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Abstract
The initial value problem for a semi-linear high-order heat equation is investigated. In the focusing case, global
well-posedness and exponential decay are obtained. In the focusing sign, global and non global existence of
solutions are discussed via the potential well method.

Keywords Nonlinear high-order heat equation, Global existence, Decay, Blow-up

Paper type Orginal Article

1. Introduction
Consider the Cauchy problem for a high-order nonlinear heat equation�

u
: þ ð�ΔÞkuþ cu ¼ ejujp−1u;

ujt¼0j ¼ u0:
(1.1)

Higher-order semi-linear and quasilinear diffusion operators occur in applications in thin
film theory, non-linear diffusion and lubrication theory, flame and wave propagation, and
phase transition at critical Lifschitz points and bistable systems (e.g., the Kuramoto–
Sivashinsky equation and the extended Fisher–Kolmogorov equation). See models and
references [16].

Here and hereafter k > 1, cef0; 1g, e ¼ ±1, u :¼ uðt; xÞ is a real-valued function of the

variables ðt; xÞ∈ℝ3ℝn for some integer ne

�
2k; 2kð1þkÞ

k− 1

�
. The non-linearity satisfies

k≤ p≤ p* :¼ pc − 1 :¼ nþ2k
n− 2k. The k- Laplacian operator stands for

ð−ΔÞk :¼ ð−ΔÞ½−Δ�k−1; ð−ΔÞ0 :¼ I :
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The energy space Cð½0; T�; HkðℝnÞÞ is naturally adapted to study the high-order heat
problem (1.1) using, with a minimal regularity, the following energy identity

vtE
cðtÞ :¼ vtE

cðuðtÞÞ

:¼ vt

�Z
ℝn

�
1

2

��∇kuðtÞ��2 þ c

2
juðtÞj2 � e

1þ p
juðtÞj1þp

�
dx

�
¼ −

Z
ℝn

ju: ðt; xÞj2dx

If e ¼ −1, the energy is positive and (1.1) is said to be defocusing. For e ¼ 1, the energy no
longer allows a control of theHk norm of an eventual solution. In such a case, (1.1) is focusing.

In the classical case k ¼ 1, Eq. (1.1) has been extensively studied in the scale of Lebesgue

spaces LqðℝnÞ. The critical index qc :¼ nðp− 1Þ
2 gives the following three different regimes.

(1) Sub-critical case q > qc ≥ 1:Weissler [18] proved local well-posedness in Cð½0; TÞ;
LqðℝnÞÞ∩L∞

locð�0; T�;L∞ðℝnÞÞ. Then Brezis–Cazenave [3] showed unconditional
uniqueness.

(2) Critical case q ¼ qc: There are two cases

(a) qc > pþ 1: local well-posedness holds [3,18];

(b) q ¼ qc ¼ pþ 1: Weissler [19] proved a conditional well-posedness.

(3) Super-critical case q < qc: There is no solution in any reasonable weak sense
[3,18,19]. Moreover, uniqueness is lost [10] for the initial data u0 ¼ 0 and for
1þ 1

n
< p < nþ2

n− 2:

See [11] for exponential type non-linearity in two space dimensions.
This manuscript seems to be one of few works treating well-posedness issues of the

nonlinear high-order heat equation in the energy space [2,8,9,17].
The purpose of this paper is two-fold. First, global well-posedness and exponential

decay are established in the defocusing case. Second, in the focusing sign, global and
non global existence of solutions are discussed via potential-well method. Comparing
with the classical case, we need to operate with various modification due to the high-
order Laplacian.

The rest of the paper is organized as follows. Section 2 is devoted to the main results and
some tools needed in the sequel. Section 3 deals with local well-posedness of (1.1). Section 4
contains a proof of global existence of solutions in the critical case with small data. Section 5
deals with the associated stationary problem. Section 6 is about global and non global
existence of solutions with data in some stable sets in the spirit of Payne and Sattinger [15]. In
the last one, the existence of infinitely many non global solutions near the ground state is
proved.

We mention that C will be used to denote a constant which may vary from line to line.
A(B means that A≤CB for some absolute constant C. For simplicity, denoteR
$dx :¼ Rℝn$dx; Lp :¼ LpðℝnÞ is the Lebesgue space endowed with the norm

k$kp :¼ k$kLp and k$k :¼ k$k2. The classical Sobolev space is Hk;p :¼ ðI −ΔÞ−k2 Lp and

Hk :¼ Hk;2 is the energy space. Using Plancherel Theorem, the following norms are
equivalent

kukHk :¼
�Z

ℝn

�
1þ jξj2	kjbuðξÞj2dξ�1

2

’


kuk2 þ ��∇ku

��2�1
2

:
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We denote the real numbers

p* :¼ 1þ 4k

n
; p* :¼ pc � 1 :¼ nþ 2k

n� 2k

and we assume here and hereafter that

c ¼ 1� δp
*

p ¼
�

0
1

if
if

p ¼ p*;
p≠ p*:

Finally, if T > 0 and X is an abstract functional space, we denote CTðXÞ :¼ Cð½0; T�; XÞ;
Lp
TðXÞ :¼ Lpð½0; T�; XÞ and Xrd the set of radial elements in X, moreover for an eventual

solution to (1.1), we denote T* > 0 its lifespan.

2. Background and main results
In this section we give the main results and some technical tools needed in the sequel.

2.1 Main results
Results proved in this paper are listed in what follows.

First, we deal with local well-posedness of the heat problem (1.1) in the energy space.

Theorem 2.1. Take k > 1, n∈ ð2k; 2kð1þkÞ
k− 1 Þ,1 < p ≤ p* and u0 ∈Hk. Then, there exist

an admissible pair ðq; rÞ in the meaning of Definition 2.8 and a unique maximal solution to
(1.1),

u∈Lq


ð0;T*Þ; Hk;r

�
:

Moreover,

(1) u∈Cð½0; T*Þ; HkÞ;
(2) EðtÞ ¼ Eð0Þ− R t0 Rℝn j _uðs; xÞj2dx ds, for any t ∈ ½0; T*Þ;
(3) if p < p*, then

(a) u is unique in Cð½0; T*Þ; HkÞ;
(b) if T* < ∞, then lim sup

T*

kuðtÞkHk ¼ ∞ and

kuðtÞkHk ≥
C

ðT* � tÞ 1
p−1

−n−2k
4k

;

(c) if e ¼ −1, then T* ¼ ∞ and there exists γ > 0 such that

kuðtÞkHk ¼ O
�
e−γt
	
; when t→∞:

In the critical case, for small data, there exists a global solution to (1.1).

Theorem 2.2. Take k > 1, n∈ ð2k; 2kð1þkÞ
k− 1 Þ and p ¼ p*. Then, there exists e0 > 0 such that

if u0 ∈ _H
k
satisfies ku0k _H

k ≤ e0, the problem (1.1) possesses a unique global solution

u∈Cðℝþ; _H
kÞ, satisfying the decay
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lim
t→þ∞

kuðtÞkLp ¼ 0; for all 2 < p <
2n

n� 2k
:

Second, we are interested on the focusing case. Using the potential well method due to Payne–
Sattinger [15], we discuss global and non global existence of solutions to (1.1), when the data
belongs to some stable sets. Denote the quantities

μ :¼ maxf2αþ ðn� 2kÞβ; 2αþ nβg; ~μ :¼ minf2αþ ðn� 2kÞβ; 2αþ nβg
and the set

A :¼ ðα; βÞ∈ℝ*
þ 3ℝ s: t ~μ > 0 and αðp� 1Þ þ 2kβ > 0

�
:

The following quantity will be called constraint

Kc
α;βðvÞ ¼

1

2

Z �
ð2αþ ðn� 2kÞβÞ��∇kv

��2 þ ð2αþ nβÞcjvj2 � 2

�
αþ nβ

1þ p

�
jvj1þp

�
dx:

Take the minimizing problem under constraint

mc
α;β :¼ inf

0≠v∈Hk
rd

n
EcðvÞ; s: t Kc

α;βðvÞ ¼ 0
o
:

For easy notation, set

mα;β :¼ m1
α;β; ∈E :¼ E1 and Kα;β :¼ K1

α;β:

Definition 2.3. We call a ground state to (1.1) any solution to

−ð−ΔÞkf� cfþ jfjp−1f ¼ 0; 0≠f∈Hk
rd; mα;β ¼ EðfÞ: (2.2)

The existence of ground state is claimed.

