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Abstract
This paper is concerned with the existence of mild solutions for a class of fractional semilinear integro-
differential equations having non-instantaneous impulses. The result is obtained by using noncompact
semigroup theory and fixed point theorem. The obtained result is illustrated by an example at the end.
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1. Introduction
The objective of this paper is to study the existence of mild solutions to the following abstract
integro-differential equations of fractional order with non-instantaneous impulses and
nonlocal conditions in a Banach space X:

cDquðtÞ þ AuðtÞ ¼ f

0
@t; uðtÞ;

Z t

0

Kðt; sÞuðsÞds
1
A; t ∈∪m

k¼0ðsk; tkþ1�;

uðtÞ ¼ γkðt; uðtÞÞ; t ∈∪m
k¼1ðtk; sk�;

uð0Þ þ gðuÞ ¼ u0; (1.1)
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where cDq is the Caputo fractional derivative of order qð0 < q < 1Þ; A : DðAÞ⊂X →X is
closed linear operator, −A is the infinitesimal generator of an equicontinuous and uniformly
bounded C0 semigroup TðtÞðt ≥ 0Þ on X ; J ¼ ½0; a�; a > 0 is a constant, 0 < t1 < t2 < � � � <
tm < tmþ1 :¼ a; s0 :¼ 0 and sk ∈ ðtk; tkþ1Þ for each k ¼ 1; 2; . . . ;m; f : J 3X 3X →X ;
g : PCðJ ;XÞ→X are given functions satisfying certain assumptions, γk : ðtk; sk�3X →X
are non-instantaneous impulsive functions for all k ¼ 1; 2; . . . ;m and K ∈C ðD;ℝþÞwhere
D :¼ fðt; sÞ : 0 ≤ s < t ≤ ag and u0 ∈X :

In the past decades, many researchers paid attention to study the differential equations
with instantaneous impulses, which have been used to describe abrupt changes such as
shocks, harvesting and natural disasters. Particularly, the theory of instantaneous impulsive
equations have wide applications in control, mechanics, electrical engineering, biological and
medical fields. For more details on the differential equations with instantaneous impulses one
may see [2,4,7,14,15].

It seems that models with instantaneous impulses could not explain the certain dynamics
of evolution process in pharmacotherapy. For example, one considers the hemodynamic
equilibrium of a person, the introduction of the drugs in bloodstream and the consequent
absorption for the body are gradual and continuous process. Hern�andez andO’Regan [12] and
Pierri et al. [18], initially studied Cauchy problems for first order evolution equations with
non-instantaneous impulses. The recent results for evolution equations with non-
instantaneous impulses can be found in [1,8,13,19–21] and the references therein.

The nonlocal problemwasmotivated by physical problems. Indeed it is demonstrated that
the nonlocal problems have better effects in applications than the classical Cauchy problems.
For example it is used to represent mathematical models for evolution of various phenomena
such as nonlocal neutral networks, nonlocal pharmacokinetics, nonlocal pollution and
nonlocal combustion (see [16]). The existence results to evolution equations with nonlocal
conditions in Banach space were first studied by Byszewski [6]. Deng [9] used the nonlocal
condition to describe the diffusion phenomenon of a small amount of gas in a
transparent tube.

To the best of our knowledge, there is no work yet reported on fractional non-
instantaneous impulsive integro-differential equations with nonlocal conditions (1.1) when
the corresponding semigroup TðtÞðt ≥ 0Þ is noncompact. Therefore inspired by the previous
works, wewill study the existence of PC-mild solutions for (1.1) under the assumption that the
corresponding C0 semigroup is noncompact, by using the properties of Kuratowski measure
of noncompactness, and ρ-set contractionmapping fixed point theorem (see Lemma 2.10). We
conclude this section by summarizing the contents of this paper. In the next section, we will
introduce some basic definitions, notations and preliminary lemmas. In Section 3, we will
prove existence of mild solutions for the problem (1.1) also we will give an example to
illustrate the feasibility of our abstract result.

