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L. Gavruta (2012) introduced a special kind of frames, named K-frames, where K is an operator, in Hilbert
spaces, which is significant in frame theory and has many applications. In this paper, first of all, we have
introduced the notion of approximative K-atomic decomposition in Banach spaces. We gave two
characterizations regarding the existence of approximative K-atomic decompositions in Banach spaces.
Also some results on the existence of approximative K-atomic decompositions are obtained. We discuss
several methods to construct approximative K-atomic decomposition for Banach Spaces. Further,
approximative X, frame and approximative X;-Bessel sequence are introduced and studied. Two
necessary conditions are given under which an approximative X';-Bessel sequence and approximative
X frame give rise to a bounded operator with respect to which there is an approximative K-atomic
decomposition. Example and counter example are provided to support our concept. Finally, a possible
application is given.
Keywords Frames, K-frames, Atomic decomposition, K-atomic decomposition, X ;-Bessel sequence,
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1. Introduction and preliminaries

Fourier transform has been a major tool in analysis for over a century. It has a serious lacking
for signal analysis in which it hides its phase information concerning the moment of emission
and duration of a signal. What actually needed was a localized time frequency representation
which has this information encoded in it. In 1946, Dennis Gabor [14] filled this gap and
formulated a fundamental approach to signal decomposition in terms of elementary signals.
On the basis of this development, in 1952, Duffin and Schaeffer [10] introduced frames for
Hilbert spaces to study some deep problems in non-harmonic Fourier series. In fact, they
abstracted the fundamental notion of Gabor for studying signal processing. Let H be a real
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(or complex) separable Hilbert space with inner product (., .). A countable sequence {/f,} CH
is called a frame for the Hilbert space 7, if there exist positive constants A, B > 0 such that

Al < SIS < B, for all feH (L
n=1

The positive numbers A and B are called the lower and upper frame bounds of the frame,
respectively. These bounds are not unique. The inequality in (1.1) is called the frame
inequality of the frame. If {f,} is a frame for H then the following operators are associated
with it.

(@) IZre-frame operator T : I(N) — His defined as T{c,};° 1 = > poqCufn, {n}oqi €
P(N).

(b) Analysis operator 7" : H—E(N), T"f = {{f,fi)}i2y fEM.

(©) Frameoperator S =TT = H—H, Sf = 0, ,/i)e» f€EH. Theframe
operator S is bounded, linear and invertible on H. Thus, a frame for H allows each
vector in H to be written as a linear combination of the elements in the frame, but the
linear independence between the elements is not required; i.e for each vector f € H we
have,

f =SS = S F A
k=1

For more details related to frames and Riesz bases in Hilbert spaces, one may refer to [4,6].
These ideas did not generate much interest outside of non-harmonic Fourier series and signal
processing for more than three decades until Daubechies et al. [9] reintroduced frames. After
this landmark paper the theory of frames begin to be studied widely and found many
applications to wavelet and Gabor transforms in which frames played an important role.
Feichtinger and Grocheing [12] extended the idea of Hilbert frames to Banach spaces and
called it atomic decomposition. A more general concept called Banach frame was introduced
by Grocheing [18] and were further studied in [22,33]. Banach frames were developed for the
theory of frames in the context of Gabor and Wavelet analysis. Christensen and Heil [7]
studied some perturbation results for Banach frames and atomic decompositions.

In particular, frames which are widely used in sampling theory in [2] amount to the
construction of Banach frames consisting of reproducing kernels for a large class of shift
invariant spaces. Aldroubi et al. [1] used Banach frames in various irregular sampling
problems. Eldar and Forney [11]used tight frames for quantum measurement. Grochenig [19]
emphasized that localization of a frame is a necessary condition for its extension to a Banach
frame for the associated Banach spaces. He also observed that localized frames are universal
Banach frames for the associated family of Banach spaces. Fornasier [13] studied Banach
frames for a-modulation spaces. In fact, he gave a Banach frame characterization for the
a-modulation spaces. Shah et al. [21] defined and studied Banach frames to a new geometric
notation; in fact they gave a sufficient condition and a necessary condition for a cone
associated with a Banach frame to be a generating cone.