Theorem 2.4. Take k > 0, n≥ 2, 1 < p≤ p* and ðα; βÞ∈A. So, there exists a ground state
solution to (2.2). Moreover, mc :¼ mc

α;β is nonzero and independent of ðα; βÞ.
Denote the spaces

Ac;þ
α;β :¼

n
f∈Hk; s: t EcðfÞ < mc

α;β and Kc
α;βðfÞ≥ 0

o
;

Ac;−
α;β :¼

n
f∈Hk; s: t EðfÞ < mc

α;β and Kc
α;βðfÞ < 0

o
;

Aþ
α;β :¼ A1;þ

α;β ; A−

α;β :¼ A1;−
α;β :

Let us discuss global and non global existence of solutions to the heat problem (1.1).

Theorem 2.5. Take k > 1, n∈ ð2k; 2kð1þkÞ
k− 1 Þ, 1 < p ≤ p* and ðα; βÞ∈A,e ¼ 1 and u∈C

ð½0;T*Þ; HkÞ be a maximal solution to (1.1). Then,

(1) if p < p* and u0 ∈Aþ
α;β, then T* ¼ ∞ and uðtÞ∈Aþ

α;β for any time t ≥ 0. Moreover,
for small ku0k, there exists γ > 0 such that

kuðtÞk _H
k ¼ O

�
e−γt
	
; when t→∞;
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(2) if u0 ∈A
c;−
α;β, then u blows-up in finite time.

The last result concerns instability by blow-up for stationary solutions to the heat
problem (1.1). Indeed, near ground state, there exist infinitely many data giving non global
solutions.

Theorem 2.6. Take k > 1, n∈ ð2k; 2kð1þkÞ
k− 1 Þ, e ¼ 1and p* < p ≤ p*. Let f be a ground state

solution to (2.2). Then, for any ε > 0, there exists u0 ∈Hk such that ku0−fkHk < ε and the
maximal solution to (1.1) is not global.

2.2 Tools
Let us collect some classical estimates needed forward this manuscript. We start with some
technical results about the high-order heat equation. Some useful properties of the free heat
kernel are gathered in what follows.

Proposition 2.7. Denoting the free operator associated to the high-order heat equation

TkðtÞf :¼ e−tð−ΔÞ
k

:¼ F−1ðe−tj:j2kÞ*f :¼ KkðtÞ*f;
yields

(1) e−tð−ΔÞ
k

u0 þ e
R t
0 e

−ðt−sÞð−ΔÞk jujp−1u ds is the solution to the problem (1.1);

(2) TkTβ ¼ Tkþβ T*
k ¼ Tk:

Let us recall the so-called Strichartz estimate [20].

Definition 2.8. A couple of real numbers ðq; rÞ is said to be admissible if

q; r≥ 2 and
2k

q
¼ n

�
1

2
� 1

r

�
:

Proposition 2.9. Let n≥ 2, k > 0, u0 ∈L2 and ðq; rÞ, ðq; rÞ two admissible pairs. Then,
there exists C :¼ Cq;~q such that

kukLq
t
ðLrÞ ≤C



ku0k þ

�� _uþ ð−ΔÞku��
L
~q0
t



L~r0
��

:

Proof. Compute

ðKkðtÞÞðxÞ ¼ F−1


e−tj _j

2k
�
ðxÞ

¼ 1

t
n
2k

F−1


e−j _j

2k
�� x

t
1
2k

�
¼ 1

t
n
2k

K

�
1

t
n
2k

�
;

where K ∈ ðL1 ∩L∞ÞðℝnÞ (see [7]). Thus,
kTkðtÞfk(kfk; ��TkðtÞT*

k ðsÞf
��
∞
(

1

jt � sj n2kk
fk1:

The proof is finished via Theorem 1.2 in [12]. -
Using the above computation via Young inequality, the following smoothing effect yields.

Remarks on the
high-order heat

equation

131



Lemma 2.10. There exists a positive constant C such that for all 1≤ r≤ q≤∞, we have

kTkðtÞwkLq ≤
C

t
N
2k
ð1r−1

qÞ
kwkLr ; ∀t > 0; ∀w e∈LrðℝN Þ: (2.3)

The following Sobolev injections [1,13] give a meaning to the energy and several
computations done in this note.

Lemma 2.11. Let n≥ 2, k > 0 and p∈ ð1; ∞Þ. Then,
(1) Wk;pðℝnÞ↪LqðℝnÞwhenever 1 < p < q < ∞; and 1

p
≤ 1

q
þ k

n
;

(2) WkðℝnÞ↪LqðℝnÞ for any q∈ ½2; 2n
n− 2k�; n > 2k

(3) Hk
rdðℝnÞ↪↪LqðℝnÞ for any q∈ ð2; 2n

n− 2kÞ; n≥ 2k.

The following Gagliardo–Nirenberg inequality is useful throughout the manuscript [14].

Lemma 2.12. Let n≥ 2, k > 0 and p; q; r∈ ð1; ∞Þ. Then,
k$kp(

��∇k$
��θ
r
k$k1−θq ;

for 1
p
¼ θð1

r
− k

n
Þ þ 1− θ

q
such that θ∈ ½0; 1�.

In the critical case, recall some properties of the best constant of Sobolev injection [5,6].

Proposition 2.13. Take n≥ 2 and 0 < 2k < n. Then,

C*
n;k :¼ inf

0≠u∈ _H
k

kuk2pc
k∇kuk2

¼ 1

22kπk

Γ


n
2
� k
�

Γ


n
2
þ k
� ΓðnÞ2kn

Γ


n
2

�2k
n

:

Moreover, u is such a minimizer if and only if there exist c∈ℝ, μ > 0 and x0 ∈ℝn such that

uðxÞ ¼ c
�
μ2 þ jx� x0j2

	−n−2k
2 :

Let us give an abstract result.

Lemma 2.14. Let T > 0 and X ∈Cð½0; T�; ℝþÞ such that

X ≤ aþ bX θ on ½0; T�;
where a b > 0; θ > 1; a <

�
1− 1

θ

�
ðθbÞ −1

θ−1 and Xð0Þ≤ ðθbÞ −1
θ−1. Then

X ≤
θ

θ � 1
a on ½0; T�:

Proof. The function f ðxÞ :¼ bxθ − xþ a is decreasing on ½0; ðbθÞ 1
1−θ� and increasing on

½ðbθÞ 1
1−θ; ∞Þ. The assumptions imply that f ððbθÞ 1

1−θÞ < 0 and f ð θ
θ− 1 aÞ≤ 0. As f ðXðtÞÞ≥ 0,

f ð0Þ > 0 and Xð0Þ≤ ðbθÞ 1
1−θ, we conclude the result by a continuity argument. -

We close this subsection with a classical result about ordinary differential equations.

