) er
r=1 1, j= 1 r=1 =1 j=1 (43)

2m+1

+y Zg (@.2),e)°

r=1 i, j=1
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Since M is mixed totally geodesic, then the second term in the right hand side of (4.3) is
identically zero. Thus, we find

2 2p+1 2q  2p+1

12 =" > ghleng).e) + Y > gliee).e)

r=1 1, j=1 r=1 i, j=1
2(m-n+1) 2p+1

+ Z Zghe,,e] e¢

r=n i, j=1

2p 2q 2q 2q
+ Z Z g(h(éiaéf)7 ér)z + Z Z g(h(éiaéj)7/e\7')2

r=1 i, j=1 r=1 i, j=1

4.4)

2(m—n+1) 2q

+ > Y eh@e),e)

r=n i, j=1

The third and sixth terms have y-components and we could not find any relation for warped
products in terms of y-components, therefore we shall leave these two terms. Also, we could
not find any relations for g(k(e;,¢),é,),4,7=1,...,2p+1,v =1,...,2p and g(h(e;, &),

e),i,5,7 =1,...,2q. Therefore, we also leave the first and fifth terms. By using Lemma 1(ii)

for a mixed totally geodesic warped product the second term in the right hand side is also
zero. Thus, the evaluated term is only fourth term which can be expressed by using the
constructed frame fields as follows

=

q

11| > csc® 0y sec” 0 Z Zg (@, Tye;), Fe,)

r=1 ¢, j=1

q
+ csc? 0, sec? 0, Z Z (T2, e) Fe,)
=1

=

+ csc? 0, sec? 0, sec? 0, g(h(e, Toz;), FTie,)

- »;M»
™M 2

ZMQ :

+ csc? 0; sec? 0; sec? O, 2(h(Tse;, ), FTe,)?

r=1 i, j=1

b 4
+csc? 6, Z Z (@,e),

r=1 i, j:

+ csc? 0, sec? 0, Z Z 2(h(@,e),FTie,)

r=1 i, j=1

b a
+ csc? 6 sect 0, Z Z g((Tse;, Toz;), Fe,)*

r=1 i, j=1

b a
+ csc? 0y sec? 0, sec 0, Z Z g(h(Tse;, Tzé]-),FTle,.)Z.

r=1 i, j=1

45)

Using Lemma 2 and the relations (3.9)—(3.15) for a mixed totally geodesic warped product
submanifold, we derive



»
|172][* > 2g csc*6r cos’02 >~ (e, (Inf) — n(e,))’

r=1

»
+ 2g csc? 6, sec? 0; cos’ 0, Z (Tye,(Inf))?

r=1

» »
+2gesc® 0y Y (Tye,(Inf))* + 2q csc? 6, cos® 6, > (e(Inf) - n(e,))?
r=1 r=1
»
= 2 csc® 0y (cos” 6y + cos” 62) Y (e,(Inf) — n(e,) )?
r=1
»
+ 2q csc® 0y (1 + cos” 0, sec” 6, ) Z Tie,(Inf))*
r=1
Since n(e,) = 0,7 =1,...,2p, then above expression will be
»
17])* > 2q csc® 0y (cos” 0y + cos® 62) Y (e,(Inf))?
r=1
2p+1
+ 2q csc® 01 (1 + cos® 0, sec” 6;) Z (Tye,(Inf))*
. % —
— 2g.¢sc 01 (1 + cos® Oy sec” 6y Z g(e,, Ty V (Inf))?
r=p+1

— 2g.csc 0, (1 + cos® 0 sec? 0, ) (Thez1 (Inf))*.
Since Tiegp41 = T1& = 0, (4.7) can be written as

»
(|2]|* > 2 csc? 6, (cos® 0 + cos® 6,) Z e,(Inf))*

+ 2g.¢sc® 6y (1 + cos® 6, sec? 91)||T1 (Inf)|*

— 2g.csc” O1sec” 0y (1 + cos” 0, sec” 0, Zg(Tle,7 T1V(1nf))2.

r=1

Now, we compute the second term as follows

ITyV (Inf)|* = (T, V (inf), Ty V (Inf)).

Using (2.8), we get
17V (nf) | = cos* 61 (g(V (inf), ¥ (inf)) = (1(Vinf))?).