Casazza et al. [5] studied X ;-frames and X ;-Bessel sequences in Banach spaces. Stoeva
[30] gave some perturbation results for X ;-frames and atomic decompositions. Kaushik and
Sharma [23] studied approximative atomic decompositions in Banach spaces. For further
studies related to approximative frame one may refer [20,24,28]. Gavruta [15], introduced and
studied atomic system for an operator K and the notion of K-frame in a Hilbert space, see also
[16]. Frames for operators in Banach spaces were further studied in [8,17,25]. Xiao et al. [32]



discussed relationship between K-frames and ordinary frames in Hilbert spaces. Poumai and
Jahan [26] introduced K-atomic decompositions in Banach spaces.

Outline of the paper. In this paper, we have introduced the notion of approximative
K-atomic decomposition in Banach spaces. We gave two characterizations regarding the
existence of approximative K-atomic decompositions in Banach spaces. Also some results on
the existence of approximative K-atomic decompositions are obtained. We discuss several
methods to construct approximative K-atomic decomposition for Banach Spaces. Further,
approximative X ;-frame and approximative X';-Bessel sequence are introduced and studied.
Two necessary conditions are given under which an approximative X' ;-Bessel sequence and
approximative X ;-frame give rise to bounded operators with respect to which there is an
approximative K-atomic decomposition. Example and counter example are provided to
support our concept of approximative K-atomic decomposition. Finally, we gave a possible
application of our work.

Next we give some basic notations. Throughout this paper, X’ will denote a separable
Banach space over the scalar field K(R or C), X" the dual space of X, X,; a BK-space and
L(X,Y)will denote the space of all bounded linear operators from X into ). For T € L(X), T*
denotes the adjoint of 7, 7 : X — X™ is the natural canonical projection from X onto X",
Also T denote the pseudo inverse of the operator 7. Note that 7T f = f for all f € R(K).
Throughout R(K) is closed.

A sequence space S is called a BK- -space if it is a Banach space and the co-ordinate
functionals are continuous on S. That is the relations x, = {a b x={a} €S,
lim,,_, o X, = & Imply hm,,_mof " — =a(j=1,2,3,...).

Definition 1.1. (/18]). Let X be a Banach space and X,; be a BK-space. A sequence
(X0, ) ({20} € X, {f,} € X)is called an atomic decomposition for X with respect to Xy if the
following statements hold:

@ {fu(x)}eXyforalxe .

(b) There exist constants A and B with 0 < A <B < oo such that
Allxlly < (A < Bllxlly, for all xeX

© x =7 fulx)x, forall xe X.
Next, we state some lemmas which we will use in the subsequent results.

Lemma 1.2. (/31,33]). Let X, Y be Banach spaces and T : X — Y be a bounded linear
operator. Then, the following conditions are equivalent:
(@) There exist two continuous projection operators P: X — X and Q: Y — Y such that
P(X)=kerT and Q) =T(X). 1.2

(b) T has a pseudo inverse operator T.

If two continuous projection operators P: X — X and Q: Y — Ysatisfy (1.2), then there exists a
pseudo inverse operatorT' of T such that T'T = Iy — Pand TT' = Q where Iy is the identity
operator on X.

Lemma 1.3. (/3,27]). Let X be a Banach space. If T € L(X) has a generalized inverse
S € L(X), then TS, ST are projections and TS(X) = T(X) and ST(X) = S(X).

Lemma 1.4. (/23,29]). Let X be a Banach space and {f,} C X" be a sequence such that
{xeX : fulx) =0, for al neN} ={0}. Then X is knearly isometric to the Banach
space Xq = {{f,(x)} : x € XY}, where the norm is given by ||{f,(x)}||Xq = ||x]| 1 x € X.
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2. Main results

Poumai and Jahan [26] defined and studied K-atomic decomposition as a generalization of
K-frames in Banach spaces. Here we shall extend this study further and introduce the concept of
approximative K -atomic decomposition in Banach spaces and obtain new and interesting results.
We start this section with the following definition of approximative K-atomic decomposition:

Definition 2.1. Let X be a Banach Space and X; be a BK-space, {x,}CX,

{hni}iz123...m,,. X', where {m,} is an increasing sequence of positive integer and
KeL(Xx). A pair ({x.}, {lni}tic125. .m,,.,) 18 called an approximative K-atomic

decomposition for X with respect to Xy, if the following statements hold:
@ {hn,i(x)}izlz.s,m,m,,neﬂ e X, forallxe X.
(b) There exist constants A and B with 0 < A <B < oo such that
ANK @ < {03}y ns |, < Bllally,  for all xe .