Proposition 2.15. Let ε > 0. There is no real function G∈C2ðℝþÞ satisfying
Gð0Þ > 0; G

0 ð0Þ > 0 and GG
00 � ð1þ εÞðG0 Þ2 ≥ 0 on ℝþ:
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Proof. Assume the existence of such a function. Then ðG−ð1þεÞG
0 Þ0 ≥ 0 and

G
0

G1þε
≥

G
0 ð0Þ

G1þεð0Þ > 0:

Integrating on ð0; TÞ the previous inequality, yields

0 <
1

GεðTÞ≤
1

Gεð0Þ � ε
G

0 ð0Þ
G1þεð0ÞT;

which implies that T < 1
ε

Gð0Þ
G
0 ð0Þ. This is a contradiction, which achieves the proof. -

3. Local well-posedness
This section is devoted to proving Theorem 2.1 about local well-posedness of the high-order
heat problem (1.1). The result follows by a standard fixed point argument. Take the
admissible couple ðq; rÞ :¼ ð 4ð1þpÞ

ðp− 1Þðn
k
− 2Þ;

pþ1
1þk

n ðp− 1ÞÞ. Let us start with an intermediary result.

Lemma 3.1. Take u0 ∈Hk. There exist T > 0 and a unique u∈Lq
TðHk;rÞ solution to (1).

Proof. For R;T > 0 consider the space

XT;R :¼
n
u∈Lq

T



Hk;r

�
s: t kuk

L
q

TðHk;rÞ ≤R
o

endowed with the complete distance

dðu; vÞ :¼ ku� vkLq
T
ðLrÞ:

Take the function

~v :¼ fðvÞ :¼ e−tð−ΔÞ
k

u0 þ
Z t

0

e−ðt−sÞð−ΔÞ
k���vjp−1v	ds:

We prove that f is a contraction of XT;R, for some positive T;R.
Let u; v∈XT;R and w :¼ u− v. Then, using the equality

1

r
0 ¼ ðp� 1Þ

�
1

r
� k

n

�
þ 1

r
;

we get by Sobolev injection

��w���vjp�1 þ ��ujp�1	��
r
0(kwkr

0@kvkp−1rn
n−kr

þ kukp−1rn
n−kr

1A
(kwkr



kvkp−1

Hk;r þ kukp−1
Hk;r

�
:

Since p≤ p*, there exists α > 0 such that α ¼ ∞ if and only if p ¼ p* and

1

α
:¼ 1� 1þ p

q
:
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Thanks to Strichartz estimate

kWkLqðI ; LrÞ(
��wðjvjp�1 þ jujp�1Þ��

Lq
0 ðI ;Lr0 Þ

(Τ
1
αkwkLqðI ;LrÞ½kvkp−1

LqðI ;L
rn
r−kÞ

þ kukp−1
LqðI ;L

rn
r−kÞ

�

(Τ
1
αkwkLqðI ; LrÞ½kvkp−1LqðI ;Hk;rÞ þ kukp−1

LqðI ;Hk;rÞ�

(Τ
1
αRp−1kwkLqðI ;LrÞ:

(3.4)

Applying the previous inequality for v ¼ 0, yields

kukLqðI ; LrÞ(
���e�tð�ΔÞku0

���
LqðI ;LrÞ

þ T
1
αRp−1kukLqðI ;LrÞ

≤Cku0k þ CT
1
αRp:

Write now, for jαj ¼ k, ��∇k~u
��
LqðI ;LrÞ(k ~u0k _H

k þ
��∇kðupÞ��

Lq
0 ðI ;Lr0 Þ

(k ~u0k _H
k þ ðIÞ

Denoting PjðαÞ :¼ fαi ∈ ðN*Þj such that
Pj

i¼1αi ¼ αg, we get

ðIÞ(
Xk
j¼1

X
PjðαÞ

�����up�j
Yj
i¼1

vαiu

�����
Lq

0 ðI ; Lr0 Þ
:

Take the real numbers

1

a0
:¼ 1

r
� k

n
;
1

ai
:¼ 1

r
� k� jαij

n
:

Then

p� j

a0
þ
Xj

i¼1

1

ai
¼ 1

r
0 :

With H€older inequality,

ðIÞ(
Xk
j¼1

X
PjðαÞ

�����up�j
Yj
i¼1

vαi u

�����
Lq

0 ðI ;Lr0 Þ

(T
1
α

Xk
j¼1

X
PjðαÞ

kukp−jLqðI ; La0 Þ
Yj
i¼1

kvαi ukLqðI ; Lai Þ

(T
1
α

Xk
j¼1

X
PjðαÞ

kukp−j
LqðI ; L

rn
n−rkÞ

Yj
i¼1

kuk
LqðI ; _Hαi ;ai Þ:
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Taking account of Sobolev embedding

ðIÞ(T
1
α

Xk
j¼1

X
PjðαÞ

kukp−j
LqðI ; _Hk;rÞ

Yj
i¼1

kuk
LqðI ; _Hk;rÞ

(T
1
α

Xk
j¼1

X
PjðαÞ

kukp−j
LqðI ; _Hk;rÞ

kuk
LqðI ; _Hk;rÞ

(T
1
αkukp

LqðI ; _Hk;rÞ

(T
1
αRp:

Then

k~uk
LqðI ;Hk;rÞ ≤Cku0kHk þ CT

1
αRp: (3.5)

If p < p*, 1α > 0, so choosing R :¼ 2Cku0kHk and T > 0 small enough, it follows that f is a
contraction ofXT;R. If p ¼ pc using previous computation with the fact that whenT vanishes,��e−tð−ΔÞku0��

Lq

T
ðHk;rÞ

→ 0, it follows that f is a contraction of XT;R for small time. Thanks to

Picard fixed point theorem, existence of a solution of (1.1) is proved. For uniqueness of such a
solution, it is sufficient to apply (3.4) and use a translation argument. -

Lemma 3.2. Take u0 ∈Hk and u∈Lq
TðHk;rÞ be a solution of (1.1). Then, u∈CTðHkÞ∩Lq1

T

ðHk;r1Þ for any admissible couple ðq1; r1Þ.
Proof. Take 0 < t1; t2 < T, by Strichartz estimate via the integral formula

kuðt1Þ � uðt2ÞkHk(

���� Z t2

t1

e�ðt�sÞð�ΔÞkðjujp�1
uÞds

����
L∞ððt1 ; t2Þ;HkÞ

(kupk
Lq

0 ððt1 ; t2Þ;Hk;r
0 Þ

(ðt1 � t2Þ
1
αkukp

Lqððt1 ; t2Þ; _Hk;rÞ
:

This completes the proof. -
Let us prove unconditional uniqueness in the sub-critical case. Take σ :¼ 1þ p and an

admissible couple ða; σÞ. With Strichartz estimate

k~wkLaðI ;LσÞ(
��w�jvjp�1 þ jujp�1	��

La
0 ðI ;Lσ0 Þ

(T1−2
akwkLaðI ; LσÞ

h
kvkp−1L∞ðI ;LσÞ þ kukp−1L∞ðI ;Lσ Þ

i
(T1−2

akwkLaðI ; LσÞ
h
kvkp−1

L∞ðI ;HkÞ þ kukp−1
L∞ðI ;HkÞ

i
(T1−2

a Rp−1kwkLaðI ;LσÞ:
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The sub-critical condition implies that σ < 1þ pc, which gives a < 2. Then, unconditional
uniqueness is established via the last inequality.

