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Abstract
L. Gǎvruţa (2012) introduced a special kind of frames, named K-frames, where K is an operator, in Hilbert
spaces, which is significant in frame theory and has many applications. In this paper, first of all, we have
introduced the notion of approximative K-atomic decomposition in Banach spaces. We gave two
characterizations regarding the existence of approximative K-atomic decompositions in Banach spaces.
Also some results on the existence of approximative K-atomic decompositions are obtained. We discuss
several methods to construct approximative K-atomic decomposition for Banach Spaces. Further,
approximative Xd-frame and approximative Xd-Bessel sequence are introduced and studied. Two
necessary conditions are given under which an approximative Xd-Bessel sequence and approximative
Xd-frame give rise to a bounded operator with respect to which there is an approximative K-atomic
decomposition. Example and counter example are provided to support our concept. Finally, a possible
application is given.
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1. Introduction and preliminaries
Fourier transform has been amajor tool in analysis for over a century. It has a serious lacking
for signal analysis in which it hides its phase information concerning themoment of emission
and duration of a signal. What actually needed was a localized time frequency representation
which has this information encoded in it. In 1946, Dennis Gabor [14] filled this gap and
formulated a fundamental approach to signal decomposition in terms of elementary signals.
On the basis of this development, in 1952, Duffin and Schaeffer [10] introduced frames for
Hilbert spaces to study some deep problems in non-harmonic Fourier series. In fact, they
abstracted the fundamental notion of Gabor for studying signal processing. Let H be a real
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(or complex) separable Hilbert space with inner product h:; :i. A countable sequence ffkg⊂H
is called a frame for the Hilbert spaceH, if there exist positive constants A;B > 0 such that

Ajjf jj2H ≤
X∞
n¼1

jhf ; fnij2 ≤ Bjjf jj2H; for all f ∈H (1.1)

The positive numbers A and B are called the lower and upper frame bounds of the frame,
respectively. These bounds are not unique. The inequality in (1.1) is called the frame
inequality of the frame. If ffng is a frame for H then the following operators are associated
with it.

(a) Pre-frame operator T : l2ðℕÞ→H is defined as Tfcng∞n¼1 ¼
P∞

k¼1cnfn; fcng∞n¼1 ∈

l2ðℕÞ.
(b) Analysis operator T* : H→ l2ðℕÞ;T*f ¼ fhf ; fkig∞k¼1 f ∈H.

(c) Frame operator S ¼ TT* ¼: H→H; Sf ¼P∞

k¼1hf ; fkifk; f ∈H. The frame
operator S is bounded, linear and invertible on H. Thus, a frame for H allows each
vector inH to be written as a linear combination of the elements in the frame, but the
linear independence between the elements is not required; i.e for each vector f ∈Hwe
have,

f ¼ SS−1f ¼
X∞
k¼1

hf ; fkifk:

For more details related to frames and Riesz bases in Hilbert spaces, one may refer to [4,6].
These ideas did not generate much interest outside of non-harmonic Fourier series and signal
processing for more than three decades until Daubechies et al. [9] reintroduced frames. After
this landmark paper the theory of frames begin to be studied widely and found many
applications to wavelet and Gabor transforms in which frames played an important role.
Feichtinger and Gr€ocheing [12] extended the idea of Hilbert frames to Banach spaces and
called it atomic decomposition. A more general concept called Banach frame was introduced
by Gr€ocheing [18] and were further studied in [22,33]. Banach frames were developed for the
theory of frames in the context of Gabor and Wavelet analysis. Christensen and Heil [7]
studied some perturbation results for Banach frames and atomic decompositions.

In particular, frames which are widely used in sampling theory in [2] amount to the
construction of Banach frames consisting of reproducing kernels for a large class of shift
invariant spaces. Aldroubi et al. [1] used Banach frames in various irregular sampling
problems. Eldar and Forney [11] used tight frames for quantummeasurement. Gr€ochenig [19]
emphasized that localization of a frame is a necessary condition for its extension to a Banach
frame for the associated Banach spaces. He also observed that localized frames are universal
Banach frames for the associated family of Banach spaces. Fornasier [13] studied Banach
frames for α-modulation spaces. In fact, he gave a Banach frame characterization for the
α-modulation spaces. Shah et al. [21] defined and studied Banach frames to a new geometric
notation; in fact they gave a sufficient condition and a necessary condition for a cone
associated with a Banach frame to be a generating cone.

Casazza et al. [5] studied X d-frames and Xd-Bessel sequences in Banach spaces. Stoeva
[30] gave some perturbation results for Xd-frames and atomic decompositions. Kaushik and
Sharma [23] studied approximative atomic decompositions in Banach spaces. For further
studies related to approximative frame one may refer [20,24,28]. Gavruta [15], introduced and
studied atomic system for an operatorK and the notion ofK-frame in a Hilbert space, see also
[16]. Frames for operators in Banach spaces were further studied in [8,17,25]. Xiao et al. [32]
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discussed relationship betweenK-frames and ordinary frames in Hilbert spaces. Poumai and
Jahan [26] introduced K-atomic decompositions in Banach spaces.