2. Preliminaries
Let X be a Banach space with norm k$k, we use θ to denote the zero function in PCðJ ;XÞ and
J ¼ ½0; a� for any constant a > 0. Let CðJ ;XÞ be a Banach space of all continuous functions
from J into X endowed with supremum norm kukC ¼ supt∈JkuðtÞk. Consider the space
PC ðJ ;XÞ ¼ fu : J →X : u is continuous at t ≠ tk; u ðtk−Þ ¼ u ðtkÞ and u ðtkþÞ exists for all k ¼
1; 2; . . . :mg, which is a Banach space endowed with supremum norm kukPC ¼ supt∈JkuðtÞk.
For each finite constant r > 0, letΩr ¼ fu∈PCðJ ;XÞ : kuðtÞk≤ r; t ∈ Jg. Let LpðJ ;XÞð1≤ p < ∞Þ
be the Banach space of all X-valued Bochner integrable functions defined on J with norm

kukLpðJ ;XÞ ¼ ð R a

0 kuðtÞkpdtÞ
1
p. Denote Gu ðtÞ :¼ R t

0 K ðt; sÞ u ðsÞ ds, and let G* ¼ supt∈J
R t

0 K ðt; sÞ
ds < ∞: Let M ¼ supt∈JkTðtÞkLðXÞ, where LðXÞ stands for the Banach space of all linear
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and bounded operators on X, note that M ≥ 1. A C0-semigroup TðtÞðt ≥ 0Þ is called
equicontinuous if the operator TðtÞ is continuous by the operator norm for every t > 0.

Lemma2.1 ([10]). If hsatisfies a uniformH€older continuity with exponent β∈ ð0; 1�, then the
unique solution of the following linear Cauchy problem:

cDquðtÞ þ AuðtÞ ¼ hðtÞ; t ∈ J ; (2.1)

uð0Þ ¼ x0 ∈X ;

is given by

uðtÞ ¼ UðtÞx0 þ
Z t

0

ðt � sÞq�1
V ðt � sÞ h ðsÞ ds; (2.2)

where

UðtÞ ¼
Z ∞

0

ζqðθÞT ðtqθÞ dθ; V ðtÞ ¼ q

Z ∞

0

θζqðθÞT ðtqθÞ dθ; (2.3)

ζqðθÞ ¼
1

q
θ−1−

1
qρqðθ

−1
q Þ; ρqðθÞ ¼

1

π

X∞
n¼0

ð−1Þn−1θ−qn−1Γðnqþ 1Þ
n!

sinðnπqÞ; θ∈ ð0;∞Þ; (2.4)

ζqðθÞ is a probability density function defined on ð0;∞Þ.
Remark 2.2. ζqðθÞ≥ 0; θ∈ ð0;∞Þ; R∞

0 ζqðθÞdθ ¼ 1;
R∞

0 θζqðθÞdθ ¼ 1
Γð1þqÞ:

Lemma 2.3 ([22]). The operators UðtÞðt ≥ 0Þ and V ðtÞðt ≥ 0Þ have the following properties:
(i) For any fixed t ≥ 0, UðtÞ and VðtÞ are strongly continuous.
(ii) For any fixed t ≥ 0, UðtÞ and V ðtÞ are linear bounded operators, moreover for any

u∈X,

kUðtÞuk≤Mkuk; kV ðtÞuk≤ M

ΓðqÞ kuk:

(iii) If TðtÞðt ≥ 0Þ is an equicontinuous semigroup, then UðtÞ and VðtÞ are continuous for
t > 0 by the operator norm, which means that for 0 < t0 < t00 ≤ a, we have

kUðt00Þ � Uðt0Þk→ 0 and kVðt00Þ � V ðt0Þk→ 0 as t00 → t0:

Definition 2.4 ([13]). A function u∈PCðJ ;XÞ is said to be a mild solution of the problem
(1.1) if uð0Þ ¼ u0 − gðuÞ, uðtÞ ¼ γkðt; uðtÞÞ for all t ∈∪m

k¼1ðtk; sk�, and

uðtÞ ¼

8>>>>><
>>>>>:

UðtÞðu0 � gðuÞÞ þ
Z t

0

ðt � sÞq�1
V ðt � sÞ f ðs; uðsÞ; GuðsÞÞds; t ∈ ð0; t1�;