Now, for t ∈ ð0; T*Þ, taking account of (3.5), if there exists R > 0 such that

CkuðtÞkHk þ CðT � tÞ1α Rp
≤R;

then, T < T*. Thus, for any R > 0,

CkuðtÞkHk þ CðT* � tÞ1α Rp
≤R;

Choosing R :¼ 2CkuðtÞkHk, it follows that

ðT* � tÞ1αkuðtÞkp−1
Hk ≥C:

Let us prove that the maximal solution of (1.1) is global in the sub-critical defocusing case.
The global existence is a consequence of the energy decay and previous calculations. Let
u∈Cð½0; T*Þ; HkÞ be the unique maximal solution of (1.1). We prove that u is global. By
contradiction, suppose that T* < ∞. Consider for 0 < s < T*, the problem

ðPsÞ
�

_vþ ð�ΔÞkvþ vþ jvjp−1v ¼ 0;
vðs; :Þ ¼ uðs; :Þ:

Using the same arguments of local existence, we can find a real τ > 0 and a solution v to ðPsÞ
on Cð½s; sþ τ�; HkÞ. Thanks to the energy decay, we see that τ does not depend on s. Thus, if
we let s be close to T* such that T* < sþ τ, this fact contradicts the maximality of T*.

Let us prove that u∈Cðℝþ; HkÞ, the global solution to (1.1) for c ¼ −e ¼ 1 and
1 < p < p* satisfies an exponential decay in the energy space.

Denoting the quantity KðuðtÞÞ :¼ kuðtÞk2Hk

R
ℝn juðtÞj1þp

dx, yields

EðuðtÞÞ≤KðuðtÞÞ≤ ðpþ 1ÞEðuðtÞÞ:
On the other hand, for T > 0,Z T

t

KðuðsÞÞds ¼ 1

2

�kuðtÞk2 � kuðTÞk2	
≤
1

2
kuðtÞk2

≤EðuðtÞÞ:
So, Z T

t

EðuðsÞÞds(
Z T

t

KðuðsÞÞds(EðuðtÞÞ:

Thus, for some positive real number T0 > 0,

yðtÞ :¼
Z ∞

t

EðuðsÞÞds
(EðuðtÞÞ
≤� T0y

0 ðtÞ
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This implies that, for t ≥T0,

yðtÞ≤ yðT0Þe1−
t
T0 ≤T0EðuðT0ÞÞe1−

t
T0 :

Taking account of the monotonicity of the energy, for large T > 0,Z T

t

EðuðsÞÞds≥
Z tþT0

t

EðuðsÞÞds≥T0Eðuðt þ T0ÞÞ:

Then,

Eðuðt þ T0ÞÞ≤EðuðT0ÞÞe1−
t
T0 :

Finally,

kuðt þ T0Þk2Hk(Eðuðt þ T0ÞÞ≤EðuðT0ÞÞe1−
t
T0 :

The proof is finished.

4. Global well-posedness in the critical case
This section is devoted to prove Theorem 2.2 about global well-posedness of the critical high-
order heat type equation (1.1). Denote the norms

kukZ ðIÞ :¼ kuk
L2p

* ðI ;L2p* Þ;

kukMðIÞ :¼
��∇ku

��
L2p

* ðI ;L
2nðnþ2kÞ
n2þ4k2 Þ

;

kukW ðIÞ :¼ k∇uk
L2p

* ðI ;L
2nðnþ2kÞ
n2þ4k2 Þ

;

kukNðIÞ :¼ k∇uk
L2ðI ;L

2n
nþ2kÞ

:

Let us start with an intermediary result.

Lemma 4.1. The following continuous injection holds.

kukW ðIÞ↪kukZðIÞ:

Proof. Write

kuk2p* ¼ ku2ð1− 1
pc
Þk

pc

2p*

Pc

(ku2ð1− 1
pc
Þk

pc

2p*

_H
1

(k∇uu2ð1� 1
pc
Þ�1k

pc

2p*

(

�
ku2ð1� 1

pc
Þ�1k 2p*

2ð1� 1
pc
Þ�1

k∇uk 2p*

pc�2ð1� 1
pc
Þ

� pc

2p*

(kuk
pc−2

2p*

2p*
k∇uk

pc

2p*

2p*

pc−2ð1− 1
pc
Þ
:
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Then

kukZðIÞ(kkuk
pc−2

2p*

2p*
k∇uk

pc

2p*

2p*

pc−2ð1− 1
pc
Þ
k
L2p

* ðIÞ

(kuk
pc−2

2p*

Z ðIÞk∇uk
pc

2p*

L2p
* ðI ;L

2p*

pc−2ð1− 1
pc
ÞÞ

(k∇uk
L2p

* ðI ; L
2p*

pc�2ð1� 1
pc
ÞÞ
: ▪

Proposition 4.2. Take the critical case p :¼ p* and I an interval containing zero. There
exists δ > 0 such that for any u0 ∈Hk satisfying

ke−tð−ΔÞku0kW ðIÞ < δ;

there exists a unique solution u∈CðI ; HkÞ to (1.1). Moreover,

kukW ðIÞ ≤ 2δ; kukMðIÞ þ kuk
L∞ðI ;HkÞ ≤C

�ku0kHk þ δp
*	
: (4.6)

Proof. First, we establish the existence of a local solution to (1.1) by a fixed point argument.
For M :¼ Cku0kHk, T > 0 and I :¼ ð0; TÞ, take the set

XM ; δ :¼ fv∈MðIÞ; kvkW ðIÞ ≤ 2δ; kvk
L
2ð2kþnÞ

n ðI ;L2ð2kþnÞ
n Þ

≤ 2Mg

endowed with the complete distance

dðu; vÞ :¼ ku� vk
L
2ð2kþnÞ

n ðI ;L 2ð2kþnÞ
n Þ:

Take the function

~v :¼ fðvÞ :¼ e−tð−ΔÞ
k

u0 þ
Z t

0

e−ðt−sÞð−ΔÞ
k jvjpc−2vds:

Let us prove that for some positive M ; δ; f is a contraction of XM ; δ.
We establish that XM ;δ is stable by f for some small positiveM ; δ. Let v∈XM ;δ. Compute,

using Strichartz and H€older inequalities

k~vk
L
2ð2kþnÞ

n ðI ;L2ð2kþnÞ
n Þ

(ku0k þ kvp*k
L
2ð2kþnÞ
4kþn ðI ;L

2ð2kþnÞ
4kþn Þ

(ku0k þ kvk
L
2ð2kþnÞ

n ðI ;L
2ð2kþnÞ

n Þ

��vpc�2
��
L
2kþn
2k ðI ;L

2kþn
2k Þ

(ku0k þ kvk
L
2ð2kþnÞ

n ðI ;L2ð2kþnÞ
n Þ

kvkpc−2
L2p

* ðI ;L2p* Þ

(ku0k þ kvk
L
2ð2kþnÞ

n ðI ;L2ð2kþnÞ
n Þ

kvkpc−2Z ðIÞ

≤Mð1þ δpc−2Þ
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On the other hand

k~vkW ðIÞ(ke�itðΔÞku0kW ðIÞ þ kvjvjpc�2kNðIÞ

(M þ k∇vvpc�2k
L2ðI ;L

2n
2kþnÞ

(M þ kvkpc−2Z ðIÞ kvkW ðIÞ

(M þ δp
*
:

Always using Strichartz estimate

k~vkMðIÞ(
��∇ku0

��þ ��∇kðvjvjpc�2Þ��
L2ðI ;L

2n
nþ2kÞ

(ku0k _H
kþ
��∇kðvjvjpc�2Þ��

L2ðI ;L
2n

nþ2kÞ
:

Using Faa-di bruno [4] identities, we get

∇
kðvp*Þ ¼

Xk
i¼1

vp
*−i
Xk
s¼1

X
PE ðνÞ

ν!
Yk
j¼1

�
vl jv
	kj

kj!ðlj!Þkj

where in PEðνÞ, we have
Pk

j¼1kj ¼ i,
Pk

j¼1kjlj ¼ νand jνj ¼ k. Then, it is sufficient to estimate
the term

kvp*�i
Yk
j¼1

ðvl jvÞkjk
L2ðI ;L

2n
nþ2kÞ

:

Taking the choice

αj :¼ 2p*

kj
;

1

βj
¼ kj

�jljj
n
þ 1

2p*

�
;

it follows that

1

2
¼ p* � i

2p*
þ
Xk
j¼1

1

αj

¼ 1

2
� i

2p*
þ
Xk
j¼1

1

αj

;

1

2
þ k

n
¼ nþ 2k

2n
¼ p* � i

2p*
þ
Xk
j¼1

1

βj
¼ 1

2
� i

2p*
þ
Xk
j¼1

1

βj
:

Thus, with H€older inequality

kvp*�i
Yk
j¼1

ðvl jvÞkjk
L2ðI ;L

2n
nþ2kÞ

≤ kvkp*−iZðIÞ
Yk
j¼1

kvl jvkkj
L
kjαjðI ;L

kjβj Þ :

With Sobolev injection, yields

W
k;
2nðnþ2kÞ
n2þ4k2 ↪W

k−nð n2þ4k2

2nðnþ2kÞ−
1

kjβj
Þ; kjβj

↪W jljj;kjβj :

This implies that
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k~vkMðIÞ(ku0k _H
k þ
Xk
i¼1

kvkp*−iZ ðIÞ
Yk
j¼1

kvl jvkkj
L
kjαjðI ;L

kjβj Þ

(ku0k _H
k þ
Xk
i¼1

kvkp*−iZðIÞkvkiMðIÞ:

This finishes the stability of XM ;δ. Now, let u; v∈XM ;δ and w :¼ u− v. Then

dðu; vÞ(��wðvpc�2 þ upc�2Þ��
L
2ð2kþnÞ
4kþn ðI ;L

2ð2kþnÞ
4kþn Þ

(kwk
L
2ð2kþnÞ

n ðI ;L
2ð2kþnÞ

n Þ
½��vpc�2

��
L
2kþn
2k ðI ;L

2kþn
2k Þ

þ ��upc�2
��
L
2kþn
2k ðI ;L

2kþn
2k Þ

�

(½kvkpc−2Z ðIÞ þ kukpc−2Z ðIÞ �dðu; vÞ:
Then, using Lemma 4.1, we get

dðu; vÞ(δpc−2dðu; vÞ:
This proves the contraction via taking small δ; M > 0. -

Now, let us prove global existence.
By Strichartz estimate, if u exists on ½0; t0� and satisfies ku0k _H

k small enough, we can use

(4.6) to extend uon ½t0; t0 þ 1�. Hence, in order to prove global well-posedness, it is sufficient to
prove that ku0k _H

k remains small on the whole ½0; T*Þ. Let a positive time t < T*. With the

decay of energy and Sobolev injection, yields

2EðuðtÞÞ ¼ ��∇ku0
��2 þ 2μ

pc

Z
ju0jpcdx

(
��∇ku0

��2 þ ��∇ku0
��pc :

Then, ��∇kuðtÞ��2 ¼ 2EðuðtÞÞ þ 2

pc

Z
juðtÞjpcdx

(
��∇ku0

��2 þ ��∇ku0
��2pc þ ��∇kuðtÞ��pc :

The proof is closed via Lemma 2.14.
Let us finish this section by proving the decay of solutions. Using the previous

proposition, it follows that

u∈MðℝþÞ∩W ðℝþÞ:
Using previous computation and denoting vðtÞ :¼ Tkð−tÞuðtÞ, we get for t; t 0 → þ∞,

kvðtÞ � vðt0 Þk _H
k(

Z t
0

t

Tkð�sÞ�jujpc�2
u
	
ds
��

_H
k

(
Xk
i¼1

kukp*−i
Z ðt; t0 Þkuk

i

Mðt;t0 Þ → 0:

Finally, taking account of Sobolev embeddings and denoting f :¼ lim
t→þ∞

vðtÞ in _H
k
, yields
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kuðtÞkp ≤ kuðtÞ � TkðtÞfkp þ kTkðtÞfkp
(kuðtÞ � TkðtÞfk _H

k þ kTkðtÞfkp
(kvðtÞ � fk _H

k þ kTkðtÞfkp:

Thanks to the smoothing effect (2.3), the decay is proved.

5. Existence of a ground state
The goal of this section is to prove that the elliptic problem

−ð−ΔÞkf� cfþ jfjp−1f ¼ 0; f∈Hk
rd

has a ground state in the meaning that it has a nontrivial positive radial solution which
minimizes of the energy when Kα;β vanishes. Let us define the quantities

fλ
:¼ eαλfðe−βλ:Þ;

Lα;βEðfÞ :¼ vλðEðfλÞÞjλ¼0 :¼ Kα;βðfÞ;

Hα;β :¼


1� Lα;β

μ

�
E:

With a direct calculation

Kα;βðvÞ ¼ 1

2

Z �
ð2αþ ðn� 2kÞβÞ��∇kv

��2 þ ð2αþ nβÞjvj2 � 2

�
αþ nβ

1þ p

�
jvj1þp

�
dx;

Hα;βðvÞ ¼ 1

2

�
1� 2αþ ðn� 2kÞβ

μ

���∇kv
��2 þ 1

2

�
1� 2αþ nβ

μ

�
kvk2

þ
��

αþ nβ

pþ 1

�
1

μ
� 1

1þ p

� Z ��vj1þp
dx:

Denote the quadratic part and the nonlinear parts of Kα;β,

KQ
α;βðvÞ :¼

Z
ℝn

h

αþ


n
2
� k
�
β
���∇kv

��2 þ 
αþ n

2
β
�
jvj2
i
dx; KN :¼ K � KQ:

Remark 5.1. Note that,

(1) in this section ðα; βÞ∈A;
(2) the proof of Theorem 2.2 is based on several Lemmas;

(3) in this section, we write, for easy notation, K ¼ Kα;β;K
Q ¼ KQ

α;β;K
N ¼

KN
α;β;L ¼ Lα;β and H ¼ Hα;β.

Lemma 5.2. We have

(1) mðLHðfÞ; HðfÞÞ > 0, for all 0≠f∈Hk;

(2) λ↦HðfλÞ is increasing.
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Proof. Compute

LHðfÞ ¼ L


1�L

μ

�
EðfÞ

¼ −ðL � ~μÞðL � μÞEðfÞ
μ

þ ~μ


1�L

μ

�
EðfÞ

¼ −ðL � ~μÞðL � μÞEðfÞ
μ

þ ~μHðfÞ:

Now, since ðL− ð2αþ βðn− 2kÞÞÞ��∇kf
��2 ¼ ðL− ð2αþ nβÞÞkfk2 ¼ 0, we have ðL− ~μÞ−

ðL− μÞkfk2Hk ¼ 0. Moreover Lð��fj1þpÞ ¼ ðαð1þ pÞ þ nβÞ��fj1þp, so because ðα; βÞ∈A,

LHðfÞ≥ 1

μ
ðL� ~μÞðL� μÞ

Z jfj1þp

1þ p
dx

¼ αðp� 1Þðαðp� 1Þ þ 2kβÞ
μð1þ pÞ

Z ��fj1þp
dx

> 0:

The first point of the Lemma follows. The last point is a consequence of the equality
vλHðfλÞ ¼ LHðfλÞ. -

The next intermediate result is the following.