X
nenN

(©) im0y i /1y i(x)x; converges for all x € X and

My

K(x) = Tm > ().
et

The constants A and B are called lower and upper bounds of the approximative K-atomic
decomposition ({%.}, {/ni}i—123..

»-mmzeﬂ)'
Observation. If ({x,}, {f4}) is a K-atomic decomposition for X with respect to X4, then for
hni=fii=1,2,...,n,n €N, ({xn}, {Mni}iz123..m,,.,) 1 an approximative K-atomic
decomposition for X’ with respect to some associated Banach space X;.
Remark 2.2. Let ({xx}, {:}i-123. m,,.,,) beanapproximative K-atomic decomposition
for X with respect to X'z with bounds A and B.

(0. HK = Iy, then ({xn}, {ni}iz123. m,,.,) 1S anapproximative atomic decomposition

for X with respect to X; with bounds A and B.

(). If K is invertible, then (K~ ({x,}), {nitici2s
decomposition for X with respect to X,.

) is an approximative atomic

----- Munen

In the following example, we show the existence of approximative K-atomic decomposition
for a Banach space X’ with respect to an associated BK space X,.

Example 2.3. Let X' be a Banach Space. Let {x,,}C X, {;}i 125 .. € X" such that
limy— o> i By i(x)x; converges for all x€X and x,#0, for all neN. Also, let
X; = {{hn,i}z':l,z,&...m,,nér.,|hmﬂ—»oozznzﬂlhn-ixi converges}. Then X; is a BK-space with
n0rm |[{7i}i2193.. el ¥d = SUP1 oo || 2im1 i i%:||. Define an operator as 7: Xy — X
as T{huitiz123. mpen = IMyoeo Dy ix; and define S: X — Xy as S() = {h(x)}
i2123..mmens ¥ E€X. Take K =TS. Then K : X - X is such that K(x) = T S(x) =
My oy i T i (%)% for allxex, i=1,2,....n,nen. Clearly, {i,;(0)}, 55, .. €Xsand
n

hk(x)xk

=1
<Clx||y, for all xeX,

My

Z hn,i (x)xl
=1

= ” {h’lxi(x)}i:1,2,3,...,mn

nel

< sup

1<n<eco

1K ()] = lim

Xy

where C = SUp <, [|S, || and S, (x) = limy,me0 Y o i ().



Hence, ({xn}, {ni}tiz123...m,,.,,) 1 an approximative K-atomic decomposition for & with
respect to Xg.

In the following result, we give the characterization regarding the existence of
approximative K-atomic decompositions in Banach spaces.

Theorem 2.4. Let K € L(X) with K #0. Then a Banach spaceX has an approximative
K-atomic decomposition if and only if there exists a sequence {v;} CB(X) of finite rank
endomorphism such that K (x) = >_"_jv;(x), x€X.

Proof. Let {x,} cXand {hui};_123 e CX *, where {m,} is an increasing sequence of
positive integer such that ({xy}, {ui}ic123. m,,.,,) 1S an approximative K-atomic
decomposition for X with respect to X;. Define

My

Su(®) = hyi(x)x, for allxe X, neN.

=1

Then for each n e Nand x € &, S, () is a well defined continuous linear mapping on X such
that lim,,_ . S,(*¥) = x, x€ X. Also by uniform boundedness principle we have sup; ;<
IS, (x)|| < oo. Assume that o1 = Sy, v, = voy 41 = %(S,Hl —S,), n € N. Now, we compute

n—oo

’}g?o i v;(x) = lim <51 (%) + % (So(x) — Si(x)) + % (S2(x) — Si(x)) + % (S3(x) — S2(x))

(00— i)+ )

= lim S,(x)

n—o00

=K(x), for alxeX Ke L(X).