Outline of the paper. In this paper, we have introduced the notion of approximative
K-atomic decomposition in Banach spaces. We gave two characterizations regarding the
existence of approximativeK-atomic decompositions in Banach spaces. Also some results on
the existence of approximative K-atomic decompositions are obtained. We discuss several
methods to construct approximative K-atomic decomposition for Banach Spaces. Further,
approximativeXd-frame and approximativeXd-Bessel sequence are introduced and studied.
Two necessary conditions are given under which an approximative Xd-Bessel sequence and
approximative Xd-frame give rise to bounded operators with respect to which there is an
approximative K-atomic decomposition. Example and counter example are provided to
support our concept of approximative K-atomic decomposition. Finally, we gave a possible
application of our work.

Next we give some basic notations. Throughout this paper, X will denote a separable
Banach space over the scalar field K(ℝ or ℂ), X* the dual space of X, Xd a BK-space and
LðX ;YÞwill denote the space of all bounded linear operators fromX intoY. ForT ∈LðXÞ,T*

denotes the adjoint of T, π : X →X** is the natural canonical projection from X onto X **.
Also Ty denote the pseudo inverse of the operator T. Note that TTy f ¼ f for all f ∈RðKÞ.
Throughout RðKÞ is closed.

A sequence space S is called a BK-space if it is a Banach space and the co-ordinate
functionals are continuous on S. That is the relations xn ¼ fαðnÞj g, x ¼ fαjg∈S,
limn→∞xn ¼ x imply limn→∞α

ðnÞ
j ¼ αjðj ¼ 1; 2; 3; . . .Þ.

Definition 1.1. ([18]). Let X be a Banach space and Xd be a BK-space. A sequence
ðxn; fnÞðfxng⊂X ; ffng⊂X*Þ is called an atomic decomposition forX with respect toXd if the
following statements hold:

(a) ffnðxÞg∈Xd, for all x∈X.

(b) There exist constants A and Bwith 0 < A≤B < ∞ such that

AjjxjjX ≤ jjffnðxÞgjj ≤ BjjxjjX ; for all x∈X

(c) x ¼P∞

n¼1 fnðxÞxn, for all x∈X.

Next, we state some lemmas which we will use in the subsequent results.

Lemma 1.2. ([31,33]). Let X, Y be Banach spaces and T : X →Y be a bounded linear
operator. Then, the following conditions are equivalent:

(a) There exist two continuous projection operators P : X →X and Q: Y→Y such that

PðXÞ ¼ kerT and QðYÞ ¼ TðXÞ: (1.2)

(b) T has a pseudo inverse operator Ty.

If two continuous projection operators P : X →X andQ : Y→Y satisfy (1.2), then there exists a
pseudo inverse operatorTy of T such that TyT ¼ IX −P and TTy ¼ Q, where IX is the identity
operator on X.

Lemma 1.3. ([3,27]). Let X be a Banach space. If T ∈LðXÞ has a generalized inverse
S ∈ LðXÞ, then TS, ST are projections and TSðXÞ ¼ TðXÞ and STðXÞ ¼ SðXÞ.
Lemma 1.4. ([23,29]). Let X be a Banach space and ffng⊂X* be a sequence such that
fx∈X : fnðxÞ ¼ 0; for all n∈ℕg ¼ f0g. Then X is linearly isometric to the Banach
space X d ¼ fffnðxÞg : x∈Xg, where the norm is given by jjffnðxÞgjjX d ¼ jjxjjX, x∈X.
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2. Main results
Poumai and Jahan [26] defined and studied K-atomic decomposition as a generalization of
K-frames in Banach spaces. Here we shall extend this study further and introduce the concept of
approximativeK-atomic decomposition in Banach spaces and obtain new and interesting results.
We start this section with the following definition of approximative K-atomic decomposition:

Definition 2.1. Let X be a Banach Space and Xd be a BK-space, fxng⊂X ;

fhn;igi¼1;2;3;...;mnn∈ℕ
⊂X*, where fmng is an increasing sequence of positive integer and

K ∈LðXÞ. A pair ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is called an approximative K-atomic

decomposition for X with respect to X d, if the following statements hold:

(a) fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
∈Xd, for all x∈X.

(b) There exist constants A and Bwith 0 < A≤B < ∞ such that

AkKðxÞkX ≤
���hn;iðxÞ�i¼1;2;3;...;mn

n∈ℕ

��
Xd

≤ BjjxjjX ; for all x∈X :

(c) limn→∞

Pmn

i¼1hn;iðxÞxi converges for all x∈X and

KðxÞ ¼ lim
n→∞

Xmn

i¼1

hn;iðxÞxi:

The constants A and B are called lower and upper bounds of the approximative K-atomic
decomposition ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ

Þ.
Observation. If ðfxng; ffngÞ is aK-atomic decomposition for X with respect to Xd, then for
hn;i ¼ fi; i ¼ 1; 2; . . . ; n; n∈ℕ, ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ

Þ is an approximative K-atomic

decomposition for X with respect to some associated Banach space X d.

Remark 2.2. Let ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þbe an approximativeK-atomic decomposition

for X with respect to X d with bounds A and B.

(I). IfK ¼ IX , then ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative atomic decomposition

for X with respect to X d with bounds A and B.

