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Abstract

This paper is concerned with the existence of mild solutions for a class of fractional semilinear integro-
differential equations having non-instantaneous impulses. The result is obtained by using noncompact
semigroup theory and fixed point theorem. The obtained result is illustrated by an example at the end.
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1. Introduction

The objective of this paper is to study the existence of mild solutions to the following abstract
integro-differential equations of fractional order with non-instantaneous impulses and
nonlocal conditions in a Banach space X:

Diu(t) +Au(t) = f | t,u(t), /tK(t, Su(s)ds |, teUpy(Sk te),
0

ult) = r(t,u(t)), teUL(t, sil,
u(0) +g(u) = uy, 1.1)
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where ‘I¥ is the Caputo fractional derivative of order ¢(0 < ¢ < 1), A:D(A)cX > Xis
closed linear operator, —A is the infinitesimal generator of an equicontinuous and uniformly
bounded C, semigroup 7'(¢)(¢>0)on X,J = [0, a],a > Oisaconstant, 0 < t; < t, < --- <
by <tw:=a, So:=0ands, € (f,tpq)foreachk=1,2,....m, f:JXXXX->X,
g : PC(J],X)— X are given functions satisfying certain assumptions, y, : (£, ] X X = X
are non-instantaneous impulsive functions for allk = 1,2,...,mand K € C (D, R*) where
D:={(t,s):0<s<t<a}landu,eX.

In the past decades, many researchers paid attention to study the differential equations
with instantaneous impulses, which have been used to describe abrupt changes such as
shocks, harvesting and natural disasters. Particularly, the theory of instantaneous impulsive
equations have wide applications in control, mechanics, electrical engineering, biological and
medical fields. For more details on the differential equations with instantaneous impulses one
may see [2,4,7,14,15].

It seems that models with instantaneous impulses could not explain the certain dynamics
of evolution process in pharmacotherapy. For example, one considers the hemodynamic
equilibrium of a person, the introduction of the drugs in bloodstream and the consequent
absorption for the body are gradual and continuous process. Hernandez and O’'Regan [12]and
Pierri et al. [18], initially studied Cauchy problems for first order evolution equations with
non-instantaneous impulses. The recent results for evolution equations with non-
instantaneous impulses can be found in [1,8,13,19-21] and the references therein.

The nonlocal problem was motivated by physical problems. Indeed it is demonstrated that
the nonlocal problems have better effects in applications than the classical Cauchy problems.
For example it is used to represent mathematical models for evolution of various phenomena
such as nonlocal neutral networks, nonlocal pharmacokinetics, nonlocal pollution and
nonlocal combustion (see [16]). The existence results to evolution equations with nonlocal
conditions in Banach space were first studied by Byszewski [6]. Deng [9] used the nonlocal
condition to describe the diffusion phenomenon of a small amount of gas in a
transparent tube.

To the best of our knowledge, there is no work yet reported on fractional non-
instantaneous impulsive integro-differential equations with nonlocal conditions (1.1) when
the corresponding semigroup 7'(¢)(¢ > 0) is noncompact. Therefore inspired by the previous
works, we will study the existence of PC-mild solutions for (1.1) under the assumption that the
corresponding Cy semigroup is noncompact, by using the properties of Kuratowski measure
of noncompactness, and p-set contraction mapping fixed point theorem (see Lemma 2.10). We
conclude this section by summarizing the contents of this paper. In the next section, we will
introduce some basic definitions, notations and preliminary lemmas. In Section 3, we will
prove existence of mild solutions for the problem (1.1) also we will give an example to
illustrate the feasibility of our abstract result.

2. Preliminaries

Let X be a Banach space with norm || - ||, we use 6 to denote the zero function in PC(J, X) and
= [0, @] for any constant @ > 0. Let C(/, X) be a Banach space of all continuous functions

from J into X endowed with supremum norm ||u||c = sup,g;||«(£)|. Consider the space

PC(J,X)={u:] —>X :uis continuous at ¢ #t, u (t—) = u () and u (f, ) exists for all & =

1,2,....m}, which is a Banach space endowed with supremum norm ||u|| pc = sup;g||u(?)]|.

For each finite constant 7 > 0,let @, = {u € PC(J, X) : ||u(?)|| <r,t €]} Let (], X)(1 <p < o)

be the Banach space of all X-valued Bochner integrable functions defined on J with norm

lll oy xy = (Jo Nalt) )|[Pdt)’. Denote Gu(t):= [.K s)ds, and let G* =sup,g [1 K

ds < oo. Let M = supyes | T(8)]| £ (), Where E(X ) stands for the Banach space of all lmear



and bounded operators on X, note that M >1. A Cy-semigroup T'(¢)(¢>0) is called Mild solutions

equicontinuous if the operator 7'(¢) is continuous by the operator norm for every ¢ > 0.

Lemma 2.1 ([10)). If hsatisfies a uniform Holder continuity with exponent f € (0, 1], then the
unique solution of the following linear Cauchy problem:

Diu(t) + Au(t) = h(t), te], @.1)
u(0) =x X,
is given by
t
u(t) = U(t)xo + / (t—s)" V(t—s)h(s)ds, (2.2
0
where
/ £,(6) T (#0)do, V(t)=q / " 0c,(0) T (#0) do, 23
0
1 0 LS g 1) .
C(0) = 07 7p,(67),p4(6) = Z o 1%%(%@),% (0,00), (24)

¢,(0) is a probability density function defined on (0, c0).
Remark 2.2. £,(0)>0, 0€(0,00), [7¢,(0)d0=1, [7700,(0)d0 = ﬁ.
Lemma 2.3 ([22). The operators U(t)(t = 0) and V(t)(t > 0) have the following properties:
(i) For any fixed t >0, U(t) and V (t) are strongly continuous.
(i) For )c}ny fixed t >0, U(t) and V (t) are linear bounded operators, moreover for any
uekX,

[U @l <Mull, [V (O] < ]g)

(i) If T(¢)(t = 0) is an equicontinuous semigroup, then U(t) and V (t) are continuous for
t > 0 by the operator norm, which means that for 0 < ' < t" <a, we have

U —UE)| =0 and ||V(")— V()| =0 as ' —>¢.