Therefore, limy,— e > ry0;(x) = K ().

Conversely assume that there exists a sequence of finite rank endomorphism {S, } C L(X)
such that lim,,S,(x) = K(x), x€ X. Then, each S,(x) is of a finite rank, there exist a
sequence {y,;};, ., CX and a total sequence of row finite matrix of functionals

{gni}i™, ;1 C A such that

Si®) = > guil®)yusfor all xeX, nel.

i=my,_1+1

Define sequences {x,} CX and {/;};_;,5.
sequence of positive integers, by

* . . .
,CAX", where {m,} is an increasing

Mgl

Xi =i, L=Mya+1,...,my;n=123..

and

0, for 1=1,2,...,m,
hn‘i = .
’ G, for i=m,_1+1,...,m,.

Then x,, #0, so for each x € X and n € N, we get

My

lim >, (x)x; = lim S, (x) = K (x). 2.3)
© 0=

n—oo
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Let x € X be such that 7,;(x) = 0,for all i =1,2,...,m,, neN. Then by Eq. (2.3) K(x) = 0.
Thus by Lemma 1.4 there exists an associated Banach space X; = {{/;}_1 23, 1,00 X € X}
with norm given by H{hn.z}1:1.2,3...._7;4,,,15” Xy =]y, for all xex. Hence {Pnitic 23, mpers 120 3) is
an approximative K-atomic decomposition for X with respect to Xy. [
Next, we give an example of an approximative K-atomic decomposition for X which is not
an approximative atomic decomposition for X.
Example 2.5. Let X = ¢y and Xy = l». Let {x,} C X be the sequence of standard unit
vectors in X and {A;};_195. .., X be such that for x = {a,} €X,h,1(x) =0,
hpo(x) = az, ... . 1yi(x) = @y, ... It is clear that lim,_. > 1" &, ;(x)x; converges for x € X.
Define K : X - Xby K (x) = im0y 1 (%)%, x € X. Then {h,; (x)}i:l.,Z,S,.A.mmeu eXy
issuch that ({x,}, {n.i};-15...m,,...) IS an approximative K-atomic decomposition for X with respect
to X4z But ({x,.}, {hnitici23...m,,e,,) 1S DOt an approximative atomic decomposition for X.
Next, we give various methods for the construction of approximative K-atomic
decompositions for X.
Theorem 2.6. Let ({24}, {hni}iz1 23, m,,.,,) be an approximative atomic decomposition for
X with respect to X4 with bounds A and B. Let K € L(X) with K#0. Then ({Kx,},
{Mnitici23...m,, o, 1S an approximative K-atomic decomposition for X with respect to X g with

A
bounds T&T and B,

Proof. ({x,}, {;}i—123..m,.,) i an approximative atomic decomposition for X' with respect

to X; with bounds A and B. So foreach x € X, , we have x = limy,.c > /1,3 ()%;. This implies

K(x) = limy—co i T s (2)K (%;). Also, we have || K (x)]| » < [|[K||||#]] 4, for all x € X. This gives
A

||KH ||K(x) ||X < || {h'”(x) }i=1.2437..,.mﬂ

neN

v, <Bllxlly, forall xeXx. [

Theorem 2.7. Let ({xu}, {n;}iz123... m,,..,) b€ an approximative atomic decomposition for
X with respect to X, with bounds A and B. Let K € L(X) with K #0. Then ({x,},
{E* i }io1 23, my,en) 1S an approximative K-atomic decomposition for X with respect to X4
with bounds A and B||K ||.

Proof. Construction of proof is similar to Theorem 2.6. [

Theorem 2.8. Let ({x}, { i }ic123.. m,,.,) beanapproximative K-atomic decomposition for
X with respect to X with bounds A and B and let T € L(X) with T #0. Then ({Tx,}, {hn;}
=123, e H) is an approximative T K-atomic decomposition for X with respect to X ; with bounds

H’%HandB.