(II). If K is invertible, then ðK−1ðfxngÞ; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative atomic

decomposition for X with respect to Xd.

In the following example, we show the existence of approximative K-atomic decomposition
for a Banach space X with respect to an associated BK space Xd.

Example 2.3. Let X be a Banach Space. Let fxng⊆X, fhn;igi¼1;2;3;...;mnn∈ℕ
⊆ X* such that

limn→∞

Pmn

i¼1hn;iðxÞxi converges for all x∈X and xn ≠ 0, for all n∈N. Also, let
Xd ¼ ffhn;igi¼1;2;3;...;mnn∈ℕ

j limn→∞

Pmn

i¼1hn;ixi convergesg. Then Xd is a BK-space with

norm jjfhn;igi¼1;2;3;...;mnn∈ℕ
jjX d ¼ sup1≤n<∞jj

Pn
i¼1hn;ixijj. Define an operator as T : X d →X

as Tfhn;igi¼1;2;3;...;mnn∈ℕ
¼ limn→∞

Pmn

i¼1hn;ixi and define S : X →Xd as SðxÞ ¼ fhn;iðxÞg
i¼1;2;3;...;mnn∈ℕ; x∈X. Take K ¼ TS. Then K : X →X is such that KðxÞ ¼ T SðxÞ ¼
limn→∞

Pmn

i¼1 hn;iðxÞxi, for all x∈X ; i ¼ 1; 2; . . . ; n; n∈ℕ. Clearly, fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
∈X d and

kKðxÞkX ¼ lim
n→∞

�����
Xmn

i¼1

hn;iðxÞxi
�����≤ sup

1≤n<∞

�����
Xn
k¼1

hkðxÞxk
�����

¼ ���hn;iðxÞ�i¼1;2;3;...;mn
n∈ℕ

��
Xd

≤CkxkX ; for all x∈X ;

where C ¼ sup1≤n<∞kSnk and SnðxÞ ¼ limn→∞

Pmn

i¼1hn;iðxÞxi.
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Hence, ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximativeK-atomic decomposition forX with

respect to Xd.
In the following result, we give the characterization regarding the existence of

approximative K-atomic decompositions in Banach spaces.

Theorem 2.4. Let K ∈LðXÞ with K ≠ 0. Then a Banach spaceX has an approximative
K-atomic decomposition if and only if there exists a sequence fvig⊂BðXÞ of finite rank
endomorphism such that KðxÞ ¼Pn

i¼1viðxÞ; x∈X.

Proof. Let fxng⊂X and fhn;igi¼1;2;3;...;mnn∈ℕ
⊂X*, where fmng is an increasing sequence of

positive integer such that ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative K-atomic

decomposition for X with respect to X d. Define

SnðxÞ ¼
Xmn

i¼1

hn;iðxÞxi; for all x∈X ; n∈ℕ:

Then for each n∈ℕ and x∈X, SnðxÞ is a well defined continuous linear mapping on X such
that limn→∞SnðxÞ ¼ x; x∈X. Also by uniform boundedness principle we have sup1≤n≤∞
kSnðxÞk < ∞. Assume that v1 ¼ S1, v2n ¼ v2nþ1 ¼ 1

2 ðSnþ1 − SnÞ, n∈ℕ. Now, we compute

lim
n→∞

Xn
i¼1

viðxÞ ¼ lim
n→∞

�
S1ðxÞ þ 1

2
ðS2ðxÞ � S1ðxÞÞ þ 1

2
ðS2ðxÞ � S1ðxÞÞ þ 1

2
ðS3ðxÞ � S2ðxÞÞ

þ 1

2
ðS3ðxÞ � S2ðxÞÞ þ � � �

�

¼ lim
n→∞

SnðxÞ

¼ KðxÞ; for all x∈X ;K ∈ LðXÞ:

Therefore, limn→∞

Pn
i¼1viðxÞ ¼ KðxÞ.

Conversely assume that there exists a sequence of finite rank endomorphism fSng⊂LðXÞ
such that limn→∞SnðxÞ ¼ KðxÞ; x∈X. Then, each SnðxÞ is of a finite rank, there exist a
sequence fyn;igmn

i¼mn−1þ1 ⊂X and a total sequence of row finite matrix of functionals

fgn;igmn

i¼mn−1þ1 ⊂X* such that

SnðxÞ ¼
Xmn

i¼mn−1þ1

gn;iðxÞyn;i; for all x∈X ; n∈ℕ:

Define sequences fxng⊂X and fhn;igi¼1;2;3;...;mnn∈ℕ
⊂X *, where fmng is an increasing

sequence of positive integers, by

xi ¼ yn;i; i ¼ mn−1 þ 1; . . . ;mn; n ¼ 1; 2; 3:::

and

hn;i ¼
�
0; for i ¼ 1; 2; . . . ;mn−1

gn;i; for i ¼ mn−1 þ 1; . . . ;mn:

Then xn ≠ 0, so for each x∈X and n∈ℕ, we get

lim
n→∞

Xmn

i¼1

hn;iðxÞxi ¼ lim
n→∞

SnðxÞ ¼ KðxÞ: (2.3)
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Let x∈X be such that hn;iðxÞ ¼ 0; for all i ¼ 1; 2; . . . ;mn; n∈ℕ. Then by Eq. (2.3) KðxÞ ¼ 0.
Thus by Lemma 1.4 there exists an associated Banach space X d ¼ ffhn;igi¼1;2;3;...;mnn∈ℕ

; x∈Xg
with norm given by

���fhn;igi¼1;2;3;...;mnn∈ℕ

���X d ¼ kxkX ; for all x∈X. Hence ðfhn;igi¼1;2;3;...;mnn∈ℕ
; fxngÞ is

an approximative K-atomic decomposition for X with respect to X d. ,
Next, we give an example of an approximativeK-atomic decomposition forX which is not

an approximative atomic decomposition for X.