Using the gradient definition and Lemma 1(i), we get
173V ()| = cos? 6 (| V ()| - 1).
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(4.6)

4.7)

4.38)
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Then from (4.8) and (4.9), we derive

1M~

17]]* > 2q csc® 6y (cos® 61 + cos” 62) >~ (e,(Inf))?

—_

+ 2q csc” 6y (cos” 0y + cos 62)(| 7 (Inf)|)* — 1)
— 2g csc® 0y (1 + cos® 0 sec” 61 ) csc” 6 Zg ¢, V (Inf))?

N

= 2g.csc 0y (cos” 61 + cos’ 6,) Y (e,(Inf))?

7

+ 2q csc®6; (cos® ; + cos” 6 (|

<l

(Inf)[ —1)
(e,(Inf))’

M=

— 2g.csc” 0, (cos® 6, + cos” 6r)

||
-

”
—

= 2q cs* 0y (cos” 01+ cos” 02) (| V (nf) * ~ 1),

which is inequality (4.2). For the equality case, since M is mixed totally geodesic, then

WDy, D,) = {0}. (4.10)

From the leaving third and sixth terms in the right hand side of (4.4), we have
X, Y) Ly, 4.11)

for any X, Y € TM. Also, from the leaving first term of (4.4), we find
h(®1,®1) L F@l (412)

Then from (4.11) and (4.12), we conclude that
h(@l,@l) C F@g (413)

But for a mixed totally geodesic submanifold, from Lemma 1(ii), we get
(D1, D) L FD,. 4.14)

Thus, from (4.13) and (4.14), we find
h(1, 1) = {0}. (4.15)

Since M is totally geodesic in M [5,11], then using this fact with (4.10) and (4.15) we conclude

that M is a totally geodesic submanifold of M, which is the first relation of inequality.
Similarly, from the leaving fifth term in the right hand side of (4.4), we get

Dy, Dy) L FD,. 4.16)
Thus, (4.11) and (4.16) yield
h(@z, @2) C F@l (417)

Since M, is totally umbilical in M [5,11], gsing this fact with (4.10) and (4.17), we conclude that
M s a totally umbilical submanifold of M, which proves the statement (). Hence, the proof is
complete. W



5. Some applications of derived inequality
In this section, we give some applications of the derived inequality (4.2).

1. In Theorem 4, if 91 % and 6 = 0, then the warped product bi-slant M; X ¢ M, takes
the form M, X s Mrie, M is a contact CR- Warped product studied in [27]. In this case, the
inequality (4.2) Wﬂl be Hh|| >2q(]| v (Inf)||* = 1), which is the main Theorem 34 of [27],

2. If we consider 1 =0 and 6, =0 in a Warped product bi-slant submanifold
M =M, X y M, then M is a warped product semi-slant submanlfold of the form
My X fMT studied in [30]. Then, the inequality (4.2) change into ||h|\ >2q(csc? 6+
cot? 0) (|| v (Inf)||* = 1), which is Theorem 4.2 of [30]. Thus, Theorem 4.2 of [30]is a special

case of Theorem 4.

3. Also, if we consider §; = 6 and 6, = % in a warped product bi-slant submanifold
M = M, X y M, of a Kenmotsu manifold M, then M turns into a warped product pseudo-
slant submanifold of the form M = My X s M., where Myand M, are proper slantand anti
invariant submanifolds of M, respectlvely In this case, if we put 6h =0and O, =% in
Theorem 4, then inequality (4.2) will be ||2]]* > 2¢ cot? 0(|| V (Inf)||* — 1), which the inequality
(5.1) of [1]. Hence, Theorem 5.1 of [1] is a special case of Theorem 4.

4. Similarly, if we assume that 6; =% and 6, =6 in a warped product bi-slant
submanifold M = M X s M5 of a Kenmotsu manifold M, then M is a warped product
pseudo-slant submanifold M = M, X s My such that M, is an anti-invariant
submanifold and M, is a proper slant submanifold of M. Thus inequality (4.2) takes the

form ||72]|* > 2 cos? 9(||7(1n £)|~1), which the inequality (4.1) of [23]. Hence, Theorem
4.1 of [23] is a special case of Theorem 4.
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