Uðt � skÞγkðsk; uðskÞÞ þ
Z t

sk

ðt � sÞq�1
Vðt � sÞ f ðs; uðsÞ; GuðsÞÞds;

t ∈ ðsk; tkþ1�; k ¼ 1; 2; : : : ;m:

Now, we recall some properties of measure of noncompactness which are useful to prove our
main result. For the details about measure of noncompactness, one may see [3,11]. Let αð$Þ
denotes the Kuratowski measure of noncompactness of the bounded set.
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Lemma 2.5 ([3]). Let X be a Banach space, and U ⊂CðJ ;XÞ, UðtÞ ¼ fuðtÞ : u∈Ugðt ∈ JÞ.
If U is bounded and equicontinuous in CðJ ;XÞ, then αðUðtÞÞ is continuous on J,
and αðUÞ ¼ maxt∈JαðUðtÞÞ.
Lemma 2.6 ([11]). If X be a Banach space and D ¼ fung∞n¼1 ⊂PCðJ ;XÞ be a bounded and
countable set, then αðDðtÞÞ is Lebesgue integrable on J, and

α

0
@
8<
:

Z t

0

unðsÞds
9=
;

∞

n¼1

1
A≤ 2

Z t

0

αðfunðsÞg∞n¼1Þds:

Lemma 2.7 ([5]). Let X be a Banach space and U is bounded subset of X, then there exists a
countable set D ¼ fung∞n¼1 ⊂U such that αðUÞ≤ 2αðDÞ.
Lemma 2.8 ([3]). Let X and E be Banach spaces and Q : DðQÞ⊂E→X is Lipschitz
continuous with constant L, then αðQðVÞÞ≤LαðV Þ for any bounded subset V ⊂DðQÞ.
Definition 2.9 ([8]). Let X be a Banach space, and S be a nonempty subset of X. A
continuous map Q : S→X is called ρ-set contractive if there exists a constant ρ∈ ½0; 1Þ such
that for every bounded set Ω⊂ S,

αðQðΩÞÞ≤ ραðΩÞ:

Lemma 2.10 ([8]). Let X be a Banach space, Ω⊂X be a closed bounded and convex subset,
and the operator Q : Ω→Ω is ρ-set contractive, then Q has at least one fixed point in Ω:

3. Main result and example
In this section, we will discuss the existence of mild solutions for the system (1.1), then we will
present an example to illustrate our proved result. Let us introduce the required assumptions
which are needed to prove our main result:

(H1) For each t ∈ J, the function f ðt; $; $Þ : X 3X →X is continuous and for all
ðx; yÞ∈X 3X, the function f ð$; x; yÞ : J →X is Lebesgue measurable.

(H2) There exist a continuous nondecreasing function ψ : ½0;∞Þ→ ð0;∞Þ, a constant
q1 ∈ ð0; qÞ, and a function f∈L

1
q1ðJ ;ℝþÞ such that

kf ðt; x; yÞk≤fðtÞψðkxkÞ; ∀x; y∈X ; t ∈ J :

(H3) g : PCðJ ;XÞ→X is continuous and there exists a constant α* > 0 such that

kgðxÞ � gðyÞk≤ α*kx� yk; ∀x; y∈PCðJ ;XÞ:

(H4) γk : ½tk; sk�3X →X are continuous and there exist constants Kγk > 0; k ¼ 1; 2; . . . ;m
such that

kγkðt; xÞ � γkðt; yÞk≤Kγkkx� yk; ∀x; y∈X ; t ∈ ½tk; sk�:

(H5) There exist positive constants Lk and Nk; k ¼ 0; 1; 2; . . . ;m such that for any
countable sets D1;D2 ⊂X,

αðf ðt;D1;D2ÞÞ≤LkαðD1Þ þ NkαðD2Þ; ∀t ∈ ðsk; tkþ1�; k ¼ 0; 1; 2; . . . ;m:
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Let us denote:

K ¼ max
k¼1;2;...;m

Kγk; K* ¼ maxfK; α*g;

L ¼ max
k¼0;1;2;...;m

ðLk þ NkG
*Þðtkþ1 � skÞq: (3.1)

Theorem 3.1. Assume that the semigroup TðtÞðt ≥ 0Þ generated by −A is equicontinuous,
the functions gðθÞ and γkð$; θÞ are bounded for k ¼ 1; 2; . . . ;m, and the assumptions (H1)–
(H5) are satisfied, then the system (1.1) has at least one PC- mild solution provided that

maxfΛ1;Λ2g< 1; (3.2)

where Λ1 ¼ Mðα* þ KÞ and Λ2 ¼ M ðK* þ 4L
Γðqþ1ÞÞ.