Example 2.5. Let X ¼ c0 and Xd ¼ l∞. Let fxng⊂X be the sequence of standard unit

vectors in X and fhn;igi¼1;2;3;...;mnn∈ℕ
⊆ X* be such that for x ¼ fαng ∈X ; hn;1ðxÞ ¼ 0;

hn;2ðxÞ ¼ α2; . . . ; hn;iðxÞ ¼ αn; . . .. It is clear that limn→∞

Pmn

i¼1hn;iðxÞxi converges for x∈X.
DefineK : X →X byKðxÞ ¼ limn→∞

Pmn

i¼1hn;iðxÞxi; x∈X. Then fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
∈X d

is such that ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximativeK-atomic decomposition forX with respect

to X d. But ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is not an approximative atomic decomposition for X.

Next, we give various methods for the construction of approximative K-atomic
decompositions for X.

Theorem 2.6. Let ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ be an approximative atomic decomposition for

X with respect to Xd with bounds A and B. Let K ∈LðXÞ with K ≠ 0. Then ðfKxng;
fhn;igi¼1;2;3;...;mnn∈ℕ

Þ is an approximative K-atomic decomposition forX with respect toX d with

bounds A
kKk and B.

Proof. ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative atomic decomposition forX with respect

to Xd with bounds A and B. So for each x∈X, we have x ¼ limn→∞

Pmn

i¼1hn;iðxÞxi. This implies
KðxÞ ¼ limn→∞

Pmn

i¼1hn;iðxÞKðxiÞ. Also, we have kKðxÞkX ≤ kKkkxkX , for all x∈X. This gives

A

kKkkKðxÞkX ≤
���hn;iðxÞ�i¼1;2;3;...;mn

n∈ℕ

��
Xd

≤BkxkX ; for all x∈X : ,

Theorem 2.7. Let ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ be an approximative atomic decomposition for

X with respect to Xd with bounds A and B. Let K ∈LðXÞ with K ≠ 0. Then ðfxng;
fK*hn;igi¼1;2;3;...;mnn∈ℕ

Þ is an approximative K-atomic decomposition for X with respect to X d

with bounds A and BkKk.
Proof. Construction of proof is similar to Theorem 2.6. ,

Theorem2.8.Let ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þbe an approximativeK-atomic decomposition for

X with respect to Xd with bounds A and B and let T ∈LðXÞ with T ≠ 0. Then
�fTxng; fhn;ig

i¼1;2;3;...;mnn∈ℕ

	
is an approximative T K-atomic decomposition forX with respect toXd with bounds

A
kTk and B.

Proof. Can be easily proved with the help of Theorem 2.6. ,

Theorem 2.9. Let ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ be an approximative K-atomic decomposition for X

with respect to Xd with bounds A and B and let T ∈LðXÞ with kTk≠ 0. Then
ðfxng; fT*hn;igi¼1;2;3;...;mnn∈ℕ

Þ is an approximative KT-atomic decomposition for X with

respect to Xd with bounds A and BkTk.
Proof. One can easily prove. ,

Theorem 2.10. If ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ be an approximative K-atomic decomposition for X

with respect to Xd and K has pseudo inverse Ky, then there exists ðfgn;igi¼1;2;3;...;mnn∈ℕ
⊆X*Þ

such that (fxng; fgn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative K-atomic decomposition for X with

respect to Xd with bounds A and BkKk2.
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Proof. Since ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative K-atomic decomposition for X

with respect to X d, then for each x∈X we have

AkKðxÞkX ≤
���hn;iðxÞ�i¼1;2;3;...;mn

n∈ℕ

��
Xd

≤BkxkX ; x∈X :

Also, for each x∈X, we have

KðxÞ ¼ KðKyKðxÞÞ ¼ lim
n→∞

Xmn

i¼1

hn;iðKyKðxÞÞxi

¼ lim
n→∞

Xmn

i¼1

ððKyKÞ*ðhn;iÞðxÞÞxi:

For each n∈ℕ, define gn;i ¼ ðKyKÞ*ðhn;iÞ; i¼1;2;3;...;mnn∈ℕ
. Then

kKðxÞkX ¼ kKðKyKðxÞÞkX ≤
1

A

���hn;iðKyKðxÞÞ���Xd
¼ 1

A

���gn;iðxÞ���Xd
; x∈X

and ���gn;iðxÞ���Xd
¼ ���hn;iðKyKðxÞÞ���Xd

≤BkKykkKkkxkX ; x∈X :