Proof. Can be easily proved with the help of Theorem 2.6. [

Theorem 2.9. Let ({x.}, {fni}i-123...m,..) D€ an approximative K-atomic decomposition for X
with respect to Xq with bounds A and B and let T eL(X) with ||T|#0. Then

,,,,,

respect to Xy with bounds A and B||T}|.
Proof. One can easily prove. [

Theorem 2.10. If ({x,}, {hni}i125. . m,,..) D€ an approximative K-atomic decomposition for X
with respect to Xq and K has pseudo inverse K1, then there exists ({gui}iz123. . mypen ca")
such that ({x,},{8ni}ic123....m,,e.,) 1S an approximative K-atomic decomposition for X with

respect to X g with bounds A and B||K |)*



Proof. Since ({xx}, {Ani}i-123. _m,,.,) 1S an approximative K-atomic decomposition for X K-atomic
with respect to Xy, then for each ¥ € X’ we have decompositions
AIK ) L S [{ni)} N, Bl ve . and frames in
e Banach spaces

Also, for each x € X, we have
159

K(x) = K(K'K(x)) = lim '"Z s (K ()5,

For each n € N, define g,; = (KTK)* (Fn). Then

1=123,...Munen’

K ()] = 1K (KK (x) ||X_A||{th*K Iy, = AH{gm iy, xex

and
[{gni@) H v, = [{Ins KK ) |, < BIKNIE ] 4, x€ X

Hence, we conclude that ({x,},{u:}i—123 m,,.,) 1S an approximative K-atomic
decomposition for X’ with respect to X;.

3. Approximative X j-frame

Casazza et al. [5] defined and studied X ;-Bessel sequences and X ;-frames in Banach spaces.
Later on Stoeva [30] studied perturbation of X;Bessel sequences, X frames, atomic
decomposition and X;-Riesz bases in separable Banach spaces. We have generalized this
concept and defined approximative X;-Bessel sequences and approximative Xz-frames in
Banach spaces. We begin this section with the following definitions:

Definition 3.1. Asequence {Mitizr o, Somnen S X", where {m,,} is an increasing sequence
of positive integers, is called an approximative X- fmme for X if

@ {Pi(0)}iz123. e € Xay Torallxe X.
(b) There exist constants A and B with 0 < A <B < oo such that
Allxl]p < [[{ (%) <B|x|,, for all xeX. (3.4

}123 Al

neN

The constants A and B are called approximative X ;-frame bounds. If at least (a) and the
upper bound condition in (3.4) are satisfied, then {/,;(x)},_123 .., 1S called an
approximative X ;-Bessel sequence for X. o

One may note that if {f,} is an Xyframe for X, then for {h,;} = f;,: =1,2,3,...,m;
nE€N, {Myi}i_123. . m,,e, 1 an approximative X;-frame for X. Also, note that if {/,} is an
X ;Bessel sequence for &, then for {h,;} = f;,i =1,2,3,... . mn €N, { i} 123 _m, e
is an approximative X ;-Bessel sequence for X.

In the next two results, we give necessary conditions under which an approximative
X -frame gives rise to a bounded operator K with respect to which there is an approximative
K-atomic decomposition for X.



AJMS
26,1/2

160

Theorem 3.2. Let {hyi};_123  m,,.. S C X" be an approximative Xyframe for X with
bounds A and B. Let{x, } CX with Sup1<n<°°||xn|\ < oo and letlimy oo 1 |1 (x)| < oo, for
all x € X. Then there exists an operator K € L(X) such that ({x,}, {hn;};—1 23 )is an
approximative K-atomic decomposition for X with respect to X 4. '

5o sMnn el

Proof. Since {h,;};_ 123 C X" is an approximative X frame for X with

e =
SUP] <y oo |[2n]| < 00 and Titmy s IZZ ' |[7tni(x)| < co. Then, by Theorem 24, we have
My, 0 >l (%) ; exist for all x € X, n e N

Define K : X - X by K(x) = limn_,mzzﬂz"lhn,l- (%)x;, x€ X. Then K is a bounded linear
operator such that

1K)l < sup

1<n<oo

§ n, l xi

=1

< Cllll

X

where C = sup1<ﬂ<(x,z;"’3hm (x)x;. Thus
—||K )| v < ||{h,“ )}HMSBHJCHX7 for all xe X.