Lemma 5.3. Let ðfnÞ be a bounded sequence of Hk − f0g such that lim
n
KQðfnÞ ¼ 0. Then,

there exists n0 ∈ℕ such that KðfnÞ > 0 for all n≥ n0.

Proof. Since ðα; βÞ∈A, and KQðfnÞ vanishes at infinity, by Sobolev injection, we have

KN ðfnÞ(kfnk1þp

1þp(kfnk1þp

Hk ¼ o


kfnk2Hk

�
:

Then KðfÞ ’ KQðfnÞ > 0. The proof is achieved. -
The last auxiliary result of this section reads as follows.

Lemma 5.4.

mα;β ¼ inf
0≠f∈Hk

rd

fHðfÞ; s:t KðfÞ≤ 0g: (5.7)

Proof. Let m1 be the right hand side, then it is sufficient to prove that m≤m1. Take f∈Hk

such that KðfÞ < 0 then by Lemma 5.3, the fact that lim
x→−∞

KQðfλÞ ¼ 0 and λ↦HðfλÞ is
increasing, there exists λ < 0 such that

KðfλÞ ¼ 0;HðfλÞ≤HðfÞ: (5.8)

The proof is closed. -

Proof of Theorem 2.4

(1) sub-critical case. Let ðfnÞ be a minimizing sequence, namely

0≠fn ∈Hk
rd;KðfnÞ ¼ 0 and lim

n
HðfnÞ ¼ lim

n
EðfnÞ ¼ m:
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� First step: ðfnÞ is bounded in Hk. First case β≥ 0. Then

kfnk2_Hk(HðfnÞ→m:

So ðfnÞ is bounded in _H
k
. Assume that lim sup

n
kfnk ¼ ∞. Then

kfnk2(KQðfnÞ
¼ −KN ðfnÞ

(kfnk1þp

1þp

(kfnk1þp−
nðp−1Þ
2k

��∇kfn

��nðp−1Þ
2k

(kfnk1þp−
nðp−1Þ
2k :

This contradiction achieves this case. Second case β < 0. Using the fact that
αðp− 1Þ þ 2kβ > 0 and Kα;βðfnÞ ¼ 0,

2μHðfnÞ ¼ −2kβkfnk2 þ
1

1þ p
ðαðp� 1Þ þ 2kβÞ

Z
jfj1þp

dx

≥
1

1þ p
ðαðp� 1Þ þ 2kβÞ

Z
jfj1þp

dx

≥ kfnk2Hk :

Then, ðfnÞ is bounded in Hk.

� Second step: m > 0.

Taking account of the compact injection of the radial Sobolev space Hk
rd on the Lebesgue

space Lp for any 2 < p < pc, we take

fn →f in Hk and fn →f in Lp; ∀p∈ ð2; pcÞ:
Assume that f ¼ 0, since ðfnÞ is bounded in Hk, we have

KN ðfnÞ(kfnk1þp

1þp → 0:

By Lemma 5.3, KðfnÞ > 0 for large nwhich is absurd. So

f≠ 0:

With lower semi continuity of Hk norm, we have KðfÞ≤ 0 and HðfÞ≤m. Using (8), we can
assume that KðfÞ ¼ 0 and EðfÞ ¼ HðfÞ≤m. So that f is a minimizer satisfying
0≠f∈Hk

rd, KðfÞ ¼ 0 and EðfÞ ¼ HðfÞ ¼ m. Thus

m ¼ HðfÞ > 0:

� f is a solution to (2).
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Now, there is a Lagrange multiplier η∈ℝ such that E
0 ðfÞ ¼ ηK

0 ðfÞ. Recall that
LðfÞ :¼ ðvλfλ

α;βÞjλ¼0 and LEðfÞ :¼ ðvλEðfλ
α;βÞÞjλ¼0. Compute

0 ¼ KðfÞ ¼ LEðfÞ ¼ hE 0 ðfÞ;LðfÞi
¼ ηhK 0 ðfÞ;LðfÞi
¼ ηLKðfÞ ¼ ηL2EðfÞ:

With a previous computation

�ðL � μÞðL � ~μÞEðfÞ ¼ k
p� 1

pþ 1
ðkðp� 1Þ þ 2kβÞ

Z ��fj1þp
dx

¼ −L2EðfÞ � ~μμEðfÞ
> 0:

Thus η ¼ 0 and E
0 ðfÞ ¼ 0. So, f is a ground state and m is independent of α; β.

(2) Critical case. Define the mass less action

K0
α;βðfÞ :¼ Lα;βE

0ðfÞ

¼ 1

2
ð2αþ ðN � 2kÞβÞ��∇kf

��2 � �αþ Nβ

pc

�
kfkpcpc

¼
�
αþ Nβ

pc

�
��∇kf
��2 � kfkpcpc

�

and the operator

H 0
α;βðfÞ :¼

�
E0 � 1

αpc þ Nβ
K0

α;β

�
ðfÞ

¼ k

N

��∇kf
��2:

Let m0
α;β :¼ mα;β for p ¼ p* and the real number

d0α;β :¼ inf
0≠f∈Hk

n
H 0

α;βðfÞ s: t K0
α;βðfÞ < 0

o
:

Claim. m0
α;β ¼ d0α;β.

Since K0
α;β ¼ 0 implies that E0 ¼ H 0

α;β, it follows that m0
α;β ≥ d0α;β. Conversely, take

0≠f∈Hk such that K0
α;βðfÞ < 0. Thus, when 0 < λ→ 0, we get

K0
α;βðλfÞ ¼

1

2
ð2αþ ðN � 2kÞβÞλ2��∇kf

��2 � �αþ Nβ

pc

�
λpckfkpcpc

’ 1

2
ð2αþ ðN � 2kÞβÞλ2��∇kf

��2 > 0:
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So, there exists λ∈ ð0; 1Þ satisfying K0
α;βðλfÞ ¼ 0 and

m0
α;β ≤H 0

α;βðλfÞ ¼ λ2H 0
α;βðfÞ≤H 0

α;βðfÞ:

Thus, m0
α;β ≤ d0α;β.

So m0
α;β ¼ d0α;β. Because of the definitions of K0

α;β and H 0
α;β, it is clear that m0

α;β is

independent of ðα; βÞ and

m :¼ m0
α;β ¼ inf

0≠f∈Hk

�
k

N

��∇kf
��2 s: t

��∇kf
��2 < kfkpcpc

�
:

Taking the scaling λf,

m ¼ inf
0≠f∈Hk

rd

�
k

N
λ2
��∇kf

��2 s: t λ2−pc
��∇kf

��2 < kfkpcpc
�

¼ inf
0≠f∈Hk

rd

8>><>>:
k

N

��∇kf
��2 kfkpcpc

k∇kfk2
! 2

2−pc

9>>=>>;
¼ k

N
inf

0≠f∈Hk
rd

8>><>>:
���∇kf

��
kfkpc

�N
k

9>>=>>;
¼ k

N
ðC*Þ−N

α :

Here, C* denotes the best constant of the Sobolev injection

kfkpc ≤C*
��∇kf

��;
is known [16] to be attained by the following explicit Q∈ _H

k
,

QðxÞ :¼ a

ð1þ jxj2ÞN2−k

which solves the mass less equation

ð−ΔÞkQ ¼ Q*

6. Invariant sets and applications
This section is devoted to establish Theorem 2.5. The proof is based on two auxiliary results.