Proof. Define the operator F : PCðJ ;XÞ→PCðJ ;XÞ as
ðFuÞðtÞ ¼ ðF1uÞðtÞ þ ðF2uÞðtÞ; (3.3)

where

ðF1uÞðtÞ ¼
8<
:

UðtÞðu0 � gðuÞÞ; t ∈ ½0; t1�;
γkðt; uðtÞÞ; t ∈ ðtk; sk�; k ¼ 1; 2; . . . ;m;
Uðt � skÞγkðsk; uðskÞÞ; t ∈ ðsk; tkþ1�; k ¼ 1; 2; . . . ;m:

(3.4)

ðF2uÞðtÞ ¼

8>><
>>:

Z t

sk

tðt � sÞq−1V ðt � sÞf ðs; uðsÞ;GuðsÞÞds;
t ∈ ðsk; tkþ1�; k ¼ 0; 1; 2; . . . ;m;

0; otherwise

(3.5)

It is easy to see that F is well defined. From Definition 2.4, one can easily see that the PC-mild
solution of the system (1.1) is equivalent to a fixed point of the operator F defined by (3.3).
Now, we will prove that the operator F has a fixed point.

Let u∈ΩR for some R > 0, q2 ¼ q− 1
1− q1

∈ ð−1; 0Þ and M1 ¼ ψðRÞkfk
L

1
q1 ðJ ;RþÞ

, by using

H€older inequality and (H2), we obtain

Z t

0

kðt � sÞq−1f ðs; uðsÞ;GuðsÞÞkds#
�Z t

0

ðt � sÞq2ds
�1−q1

ψðRÞkfk
L

1
q1 ðJ ;RþÞ

#
M1

ð1þ q2Þ1−q1
að1þq2Þð1−q1Þ:

(3.6)

Now, we divide the proof into the following steps:

Step I: We prove that there exists a constant R > 0 such that FðΩRÞ⊂ΩR.

If this is not true, then for each r > 0, there will exist ur ∈Ωr and tr ∈ J such that
kðFurðtrÞÞk > r. If tr ∈ ½0; t1�, then by (3.3), (3.6), and (H3) we have
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kðFurÞðtrÞk≤Mðku0k þ α*kur � θk þ kgðθÞk þ MM1

ΓðqÞð1þ q2Þ1−q1
að1þq2Þð1−q1Þ

≤Mðα*r þ ku0k þ kgðθÞk þ MM1

ΓðqÞð1þ q2Þ1−q1
að1þq2Þð1−q1Þ:

(3.7)

If tr ∈ ðtk; sk�; k ¼ 1; 2; . . . ;m, then by (3.4) and (H4), we obtain

kðFurÞðtrÞk ¼ ðγkðtr; urðtrÞÞÞ
≤KγkkurðtrÞk þ kγkðtr; θÞk
≤Kγkr þ β;

(3.8)

where β ¼ maxk¼1;2;...;mfsupt∈Jkγkðt; θÞkg. If tr ∈ ðsk; tkþ1�; k ¼ 1; 2; . . . ;m; then by (3.3), (3.6),
and (H4) we have

kðFurÞðtrÞk≤ MðKγkr þ βÞ þM

Z tr

sk

ðtr � sÞq−1kf ðs; urðsÞ;GurðsÞÞkds

≤ MðKγkr þ βÞ þ MM1

ΓðqÞð1þ q2Þ1−q1
að1þq2Þð1−q1Þ

(3.9)

Combining (3.7)–(3.9) with the fact r < kðFurÞðtrÞk, we obtain
r < kðFurÞðtrÞk≤Mðα*r þ ku0k þ kgðθÞk þMðKr þ βÞ þ MM1

ΓðqÞð1þ q2Þ1−q1
að1þq2Þð1−q1Þ:

(3.10)

Dividing both sides of (3.10) by r and taking limit as r→∞, we have

1≤Mðα* þ KÞ; (3.11)

which contradicts (3.2).