Hence, ({x}, {ni}iz123.. MWEN) is an approximative K-atomic decomposition for X with
respect to X'z with bounds 4 fandB. O

Theorem 3.3. Let {y;}i 153 ., S X " be an approximative X g-frame with bounds A, B
and let {x,}CX. Let T : X;— ngen by T({Mnitic123.. myyen) = iMooy ik be a
well defined operator. Then, there exists a linear operator K eL(X) such that
($n} Mniticrs.,.my) 1S a0 approximative K-atomic decomposition for X with respect to Xy

Proof. Define U : X — X by U(x) = {;(¥) }i2123. m,, e X € X Then U is well defined
and |U|| <B. Take K = TU. Then K(x) = limy_.co> 127ty ;(x)x;, x € X. Therefore, by
uniform boundedness principle, we have

My

Z hn z xi

IK(2)]| < sup

1<n<oo

<Clx|ly, xeX,
X

where C = sup;,,- || > i (%)xi]| - Thus, we have

é”K H<H{hn1 SB||X||7 for all xe X.

}i:I,Z,S,M,mn

nenN
Hence ({x,}, {7i(%) };2123.. m,,c,,) 18 @0 approximative K-atomic decomposition for X' with
respect to X'; with bounds ‘%and B O
Next, we give the existence of an approximative K-atomic decomposition from an
approximative X' ;-Bessel sequence.

Theorem 3.4. Let X be a reflexive Banach space and X ; be a BK-space which has a sequence of
canonical unit vectors {e,} as a basis. Let {h,;}; 55, .,,,.,SX" be an approxzmatweXd -Bessel
sequence with bound B and let {x,} C X. If {h(x,)} € (X3)" for allh € X", then there exists a
bounded linear operator K € L(X) such that ({xx}, {hui}i—1 3. is an approximative
K-atomic decomposition for X with respect to X 4.

Proof. Clearly U : X - X, glven by U(x) = {hni(%) }ic123, e
Defineamap R : X* — (X,) by R(h) = {h(x,)},x € X. Then, its adjoint R : (X,)" —» X
is given by R(¢;)(h) = ¢j(R(h)) = h(x;). Let T = (R")|X,; and nitizi23. € Xy
Then

mnnsﬂ)

xeXis Well defined.

sk

< Mpnen



My My

T({ns0}ic1 ) = Jim 2 i) = fim > his.

But {%i(0)}ic125...mper €Xa S0 T({Ini(%) i1 23, m,e) = iMoo > 7 I (). Take
K =TU. Then K e L(x) and K(x) = lim,—. > 1 /:(x)x:. Moreover, T is a bounded linear

operator such that [|K(x)|| <||T||||{/.i(%)}; 1230 e

1
m HK(X) H < || {hn‘z’(x) }i:1‘2‘3,...m,,

nen

. Hence

| <Blx|,xexO

Next, we construct an approximative K *-atomic decomposition for X* from a given
approximative K-atomic decomposition for X.

Theorem 3.5. Let X ; be a BK-space with dual (X, d)* and let X5 and(X, d)* have sequences of
canonicalunit vectors {e, } and {vy } respectively as bases. Let ({xn}, {lni};123. m,,..) bean
approximative K-atomic decomposition for X with respect to X4 Let S : Xy — X given by
SWhniYirs.. o) = MMymsco D iy 1y i be a well defined mapping. Then, ({hi}is o5, . 7))

is an approximative K -atomic decomposition for X* with respect to (Xd)*.

Proof. Since ({x,}, {.i};-123. m,,.,,) 1S an approximative K-atomic decomposition for X
with respect to X, so for each x€X, K(x) = limyocod oyt i(x)x: Thus A(K(x)) =
My, o >y By i () (x;). Therefore, by Theorem 2.4 we have limy,—.oo . 2(x;)hy,; exists for
all he X*. Also, for x € X, we compute

(K (h))( (hmihnl ) = lim > Ak (%)
n—oo n—oo 1:1

This gives K" (k) = limy oY ;4 (x;)hy, for k€ X", Note that S*(h )(¢) = h(S(¢))) =
h(x), he XS0, S" () = {h(xn)} and {7i(x,)} = {7(S(en))} € (Xa)" € X" Also