Hence, we conclude that ðfxng; fgn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative K-atomic

decomposition for X with respect to Xd. ,

3. Approximative Xd-frame
Casazza et al. [5] defined and studied Xd-Bessel sequences and Xd-frames in Banach spaces.
Later on Stoeva [30] studied perturbation of Xd-Bessel sequences, Xd-frames, atomic
decomposition and Xd-Riesz bases in separable Banach spaces. We have generalized this
concept and defined approximative Xd-Bessel sequences and approximative Xd-frames in
Banach spaces. We begin this section with the following definitions:

Definition 3.1.A sequence fhn;igi¼1;2;3;...;mnn∈ℕ
⊆X*, where fmng is an increasing sequence

of positive integers, is called an approximative Xd-frame for X if

(a) fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
∈Xd, for all x∈X.

(b) There exist constants A and Bwith 0 < A≤B < ∞ such that

AkxkX ≤
���hn;iðxÞ�i¼1;2;3;...;mn

n∈ℕ

��
Xd

≤BkxkX ; for all x∈X : (3.4)

The constants A and B are called approximative Xd-frame bounds. If at least (a) and the
upper bound condition in (3.4) are satisfied, then fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ

is called an
approximative Xd-Bessel sequence for X.

One may note that if ffng is an Xd-frame for X, then for fhn;ig ¼ fi; i ¼ 1; 2; 3; . . . ; n;
n∈ℕ, fhn;igi¼1;2;3;...;mnn∈ℕ

is an approximative X d-frame for X. Also, note that if ffng is an
Xd-Bessel sequence for X, then for fhn;ig ¼ fi; i ¼ 1; 2; 3; . . . ; n; n∈ℕ, fhn;igi¼1;2;3;...;mnn∈ℕ

is an approximative X d-Bessel sequence for X.
In the next two results, we give necessary conditions under which an approximative

Xd-frame gives rise to a bounded operatorKwith respect to which there is an approximative
K-atomic decomposition for X.
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Theorem 3.2. Let fhn;igi¼1;2;3;...;mnn∈ℕ
⊆ X* be an approximative X d-frame for X with

bounds Aand B. Letfxng⊆X with sup1≤n<∞kxnk < ∞ and let limn→∞

Pmn

i¼1



hn;iðxÞ

 < ∞, for

all x∈X. Then there exists an operator K ∈LðXÞ such that ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an

approximative K-atomic decomposition for X with respect to Xd.

Proof. Since fhn;igi¼1;2;3;...;mnn∈ℕ
⊆ X * is an approximative X d-frame for X with

sup1≤n<∞kxnk < ∞ and limn→∞

Pmn

i¼1



hn;iðxÞ

 < ∞. Then, by Theorem 2.4, we have

limn→∞

Pmn

i¼1hn;iðxÞxi exist for all x∈X ; n∈ℕ.
Define K : X →X by KðxÞ ¼ limn→∞

Pmn

i¼1hn;iðxÞxi; x∈X. Then K is a bounded linear
operator such that

kKðxÞkX ≤ sup
1≤n<∞

�����
Xmn

i¼1

hn;iðxÞxi
�����
X
≤CkxkX ;

where C ¼ sup1≤n<∞

Pmn

i¼1hn;iðxÞxi. Thus
A

C
kKðxÞkX ≤

���hn;iðxÞ���Xd
≤BkxkX ; for all x∈X :

Hence, ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative K-atomic decomposition for X with

respect to Xd with bounds A
C
and B. ,

Theorem 3.3. Let fhn;igi¼1;2;3;...;mnn∈ℕ
⊆ X* be an approximativeX d-frame with bounds A, B

and let fxng⊆X. Let T : X d →X given by Tðfhn;igi¼1;2;3;...;mnn∈ℕ
Þ ¼ limn→∞

Pmn

i¼1hn;ixi be a

well defined operator. Then, there exists a linear operator K ∈LðXÞ such that
ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ

Þ is an approximative K-atomic decomposition for X with respect to Xd.

Proof. Define U : X →Xd by UðxÞ ¼ fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
; x∈X. Then U is well defined

and kUk≤B. Take K ¼ TU. Then KðxÞ ¼ limn→∞

Pmn

i¼1hn;iðxÞxi; x∈X. Therefore, by
uniform boundedness principle, we have

kKðxÞkX ≤ sup
1≤n<∞

�����
Xmn

i¼1

hn;iðxÞxi
�����
X
≤CkxkX ; x∈X ;

where C ¼ sup1≤n<∞

��Pmn

i¼1hn;iðxÞxi
��
X. Thus, we have

A

C
kKðxÞk≤ ���hn;iðxÞ�i¼1;2;3;...;mn

n∈ℕ

��≤Bkxk; for all x∈X :

Hence ðfxng; fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
Þ is an approximativeK-atomic decomposition forX with

respect to Xd with bounds A
C
and B. ,

Next, we give the existence of an approximative K-atomic decomposition from an
approximative X d-Bessel sequence.