Step II: We prove that the operator F1 : ΩR →ΩR is Lipschitz continuous.

For t ∈ ½0; t1� and u; v∈ΩR, using (3.4) and (H3) we have

kðF1uÞðtÞ � ðF1vÞðtÞk≤MkgðuÞ � gðvÞk≤Mα*ku� vk: (3.12)

For t ∈ ðtk; sk�; k ¼ 1; 2; . . . ;m and u; v∈ΩR, by (3.4) and the assumption (H4), we obtain

kðF1uÞðtÞ � ðF1vÞðtÞk ≤ KγkkuðtÞ � vðtÞk≤MKku� vk: (3.13)

For t ∈ ðsk; tkþ1�; k ¼ 1; 2; . . . ;m and u; v∈ΩR, using (H4), we have

kðF1uÞðtÞ � ðF1vÞðtÞk≤Mkγkðsk; uðskÞÞ � γkðsk; vðskÞÞk≤MKku� vk: (3.14)

From (3.12)–(3.14), we obtain

kF1u� F1vk≤MK*ku� vk; (3.15)

where K* :¼ mfK; α*g.
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Step III: In this step, we prove that F2 is continuous on ΩR.

Let fung be a sequence in ΩR such that limn→∞un ¼ u in ΩR. By the continuity of nonlinear
term f with respect to second and third variables, for each s∈ J, we have

lim
n→∞

f ðs; unðsÞ;GunðsÞÞ ¼ f ðs; uðsÞ;GuðsÞÞ: (3.16)

So, we can conclude that

sup
t∈J

kf ðs; unðsÞ;GunðsÞÞ � f ðs; uðsÞ;GuðsÞÞk→ 0 as n→∞: (3.17)

For s∈ ½sk; t� and t ∈ ðsk; tkþ1�; k ¼ 0; 1; 2; . . . ;m; by (3.16) and (3.17), we obtain

kðF2unÞðtÞ � ðF2uÞðtÞk

≤
M

ΓðqÞ
Z t

sk

ðt � sÞq−1kf ðs; unðsÞ;GunðsÞÞ � f ðs; uðsÞ;GuðsÞÞkds

≤
Maq

Γðqþ 1Þ supt∈J

kf ðs; unðsÞ;GunðsÞÞ � f ðs; uðsÞ;GuðsÞÞk

(3.18)

→ 0 as n→∞: (3.19)

Hence,
kF2un � F2uk→ 0 as n→∞; (3.20)

which means that F2 is continuous on ΩR.

Step IV: Now, we show F2 : ΩR →ΩR is equicontinuous.

For any u∈ΩR and sk ≤ t0 < t00 ≤ tkþ1 for k ¼ 0; 1; 2; . . . ;m, we have

kðF2uÞðt00Þ � ðF2uÞðt0Þk ¼ k
Z t00

sk

ðt00 � sÞq−1Vðt00 � sÞf ðs; uðsÞ;GuðsÞÞds

�
Z t0

sk

ðt0 � sÞq−1Vðt00 � sÞf ðs; uðsÞ;GuðsÞÞdsk

≤ k
Z t00

t
0

ðt00 � sÞq−1Vðt00 � sÞf ðs; uðsÞ;GuðsÞÞdsk

þ k
Z t0

sk

½ðt00 � sÞq−1 � ðt0 � sÞq−1�Vðt00�sÞf ðs; uðsÞ;GuðsÞÞdsk

þ k
Z t0

sk

ðt0 � sÞq−1½V ðt00�sÞ � V ðt0 � sÞ�f ðs; uðsÞ;GuðsÞÞdsk

¼ I1 þ I2 þ I3;

where,

I1 ¼ k
Z t00

t0
ðt00 � sÞq−1Vðt00 � sÞf ðs; uðsÞ;GuðsÞÞdsk;