KA H ey = IS W < IISIHIBL € X7

Define R : X = Xy by R(x) = {li(*)};i_193...m,, .., ¥ € X. Then, R*(v)(x) = v]( (x)) =
hji(x),x € X.So, R (vj) = hj;, for all je N and for {g,;(%)}i_1 25, ... € (X4)" we have

my

R ({gnt(x }l 123.. m,,) — R (}}L%X;gnt(x)u) = 1}1_{?0 Z}:gn’i(x)h

nen

Therefore, we have

Mn

R'S'(h) = R*({h(x)}) = lim > " h(x) s h€ X
n—oo _:1
Note that, K* = R*S" and so
1K ()]l = RS (W) | < IR {720} ] 2, E X
This gives
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Hence, ({}i-1.55... my, 0 F(¥2)) is an approximative K "-atomic decomposition for X” with
respect to (X;)". O

Next, we give the following result characterizing the class of approximative K-atomic
decompositions.

Theorem 3.6. Let ({x.}, {ini}i-125.. m,..) D€ an approximative K-atomic decomposition for X
with respect to Xy with bounds A and B. Let T : Xq— X given by T({huitir2s..m,.0)
= limysc0y 1 i is well defined for {h,i(x)},_iss. .. € Xq and let U:X— X, be the
mapping gwen by U(x) = {h,i(x)}i_1 55 m,,.c I K is invertible, then the following statements are
equivalent.

(@) T is the pseudo inverse of U.

@) xn}s {niticr23...m,,e0) 1S an approximative atomic decomposition for X with
respect to Xq

(c) Tis alinear extension of U™ : U(X) > X.

(@ U(X)1is a complemented subspace of Xy

(e) KerT is a complemented subspace of X4 and T is surjective.

Proof. (@)= (b) By hypothesis, {xe X : h,;(x) =0, for all neN} = {0}. So, Ker
U = {0}. Since T is the pseudo inverse of U, by Lemma 1.2 there exists a continuous
projection operator 6 : X — X such that TU = Iy — 0 and kerU = 0(X). Thus, for each
x € X, we have

TUx) = (Ix—0)(x) =x, x€X.

Hence, for every x € X, im0y 1 iy i (%)% = .
(b)= (a) For x € X, we have

UTU (%) = UT({hm-(x)}izlvzﬁs‘_wmn) - U(}}ijg mZh(x)x> = Ux).

nen

Hence, UTU = U.

(c)=>(b) If T is a linear extension of U~! : U(X) —» X, then TU : X — X is the identity
map on X. So, TU (x) = x and limy,_.c Y 1 /i (%)% = x.

(¢)=(a) Obvious, since UTU = Uly = U.

(d)=(b) Suppose X; = U(X) ® G, where G is a closed subspace of X,;. Let P be a
projection of X; onto U(X) along G.

Then, P({h}i-125...m,0) = (i3 i)}, TOT @ll (B Y155, ., € Xa- Therefore

" OP({hn’i}i=1’%’§}r’"") -u {g’” (,}H?o il hn,z’-’ﬁ) }

= 1}1_)m ihmxi = T({hn’i}i=1,273,,..,mn>’ fOi’ all {I’l,”'} (S Xd.
This gives, T = U™l P :rid
T({hni(x)}5:1.24,3}.1..,;71,,) =U"eP ({h’”(x)}i:1,2,3}:[...m,,>

=y ({hm (%) }i:1,2,3.,...‘mn) )

nenN

Hence, x = lim,,_.o Y 1 71,5 (x);, for all x € X.



(b)=>(d) Obvious.

(e)=(b) Let X;=kerT ®@M, where M is a closed subspace of X, Take
Y =kerT®U(X). Let @ : X;— M be a projection from X; onto M along kerT. Define
L:X;—YbyL(a)=(a=Q(a),UT(a)), for a = {h,;},_; 93 € X, Let L(a) = 0.
This gives @(a) = a. So a € M. Let UT () = 0. Then o

U <lim Zhn,ixi) = {g,”v <1im th> } =0,for nEMN.
® = S

This gives lim,,—.c > 12 /1y ix; = 0 and so, a € kerT. Thus, a € kerT n M = {0}. Hence, L is
one—one.