Theorem3.4. LetX be a reflexive Banach space andXd be a BK-space which has a sequence of
canonical unit vectors feng as a basis. Let fhn;igi¼1;2;3;...;mnn∈ℕ

⊆X* be an approximativeX d-Bessel
sequence with bound B and let fxng ⊆ X. If fhðxnÞg∈ ðX dÞ* for all h∈X*, then there exists a
bounded linear operator K ∈LðXÞ such that ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ

Þ is an approximative
K-atomic decomposition for X with respect to Xd.

Proof. Clearly U : X →Xd given by UðxÞ ¼ fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
; x∈X is well defined.

Define amap R : X*
→ ðXdÞ* byRðhÞ ¼ fhðxnÞg; x∈X. Then, its adjointR* : ðXdÞ** →X **

is given by R*ðejÞðhÞ ¼ ejðRðhÞÞ ¼ hðxjÞ. Let T ¼ ðR*ÞjXd and fhn;igi¼1;2;3;...;mnn∈ℕ
∈X d.

Then
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T
��

hn;iðxÞ
�
i¼1;2;3;...;mn

n∈ℕ

�
¼ lim

n→∞

Xmn

i¼1

hn;iTðeiÞ ¼ lim
n→∞

Xmn

i¼1

hn;ixi:

But fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
; ∈Xd. So Tðfhn;iðxÞgi¼1;2;3;...;mnn∈ℕ

Þ ¼ limn→∞

Pmn

i¼1hn;iðxÞxi. Take
K ¼ TU. Then K ∈ LðXÞ and KðxÞ ¼ limn→∞

Pmn

i¼1hn;iðxÞxi. Moreover, T is a bounded linear

operator such that kKðxÞk≤ kTk��fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ

��. Hence
1

kTk kKðxÞk≤ ���hn;iðxÞ�i¼1;2;3;...;mn
n∈ℕ

��≤Bkxk; x∈X,

Next, we construct an approximative K*-atomic decomposition for X* from a given
approximative K-atomic decomposition for X.

Theorem 3.5. Let Xd be a BK-space with dual ðXdÞ* and let Xd andðXdÞ* have sequences of
canonical unit vectors feng and fvng respectively as bases. Let ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ

Þbe an
approximative K-atomic decomposition for X with respect to X d. Let S : X d →X given by
Sðfhn;igi¼1;2;3;...;mnn∈ℕ

Þ ¼ limn→∞

Pmn

i¼1hn;ixi be a well definedmapping. Then, ðfhn;igi¼1;2;3;...;mnn∈ℕ
; πðxnÞÞ

is an approximative K*-atomic decomposition for X * with respect to ðXdÞ*.
Proof. Since ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ

Þ is an approximative K-atomic decomposition for X
with respect to X d, so for each x∈X, KðxÞ ¼ limn→∞

Pmn

i¼1hn;iðxÞxi. Thus hðKðxÞÞ ¼
limn→∞

Pmn

i¼1hn;iðxÞhðxiÞ. Therefore, by Theorem 2.4 we have limn→∞

Pmn

i¼1hðxiÞhn;i exists for
all h∈X*. Also, for x∈X, we compute

ðK*ðhÞÞðxÞ ¼ h

 
lim
n→∞

Xmn

i¼1

hn;iðxÞxi
!

¼ lim
n→∞

Xmn

i¼1

hðxiÞhn;iðxÞ:

This gives K*ðhÞ ¼ limn→∞

Pmn

i¼1hðxiÞhn;i, for h∈X*. Note that S*ðhÞðejÞ ¼ hðSðejÞÞ ¼
hðxjÞ; h∈X*. So, S*ðhÞ ¼ fhðxnÞg and fhðxnÞg ¼ fhðSðenÞÞg∈ ðXdÞ*; h∈X *. Also

kfhðxnÞgkðXdÞ* ¼ kS*ðhÞk≤ kSkkhkX* ; h∈X *:

Define R : X →X d by RðxÞ ¼ fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
; x∈X. Then, R*ðvjÞðxÞ ¼ vjðRðxÞÞ ¼

hj;iðxÞ; x∈X. So, R*ðvjÞ ¼ hj;i, for all j∈ℕ and for fgn;iðxÞgi¼1;2;3;...;mnn∈ℕ
∈ ðXdÞ* we have

R*
��

gn;iðxÞ
�
i¼1;2;3;...;mn

n∈ℕ

�
¼ R*

 
lim
n→∞

Xmn

i¼1

gn;iðxÞvi
!

¼ lim
n→∞

Xmn

i¼1

gn;iðxÞhn;i:

Therefore, we have

R*S*ðhÞ ¼ R*ðfhðxiÞgÞ ¼ lim
n→∞

Xmn

i¼1

hðxiÞhn;i; h∈X *:

Note that, K* ¼ R*S* and so

kK*ðhÞkX* ¼ kR*S*ðhÞkX* ≤ kR*kkfhðxnÞgkðXdÞ*; h∈X *:

This gives

1

kR*kkK
*ðhÞkX* ≤ kfhðxnÞgkðXdÞ* ≤ kSkkhkX* ; h∈X *: (3.5)
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Hence, ðfhn;igi¼1;2;3;...;mnn∈ℕ
; πðxnÞÞ is an approximative K*-atomic decomposition for X * with

respect to ðX dÞ*. ,
Next, we give the following result characterizing the class of approximative K-atomic

decompositions.