I2 ¼ k
Z t0

sk

½ðt00 � sÞq−1 � ðt0 � sÞq−1�V ðt00 � sÞf ðs; uðsÞ;GuðsÞÞdsk;
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I3 ¼ k
Z t0

sk

ðt0 � sÞq−1½Vðt00 � sÞ � V ðt0 � sÞ�f ðs; uðsÞ;GuðsÞÞdsk:

Now, we only need to check that I1; I2 and I3 tend to 0 independently of u∈ΩR when t00 → t0.
By (3.6), we have

I1 ≤
M1M

ΓðqÞð1þ q2Þ1−q1
ðt00 � t0Þð1þq2Þð1−q1Þ

→ 0 as t00 → t0:

For I2; by (H2), Lemma 2.3, H€older inequality, and [22], we get that

I2 ≤
M

ΓðqÞ

0
B@

Z t0

sk

½ðt00 � sÞq�1 � ðt0 � sÞq�1� 1
1�q1ds

1
CA

1−q1

ψðRÞkfk
L

1
q1 ðJ ;ℝÞ

≤
M1M

ΓðqÞ
�Z t0

sk

½ðt0 � sÞq2 � ðt00 � sÞq2 �ds
�1−q1

≤
M1M

ΓðqÞð1þ q2Þ1−q1
½ðt0Þ1þq2 � ðt00Þ1þq2 þ ðt00 � t0Þ1þq2 �1−q1

≤
M1M

ΓðqÞð1þ q2Þ1−q1
ðt00 � t0Þð1þq2Þð1−q1Þ

→ 0 as t00 → t0:

For t
0 ¼ sk; it is easy to see that I3 ¼ 0: For t

0
> sk and e > 0 small enough, by (H2), Lemma

2.3, and the equicontinuity of TðtÞ , we estimate

I3 ≤ k
Z t0−e

sk

ðt0 � sÞq−1½V ðt00 � sÞ � Vðt0 � sÞ�f ðs; uðsÞ;GuðsÞÞdsk

þk
Z t0

t0−e
ðt0 � sÞq−1½V ðt00 � sÞ � V ðt0 � sÞ�f ðs; uðsÞ;GuðsÞÞdsk

≤

Z t0−e

sk

kðt0 � sÞq−1f ðs; uðsÞ;GuðsÞÞkds sup
s∈½sk;t0−e�

kV ðt00 � sÞ � Vðt0 � sÞk

þ 2M

ΓðqÞ
Z t0

t0−e
kðt0 � sÞq−1f ðs; uðsÞ;GuðsÞÞkds

≤
M1

ð1þ q2Þ1−q1
ððt0Þ1þq2 � e1þq2Þ1−q1 sup

s∈½sk;t0−e�
kVðt00 � sÞ � V ðt0 � sÞk

þ 2M1M

ΓðqÞð1þ q2Þ1−q1
eð1þq2Þð1−q1Þ

→ 0 as t00 → t0:

As a result, kðF2uÞðt00Þ− ðF2uÞðt0Þk→ 0 independently of u∈ΩR as t
00
→ t0, whichmeans that

F2 : ΩR →ΩR is equicontinuous.

Step V: We show that F : ΩR →ΩR is a ρ-set contractive map.
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For any bounded set D⊂ΩR, by Lemma 2.7, we know that there exists a countable set
D0 ¼ fung⊂D such that

αðF2ðDÞÞ≤ 2αðF2ðD0ÞÞ: (3.21)

Since F2ðD0Þ⊂F2ðΩRÞ is bounded and equicontinuous, by Lemma 2.5, we get

αðF2ðD0ÞÞ ¼ max
t∈½sk;tkþ1 �;k¼0;1;2;...;m

αðF2ðD0ÞðtÞÞ: (3.22)

For every t ∈ ½sk; tkþ1�; k ¼ 0; 1; 2; . . . ;m, by Lemma 2.6, the assumption (H5) and (3.1), we
have

αðF2ðD0ÞðtÞÞ ¼ α
��Z t

sk

ðt � sÞq−1V ðt � sÞf ðs; unðsÞ;GunðsÞÞds
��

≤
2M

ΓðqÞ
Z t

sk

ðt � sÞq−1αðff ðs; unðsÞ;GunðsÞÞgÞds

≤
2M

ΓðqÞ
Z t

sk

ðt � sÞq−1½LkαðD0ðsÞÞ þ NkαðGD0ðsÞÞ�ds:

(3.23)

Meanwhile, we have

αðGD0ðsÞÞ≤ αðGD0Þ≤ kGkαðD0Þ≤G*αðD0Þ≤G*αðDÞ: (3.24)

Therefore,

αðF2ðD0ÞðtÞÞ≤ 2M

Γðqþ 1Þ ðLk þ NkG
*Þðtkþ1 � skÞqαðDÞ≤ 2ML

Γðqþ 1Þ αðDÞ: (3.25)

From (3.21) and (3.25), we obtain

αðF2ðDÞÞ≤ 4ML

Γðqþ 1Þ αðDÞ: (3.26)

From (3.15) and Lemma 2.8, we know that for any bounded set D⊂ΩR,

αðF1ðDÞÞ≤MK*αðDÞ: (3.27)

Therefore, by (3.26) and (3.27), we obtain

αðFðDÞÞ≤ αðF1ðDÞÞ þ αðF2ðDÞÞ≤M

�
K* þ 4L

Γðqþ 1Þ
�
αðDÞ ¼ Λ2αðDÞ: (3.28)

Now combining (3.28) with (3.2) and Definition 2.9, we get that F : ΩR →ΩR is a ρ-set-
contractive map with ρ ¼ Λ2. Hence Lemma 2.10 implies that F has at least one fixed point
u∈ΩR, which is a PC-mild solution of (1.1). ,

Next, we present an example to illustrate our main result.

Example. Consider the following fractional partial differential system with non-
instantaneous impulses and nonlocal conditions:
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cD
1
2uðt; xÞ þ v2

vx2
uðt; xÞ

¼ 1

25

e−t

1þ et
uðt; xÞ þ

Z t

0

1

50
e−suðs; xÞds; x∈ ð0; 1Þ; t ∈ ð0; 1

3
�∪ð2

3
; 1�;

uðt; 0Þ ¼ uðt; 1Þ ¼ 0; t ∈ ½0; 1�;

uðt; xÞ ¼ e−ðt−
1
3
Þ

4

juðt; xÞj
1þ juðt; xÞj; x∈ ð0; 1Þ; t ∈ ð1

3
;
2

3
�;

uð0; xÞ þ
X2

i¼1

1

3i
uð1

i
; xÞ ¼ u0ðxÞ; x∈ ½0; 1�:

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

(3.29)

Let X ¼ L2½0; 1� and Au ¼ u
00
with DðAÞ ¼ fu∈X : u; u

0
are absolutely continuous and

u
00
∈X ; uð0Þ ¼ uð1Þ ¼ 0g. It is well known by [17], that −A generates an equicontinuous

C0-semigroup TðtÞðt ≥ 0Þ on X, and kTðtÞk≤ 1, for any t ≥ 0. Let a ¼ t2 ¼ 1; t0 ¼ s0 ¼ 0;
t1 ¼ 1

3; s1 ¼ 2
3. By putting

uðtÞ ¼ uðt; $Þ;

f ðt; uðtÞ;GuðtÞÞ ¼ 1

25

e−t

1þ et
uðt; $Þ þ

Z t

0

1

50
e−suðs; $Þds;

GuðtÞ ¼
Z t

0

1

50
e−suðs; $Þds;

γ1ðt; uðtÞÞ ¼
e−ðt−

1
3Þ

4

juðt; $Þj
1þ juðt; $Þj;

gðuÞ ¼
X2

i¼1

1

3i
u

�
1

i
; $

�
;

the parabolic partial differential equation (3.29) can be rewritten into the abstract form of (1.1)
for m ¼ 1: It is easy to verify that the assumptions (H1)–(H5) and condition (3.2) hold with

q ¼ 1

2
;M ¼ 1; fðtÞ ¼ 1

25

e−t

1þ et
þ 1

50
; ψ ; ðrÞ ¼ r;

α� ¼ 4

9
; K ¼ Kγ1 ¼

1

4
; L ¼ 0:02; Λ1 ¼ 0:69 < 1; Λ2 ¼ 0:53 < 1:

Therefore, Theorem 3.1 is applicable, so the system (3.29) has at least one PC-mild solution.
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