Let (o, U(x)) €ker T® U(X), for ap € kerU and U(x) € U(X).

Since, T is onto, for each x € X, there exists f € X; such that T(f) = x and this gives
UT(B) = U(x). Take a = ap + Q(f). Then Q(a) = Q(ag) + *(f) = Q(B) and ap = a — Q
(a). Also, we have

UT(a) = UT(a — ay) = UT(Q(B)) = UT(B) = U(x). (36)

Munen

Thus L(a) = (ap, UT(x)) and L is an isomorphism from X; onto Y. So, there is a projection
P=UT:X;— U(X)onto U(X) along kerT. This gives

UeP=T and U™o p({hn,l-(x)}izl_%gwmﬂ) = T (i)} )-

nenN

Finally, we compute

My My

U (i)} 1) = Jim Z; Jns()%; and x = lim Z; T ().

nen

Therefore, ({x,}, {hn‘,-}i:m&’”
respect to X

(h)=(e) Obvious. [

In the following result, we prove a duality type approximative K-atomic decomposition
for X.

Theorem 3.7. Let X; be a reflexive BK-space with its dual (Xd)* and let sequences of
canonical unit vectors {e,} and {v,} be bases for Xy and(Xy)", respectively. Let
({nitic10s... e T(x0)) be an approximative K-atomic decomposition for X" with respect to
(Xd)*. IfS: (Xd)* — X" given by S({d;}) = im0y 1 dihy ; is well defined for {d;} € X:},
then there exists a linear operator LeL(X) such that ({x.},{hni}ticrss..me)) 1S a0
approximative L-atomic decomposition for X with respect to Xy. '

) s an approximative atomic decomposition for X with

Mpne

Proof. Since ({%};_1 23 mner #(¥x)) 18 an approximative K-atomic decomposition for
X" with respect to (Xd)*. For he X", we have K(h) = limy_c > " (%)l Also, by
Theorem 24 we have limy, ey "/, (x)x; exist, for all x€X. Define L: X —» X by
L(x) = im0 i i (%) xi, x € X. Note that S(vy) = 123, and for x € X, the
linear bounded operator S* : X" — (X,)"" satisfies

S (2(x)) (wn) = 2(0)S(0n) = {Mni@)},_1 55 -

nen

<Mynen
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S0, {7i(%) }iz125. . m,, ., 18 identified with S”(z(x)) € (&, ) = X, Further, we have

H {hn,i (.X') }i:1,2,3,.‘..,mn

nen

2, = IS (@@)llx, < SNl lI2] . 2 € X. @7

Letting U = S” |y, we have U(x) = {£,i(x)};_1 23 _m, ., and [|U]| < IS
Define R : X" — (Xy)" by R(f) = {h(x,)},he X". Then
R(¢))(h) = ¢;(R(R)) = h(x;),he X".

So, R*(¢;) = x;,for all jeN. Take T = (R")|,, Then, for{/,;},_j3
compute '

eX,; we

5o Mnn el

My My

()i o) = Tlhsed = Jim 3 sTle) = Jim > s
nen Z:1 l:1
Thus, TU (x) = limy e 1y:(%);, for all x € X and this gives TU = L on X. Therefore,
ﬁ”L(x)HX < i)Y i1 23, e x, Then
1
m”L(x) ||X < ” {hn,i(x) }i:1,2,3....,mn

nen

2y SISl

Hence, ({%1}, {n,}i=123...m,,.,,) 1 an approximative L-atomic decomposition for X’ with
respect to Xy o

4. Possible application

One of the most important devices in modern world is digital camera. In our notation a digital
picture is a two-dimensional sequence, {/,,, }. So, it can be seen either as an infinite length
sequence with a finite number of non-zeros samples; that is { %, }, 7, m € Z, or as a sequence
with domainn € {0,1,2,... ,N-1},me{0,1,2,..., M — 1}, can be expressed as a matrix:

oo o1, o by
h = hl,() h1,17 . . ) hM—l
hn-10 /11\/71,17 EERER hN—l,M—M

where each elements 7, is called a pixel and the image has NM pixels. In real life for 7,,, to
represent colour image, it must have more than one component, usually, red, green and blue
components are used (RGB colour space).
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