Theorem 3.6. Let ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ be an approximative K-atomic decomposition for X

with respect to X d with bounds A and B. Let T : Xd →X given by Tðfhn;igi¼1;2;3;...;mnn∈ℕ
Þ

¼ limn→∞

Pmn

i¼1hn;ixi is well defined for fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
∈ Xd and let U : X →X d be the

mapping given by UðxÞ ¼ fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
. If K is invertible, then the following statements are

equivalent.

(a) T is the pseudo inverse of U.

(b) ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative atomic decomposition for X with

respect to Xd.

(c) T is a linear extension of U−1 : UðXÞ→X.

(d) UðXÞ is a complemented subspace of Xd.

(e) KerT is a complemented subspace of X d and T is surjective.

Proof. ðaÞ0ðbÞ By hypothesis, fx∈X : hn;iðxÞ ¼ 0; for all n∈ℕg ¼ f0g. So, Ker
U ¼ f0g. Since T is the pseudo inverse of U, by Lemma 1.2 there exists a continuous
projection operator θ : X →X such that TU ¼ IX − θ and kerU ¼ θðXÞ. Thus, for each
x∈X, we have

TUðxÞ ¼ ðIX � θÞðxÞ ¼ x; x∈X :

Hence, for every x∈X, limn→∞

Pmn

i¼1hn;iðxÞxi ¼ x.
ðbÞ0ðaÞ For x∈X, we have

UTUðxÞ ¼ UT
��

hn;iðxÞ
�
i¼1;2;3;...;mn

n∈ℕ

�
¼ U

 
lim
n→∞

Xmn

i¼1

hn;iðxÞxi
!

¼ UðxÞ:

Hence, UTU ¼ U.
ðcÞ0ðbÞ If T is a linear extension of U−1 : UðXÞ→X, then TU : X →X is the identity

map on X. So, TUðxÞ ¼ x and limn→∞

Pmn

i¼1hn;iðxÞxi ¼ x.
ðcÞ0ðaÞ Obvious, since UTU ¼ U IX ¼ U.
ðdÞ0ðbÞ Suppose Xd ¼ UðXÞ⊕G, where G is a closed subspace of Xd. Let P be a

projection of Xd onto UðXÞ along G.
Then, Pðfhn;igi¼1;2;3;...;mnn∈ℕ

Þ ¼ fgn;iðlimn→∞

Pmn

i¼1hn;ixiÞg, for all fhn;igi¼1;2;3;...;mnn∈ℕ
∈X d. Therefore

U−1+P
��

hn;i
�
i¼1;2;3;...;mn

n∈ℕ

�
¼ U−1

(
gn;i

 
lim
n→∞

Xmn

i¼1

hn;ixi

!)

¼ lim
n→∞

Xmn

i¼1

hn;ixi ¼ T
��

hn;i
�
i¼1;2;3;...;mn

n∈ℕ

�
; for all

�
hn;i
�
∈X d:

This gives, T ¼ U−1+P and

T
��

hn;iðxÞ
�
i¼1;2;3;...;mn

n∈ℕ

�
¼ U−1+P

��
hn;iðxÞ

�
i¼1;2;3;...;mn

n∈ℕ

�
¼ U−1

��
hn;iðxÞ

�
i¼1;2;3;...;mn

n∈ℕ

�
:

Hence, x ¼ limn→∞

Pmn

i¼1hn;iðxÞxi, for all x∈X.
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(b)0(d) Obvious.
(e)0(b) Let Xd ¼ kerT⊕M, where M is a closed subspace of Xd. Take

Y ¼ kerT⊕UðXÞ. Let Q : X d →M be a projection from Xd onto M along kerT. Define
L : Xd →Y by LðαÞ ¼ ðα−QðαÞ;UTðαÞÞ, for α ¼ fhn;igi¼1;2;3;...;mnn∈ℕ

∈Xd. Let LðαÞ ¼ 0.
This gives QðαÞ ¼ α. So α∈M. Let UTðαÞ ¼ 0. Then

U

 
lim
n→∞

Xmn

i¼1

hn;ixi

!
¼
(
gn;i

 
lim
n→∞

Xmn

i¼1

hn;ixi

!)
¼ 0; for n∈ℕ:

This gives limn→∞

Pmn

i¼1hn;ixi ¼ 0 and so, α∈ kerT. Thus, α∈ kerT ∩M ¼ f0g. Hence, L is
one–one.