Lemma 6.1. The sets Ac;þ
α;β and Ac;−

α;β are independent of the couple ðα; βÞ.
Proof. Take ðα; βÞ and ðα0

; β
0 Þ inA. By Theorem 2.4, the union A

c;þ
α;β∪A

c;−
α;β is independent of

ðα; βÞ. So, it is sufficient to prove that Ac;þ
α;β is independent of ðα; βÞ. If EcðvÞ < m and

Kc
α;βðvÞ ¼ 0, then v ¼ 0. So, Ac;þ

α;β is open. The rescaling vλ :¼ eαλvðe−βλ:Þ implies that a

neighborhood of zero is in A
c;þ
α;β . Moreover, this rescaling with λ→ 0 gives that Ac;þ

α;β is

contracted to zero and so it is connected. Now, write
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Ac;þ
α; β ¼ Ac;þ

α; β ∩


Ac;þ

α0 ; β0
;∪Ac;−

α0 ; β0

�
¼


Ac;þ

α; β; ∩Ac;þ
α0 ; β0

�
∪


Ac;þ

α; β;∪Ac;−

α0 ; β0

�
:

Since by the definition, Ac;−
α;β is open and 0∈Ac;þ

α;β ∩Ac;þ
α0 ;β0

, using a connectivity argument, we
have Ac;þ

α;β ¼ Ac;þ
α0 ;β0

. The proof is ended. -

Lemma 6.2. The sets A
c;þ
α;β and A

c;−
α;β are invariant under the flow of (1.1).

Proof. Take ðα; βÞ∈A. Let u0 ∈A
c;þ
α;β and u∈CT*ðHkÞ be the maximal solution of (1.1). The

proof follows with contradiction. Assume that for some time t0 ∈ ð0;T*Þ, uðt0Þ∉Ac;þ
α;β and

uðtÞ∈A
c;þ
α;β for all t ∈ ð0; t0Þ. Since the energy is decreasing and Eðuðt0ÞÞ < m, then, with a

continuity argument, there exists a positive time t1 ∈ ð0; t0Þ such that Kα;βðuðt1ÞÞ ¼ 0. This
contradicts the definition of m and finishes the proof in this case. The proof is similar to
Ac;þ
α;β . -

(1) Proof of the first part of Theorem 2.5. Using the two previous Lemmas via a
translation argument, we can assume that uðtÞ∈Aþ

1;1 for any t ∈ ½0;T*Þ. Taking
account of the definition of m, we get

m > EðuðtÞÞ

> EðuðtÞÞ � 1

2þ n
K1;1ðuðtÞÞ

¼ α
2þ n

��∇kuðtÞ��2 þ p� 1

ð1þ pÞð2þ nÞkuðtÞk
1þp

1þp:

This implies, via decay of the equality

vt
�kuðtÞk2	 ¼ 2K1;0ðuðtÞÞ < 0;

that

sup
½0;T* �

kuðtÞkHk < ∞:

Then, u is global.
Now, we prove an exponential decay. For small ku0k, since supt kuðtÞkHk(1, we get using

Gagliardo–Nirenberg inequality in Lemma 2.12,

K1;0ðuðtÞÞ ¼ kuðtÞk2Hk �
Z
ℝn

juðtÞj1þp
dx

≥ kuðtÞk2 þ kuðtÞk2_Hk � CkuðtÞkpþ1−
nðp−1Þ
2k kuðtÞk

nðp−1Þ
2k

_H
k

≥ kuðtÞk2 þ kuðtÞk2_Hkð1� Cku0kpþ1−
nðp−1Þ
2k kuðtÞk

nðp−1Þ
2k

_H
k Þ

≥ CkuðtÞk2_Hk

≥ CEðuðtÞÞ:
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On the other hand

EðuðtÞÞ ¼ 1

2
kuðtÞk2Hk � 1

1þ p

Z
ℝn

juðtÞj1þp
dx

¼ 1

2
kuðtÞk2Hk � 1

1þ p



kuðtÞk2Hk � K1;0ðuðtÞÞ

�
¼
�
1

2
� 1

1þ p

�
kuðtÞk2Hk þ 1

1þ p
K1;0ðuðtÞÞ

≥Cmax
n
K1;0ðuðtÞÞ; kuðtÞk2Hk

o
:

Moreover, for T > 0, Z T

t

K1;0ðuðsÞÞds ¼ 1

2

�kuðtÞk2 � kuðTÞk2	
≤
1

2
kuðtÞk2

≤C EðuðtÞÞ:
So, Z T

t

EðuðsÞÞds(
Z T

t

K1;0ðuðsÞÞds(EðuðtÞÞ:

Thus, for some positive real number T0 > 0,

yðtÞ :¼
Z ∞

t

EðuðsÞÞds
(EðuðtÞÞ
≤� T0y

0 ðtÞ
This implies that, for t ≥T0,

yðtÞ≤ yðT0Þe1−
t
T0 ≤T0EðuðT0ÞÞe1−

t
T0 :

Taking account of the monotonicity of the energy, for large T > 0,Z T

t

EðuðsÞÞds≥
Z tþT0

t

EðuðsÞÞds≥T0Eðuðt þ T0ÞÞ:

Then,

Eðuðt þ T0ÞÞ≤EðuðT0ÞÞe1−
t
T0 :

Finally,

kuðt þ T0Þk2Hk(Eðuðt þ T0ÞÞ≤EðuðT0ÞÞe1−
t
T0 :

The proof is finished.
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(2) Proof of the second part of Theorem 2.4. Using the two previous Lemmas via a
translation argument, we can assume that uðtÞ∈Ac;−

1; λ for any t ∈ ½0;T*Þ and any
λ > 0. Take the real function

LðtÞ :¼ 1

2

Z t

0

kuðsÞk2ds; t ∈ ½0; T*Þ:

Using Eq. (1.1), a direct computation gives

L
00 ðtÞ ¼

Z
ℝn

_uudx ¼ −kuðtÞk2_Hk � ckuðtÞk2 þ
Z
ℝn

juj1þp
dx:

We discuss two cases.

(a) First case: Ecðu0Þ > 0. For any λ > 0,

H1; λðuÞ ¼ 1

2þ Nλ

�
kλ
��∇ku

��2 þ p� 1

pþ 1

Z
ℝn

jujpþ1
dx

�
> m:

Thus, for any ε > 0,

L
00 ¼ ε

��∇ku
��2 � ð1þ εÞ��∇ku

��2 � ckuðtÞk2 þ
Z
ℝn

��ujpþ1
dx

>
ε
k

��
2

λ
þ n

�
m� 1

λ

p� 1

pþ 1

Z
ℝn

��ujpþ1
dx

�

� 2ð1þ εÞ
�
Ecðu0Þ þ 1

2ð1þ pÞ
Z ��ujpþ1

dx

�

þ 2ð1þ εÞ
Z t

0

k _uðsÞk2dsþ
Z
ℝn

��ujpþ1
dx

>

�
ε
k

�
2

λ
þ n

�
m� 2ð1þ εÞEcðu0Þ

�
þ
�
1� 1þ ε

1þ p
� εðp� 1Þ
kλðpþ 1Þ

�

3

Z
ℝn

��ujpþ1
dxþ 2ð1þ εÞ

Z t

0

k _uðsÞk2ds

:¼ ðIÞ þ ðIIÞ
pþ 1

Z
ℝn

��ujpþ1
dxþ 2ð1þ εÞ

Z t

0

k _uðsÞk2ds:

Taking λ :¼ aε and γ :¼ m−Ecðu0Þ, we get

ðIÞ ¼ 2γð1þ εÞ þm

�
2

ka
� 2þ ε

�
�2þ N

k

��
¼ ε
�
2γ � 2mþ Nm

k

�
þ 2m

�
1

ka
� 1

�
þ 2γ:
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On the other hand,

ðIIÞ ¼ pþ 1� ð1þ εÞ � p� 1

ka

¼ ðp� 1Þ
�
1� 1

ka

�
þ 1� ε:

The choice 1
k
p− 1
p− ε < a < 1

k
, via ε > 0 near to zero implies that the terms ðIÞ and ðIIÞ are non

negative. Thus,

L
00
> 2ð1þ εÞ

Z t

0

ku _uðsÞk2ds:

Thanks to Cauchy–Schwarz inequality, it follows that

LL
00
> ð1þ εÞk _uk2

L2
t ðL2Þkuk

2

L2
t ðL2Þ

> ð1þ εÞku _uk2
L1
t ðL1Þ

> ð1þ εÞL02:

Indeed, if LðtÞ ¼ 0 for some positive time, we get u0 ¼ Eðu0Þ ¼ 0, which is a contradiction.
Thus

ðL−εÞ0 0 ¼ −εL−ε−2
�
L

00
L� ð1þ εÞðL00 Þ2��0:

Taking account of Proposition 2.15, for some finite time T > 0,

lim sup
t→T

Z T

0

kuðsÞk2ds ¼ ∞:

Thus, T* < ∞ and u is not global. This ends the proof.

(b) Second case: Ecðu0Þ≤ 0. Compute

L
00 ¼ −kuk2_Hk � ckuk2 þ

Z
ℝn

��ujpþ1
dx

≥ ð2þ εÞ
�Z

ℝn

jujpþ1

pþ 1
dx� 1

2
kuk2_Hk

c

2
kuk2

�
≥� ð2þ εÞEcðuÞ:

So, thanks to the identity _E
cðuÞ ¼ −k _uk2, we get

L
00
≥ ð2þ εÞ



k _uk2

L2
t ðL2Þ � Ecðu0Þ

�
: (6.10)

Now, the proof goes by contradiction assuming that T* ¼ ∞.

Claim 1. There exists t1 > 0 such that
R t1
0 k _uðsÞk2ds > 0.

Indeed, otherwise uðtÞ ¼ u0 almost everywhere and solves the elliptic stationary equation
ð−ΔÞkuþ cu ¼ ��ujp−1u. Therefore, kuk2_Hk þ Ckuk2 ¼ R

ℝn

��ujpþ1
dx and
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ku0k2_Hk þ cku0k2 � 2

pþ 1

Z
ℝn

��u0jpþ1
dx ¼

�
1� 2

pþ 1

�Z
ℝn

��u0jpþ1
dx ¼ 2Eðu0Þ≤ 0:

Then, u0 ¼ 0 which contradicts the fact that K0;1ðu0Þ < 0.

Claim 2. For any 0 < α < 1, there exists tα > 0 such that

ðL0 � L
0 ð0ÞÞ2 ≥ αL

02; on ðtα;∞Þ:
The claim immediately follows from the first one and (6.10) observing that

lim
t→∞

LðtÞ ¼ lim
t→∞

L
0 ðtÞ ¼ þ∞:

Claim 3. One can choose α ¼ αðεÞ such that

LL
00
≥ ð1þ αÞL02; on ðtα;∞Þ:

Indeed, we have

LL
00
≥

2þ ε
2

kuk2
L2
t ðL2Þk _uk

2

L2
t ðL2Þ

≥
2þ ε
2

ku _uk2
L1
t ðL1Þ

≥
2þ ε
2

ðL0 � L
0 ð0ÞÞ2

≥
ð2þ εÞα

2
L

02;

where we used (6.10) in the first estimate, Cauchy–Schwarz inequality in the second and
Claim 2 in the last one. Now choosing α such that 1 < ð2þεÞα

2
:¼ 1þ ε, we get

LL
00
> ð1þ εÞL02; for large time:

Thanks to Proposition 2.15, this ordinary differential inequality blows up in finite time and
contradicts our assumption that the solution is global. This ends the proof.

7. Strong instability
This section is devoted to prove Theorem 2.5 about strong instability of stationary solutions
to (1.1). Take here and hereafter c ¼ e ¼ 1. Denote the scaling uλ :¼ λ

N
2uðλ:Þ. Let us write an

auxiliary result.

Lemma 7.1. Let u∈Hk such that K1;−2
n
ðuÞ≤ 0. Then, there exists λ0 ≤ 1 such that

(1) K1;−2
n
ðuλoÞ ¼ 0;

(2) λ0 ¼ 1 if and only if K1;−2
n
ðuÞ ¼ 0;

(3) v
vλEðuλÞ > 0 for λ∈ ð0; λ0Þ and v

vλEðuλÞ < 0 for λ∈ ðλ0;∞Þ;
(4) λ→EðuλÞ is concave on ðλ0;∞Þ;
(5) v

vλEðuλÞ ¼ N
2λK1;−2

n
ðuλÞ.
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Proof. With direct computations, we have

K1;−2
n
ðuλÞ ¼ 2kλ2k

N

��∇ku
��2 � �1� 2

1þ p

�
λ
N
2
ðp−1Þ

Z
ℝn

��uj1þp
dx;

vλEðuλÞ ¼ N

2λ
K1;−2

n
ðuλÞ;

which proves ð5Þ. Now

K1;−2
n
ðuλÞ ¼ 2kλ2k

N

24��∇ku
��2 � N

k

�
1

2
� 1

1þ p

�
λ
N
2
ðp−1Þ−2k

Z
ℝn

��uj1þp
dx

35:
Amonotonicity argument via the inequality p < p* closes the proof of ð1Þ; ð2Þand ð3Þ. For ð4Þ,
it is sufficient to compute using ð3Þ. -
Lemma 7.2. Let f be a ground state solution of (2.2), λ > 1 a real number close to one and
uλ ∈Cð½0;T*Þ;HkÞ be the solution to (1.1) with data fλ. Then, for any t ∈ ð0;T*Þ,

EðuλðtÞÞ < EðfÞ and K1;−2
n
ðuλðtÞÞ < 0:

Proof. By Lemma 7.1, we have

EðfλÞ < EðfÞ and K1;−2
n
ðfλÞ < 0:

Moreover, thanks to the decay of energy, it follows that for any t > 0,

EðuλðtÞÞ≤EðfλðtÞÞ < EðfÞ:
Then K1;−2

n
ðuλðtÞÞ≠ 0 because f is a ground state. Finally K1;−2

n
ðuλðtÞÞ< 0 with a continuity

argument. -
Now, we are ready to prove the instability result.
Take uλ ∈CT*ðHkÞ the maximal solution to (1.1) with data fλ, where λ > 1 is close to one

and f is a ground state solution to (2.2). With the previous Lemma, we get

uλðtÞ∈A−

1;−2
n
; for any t ∈ ð0;T*Þ:

Then, using Theorem 2.5, it follows that

lim sup
t→T*

kuλðtÞkkH ¼ ∞:

The proof is finished via the fact that

lim
λ→1

kfλ � fkHk ¼ 0:
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