Let ðα0;UðxÞÞ∈ ker T⊕UðXÞ, for α0 ∈ kerU and UðxÞ∈UðXÞ.
Since, T is onto, for each x∈X, there exists β∈Xd such that TðβÞ ¼ x and this gives

UTðβÞ ¼ UðxÞ. Take α ¼ α0 þ QðβÞ. Then QðαÞ ¼ Qðα0Þ þ Q2ðβÞ ¼ QðβÞ and α0 ¼ α−Q
ðαÞ. Also, we have

UTðαÞ ¼ UTðα� α0Þ ¼ UTðQðβÞÞ ¼ UTðβÞ ¼ UðxÞ: (3.6)

Thus LðαÞ ¼ ðα0;UTðxÞÞ and L is an isomorphism from Xd onto Y. So, there is a projection
P ¼ UT : Xd →UðXÞ onto UðXÞ along kerT. This gives

U−1+P ¼ T and U−1+P
��

hn;iðxÞ
�
i¼1;2;3;...;mn

n∈ℕ

�
¼ T

��
hn;iðxÞ

�
i¼1;2;3;...;mn

n∈ℕ

�
:

Finally, we compute

U−1
��

hn;iðxÞ
�
i¼1;2;3;...;mn

n∈ℕ

�
¼ lim

n→∞

Xmn

i¼1

hn;iðxÞxi and x ¼ lim
n→∞

Xmn

i¼1

hn;iðxÞxi:

Therefore, ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative atomic decomposition for X with

respect to Xd.
(b)0(e) Obvious. ,
In the following result, we prove a duality type approximative K-atomic decomposition

for X.

Theorem 3.7. Let Xd be a reflexive BK-space with its dual ðX dÞ* and let sequences of

canonical unit vectors feng and fvng be bases for Xd andðX dÞ*, respectively. Let

ðfhn;igi¼1;2;3;...;mnn∈ℕ
; πðxnÞÞ be an approximative K-atomic decomposition for X * with respect to

ðX dÞ*. If S : ðXdÞ* →X* given by SðfdigÞ ¼ limn→∞

Pmn

i¼1dihn;i is well defined for fdig∈X*
d,

then there exists a linear operator L∈LðXÞ such that ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an

approximative L-atomic decomposition for X with respect to Xd.

Proof. Since ðfhn;igi¼1;2;3;...;mnn∈ℕ; πðxnÞÞ is an approximative K-atomic decomposition for

X* with respect to ðX dÞ*. For h∈X *, we have KðhÞ ¼ limn→∞

Pmn

i¼1hðxiÞhn;i. Also, by
Theorem 2.4 we have limn→∞

Pmn

i¼1hn;iðxÞxi exist, for all x∈X. Define L : X →X by
LðxÞ ¼ limn→∞

Pmn

i¼1hn;iðxÞxi; x∈X. Note that SðvnÞ ¼ hn;i;i¼1;2;3;...;mnn∈ℕ and for x∈X, the

linear bounded operator S* : X **
→ ðXdÞ** satisfies

S*ðπðxÞÞðvnÞ ¼ πðxÞSðvnÞ ¼
�
hn;iðxÞ

�
i¼1;2;3;...;mn

n∈ℕ

:
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So, fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
is identified with S*ðπðxÞÞ∈ ðX dÞ** ¼ X d. Further, we have

���hn;iðxÞ�i¼1;2;3;...;mn
n∈ℕ

��
Xd

¼ kS*ðπðxÞÞkXd
≤ kSkkxkX ; x∈X : (3.7)

Letting U ¼ S* jX , we have UðxÞ ¼ fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ
and kUk≤ kSk.

Define R : X*
→ ðXdÞ* by Rðf Þ ¼ fhðxnÞg; h∈X *. Then

R*ðejÞðhÞ ¼ ejðRðhÞÞ ¼ hðxjÞ; h∈X *:

So, R*ðejÞ ¼ xj; for all j∈ℕ. Take T ¼ ðR*ÞjXd
. Then, forfhn;igi¼1;2;3;...;mnn∈ℕ

∈Xd we
compute

T
��

hn;i
�
i¼1;2;3;...;mn

n∈ℕ

�
¼ Tðhn;ieiÞ ¼ lim

n→∞

Xmn

i¼1

hn;iTðeiÞ ¼ lim
n→∞

Xmn

i¼1

hn;ixi:

Thus, TUðxÞ ¼ limn→∞

Pmn

i¼1hn;iðxÞxi, for all x∈X and this gives TU ¼ L on X. Therefore,
1

kTkkLðxÞkX ≤
��fhn;iðxÞgi¼1;2;3;...;mnn∈ℕ

��Xd
. Then

1

kTkkLðxÞkX ≤
���hn;iðxÞ�i¼1;2;3;...;mn

n∈ℕ

��
Xd

≤ kSkkxkX :

Hence, ðfxng; fhn;igi¼1;2;3;...;mnn∈ℕ
Þ is an approximative L-atomic decomposition for X with

respect to Xd. ,

4. Possible application
One of the most important devices in modern world is digital camera. In our notation a digital
picture is a two-dimensional sequence, fhnmg. So, it can be seen either as an infinite length
sequence with a finite number of non-zeros samples; that is fhnmg; n;m∈ℤ, or as a sequence
with domain n∈ f0; 1; 2; . . . ;N − 1g,m∈ f0; 1; 2; . . . ;M − 1g, can be expressed as a matrix:

h ¼
2
4 h0;0 h0;1; : : :; hM−1

h1;0 h1;1; : : :; hM−1

hN−1;0 hN−1;1; : : :; hN−1;M−1;

3
5

where each elements hnm is called a pixel and the image has NM pixels. In real life for hn;m to
represent colour image, it must have more than one component, usually, red, green and blue
components are used (RGB colour space).
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