[edie

Definition 2.4 ([13]). A function # € PC(J, X) is said to be a mild solution of the problem
(L.1) if %(0) = uo —g(u), u(t) = yp(¢, u(t)) for all t € U}, (¥, s}, and

U(t)(uo — g(u)) +/Ot (t = )"Vt =5) f(s, uls), Gu(s))ds, te (0, hl;

“O=1 Ut - soratse, u(s) + / (= V) S, uls), (o),

tE(Sk, t}H,l], k=12, ...,m.
Now, we recall some properties of measure of noncompactness which are useful to prove our

main result. For the details about measure of noncompactness, one may see [3,11]. Let a(-)
denotes the Kuratowski measure of noncompactness of the bounded set.

for integro-
differential
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Lemma 2.5 ([3)). Let X be a Banach space, and U c C(J, X), U(t
If U is bounded and equicontinuous in C(J,X), then a(U(
and a(U) = max;e;a(U(t)).

Lemma 2.6 ([11). If X be a Banach space and D = {u,},.; C PC(J,X) be a bounded and
countable set, then a(D(t)) is Lebesgue integrable on J, and

a({ / tm(s)ds} ) < i (9} ).

Lemma 2.7 ([5]). Let X be a Banach space and U is bounded subset of X, then there exists a
countable set D = {u,},’ ; C U such that a(U) < 2a(D).

Lemma 2.8 ([3). Let X and E be Banach spaces and @ : D(Q) CE — X is Lipschitz
continuous with constant L, then a(Q(V')) < La(V) for any bounded subset V C D(Q).

Definition 2.9 ([8]). Let X be a Banach space, and S be a nonempty subset of X. A
continuous map @ : S — X is called p-set contractive if there exists a constant p € [0, 1) such
that for every bounded set 2 C S,

3:: {u(t) : ueUY(te))

)) is continuous on J,

Q) <pa($2).

Lemma 2.10 ([8)]). Let X be a Banach space, 2 C X be a closed bounded and convex subset,
and the operator @ : 2 — Q1s p-set contractive, then Q has at least one fixed point in 8.

3. Main result and example

In this section, we will discuss the existence of mild solutions for the system (1.1), then we will
present an example to illustrate our proved result. Let us introduce the required assumptions
which are needed to prove our main result:

(H1) For each te&], the function f(¢,-,-): X XX —X is continuous and for all
(%,y) € X X X, the function f(-,x,y) : ] — X is Lebesgue measurable.

(H2) There exist a continuous nondecreasing function y : [0, 00) — (0, o), a constant
g1 €(0,¢), and a function ¢ € L (J, R*) such that

If (2 <o (lxll), Vr.yeX;ie].
(H3) g:PC(J,X)— X is continuous and there exists a constant a* > 0 such that
lg(x) — g <a’|lx —yll, Vx.yePC(,X).

(H4) v, : [tr,s1]) X X > X are continuous and there exist constants X,

>0, k=1,2,....m
such that

Il74(t:20) = reE N <Ky llx =yl Yo,y eXst €l si).

(H5) There exist positive constants L, and N,k =0,1,2,...,m such that for any
countable sets Dy, Dy C X,

a(f(l‘,Dl,Dg)) SLka(Dl) +Nka(D2), Vie (S;Z7 l‘k+1],k =0,1,2,...,m.



Let us denote: Mild solutions

K= max K, K =max{K '}, for integro-

L2 differential

L= max (L +NG)(tr = )" (3.1) equations

Theorem 3.1. Assume that the semigroup T(t)(t > 0) generated by —A is equicontinuous, 7

the functions g(0) and y,(-,0) are bounded for k =1,2,...,m, and the assumptions (H1)—
(Hb) are satisfied, then the system (1.1) has at least one PC- mild solution provided that

max{A;, A} < 1, (3.2
where Ay = M(a" + K) and Ay = M (K™ + q+1 AL
Proof. Define the operator F': PC(J,X) —» PC(J,X) as
(Fu)(t) = (Fuu)(t) + (Fau)(t), 3.3)

where

U(t)(uo — g(u)), tel0,4];

(Flu)( ) {yk(tau(t))7 l‘E(l‘k,SkL k:1,2,...77’}’l, (34)
U(t - Sk)j/k(Sk, M(S}l)), te (S}” tk+1]7 k= 17 27 ce,m

[ttt =57V = s uts), Gutsas,

k
tE(Sk,tk+1], k=0,1,2,...,1’}’l, (35)

0, otherwise

(Fou)(t) =

It is easy to see that F'is well defined. From Definition 2.4, one can easily see that the PC-mild
solution of the system (1.1) is equivalent to a fixed point of the operator F' defined by (3.3).
Now, we will prove that the operator F has a fixed point.

Let u € Qg for some R > 0, g» = =+ —€(-1,0) and My = y(R )Hd)”w(/uv by using

Holder inequality and (H2), we obtain

[ e~ ylsuuxM@m¢<<AQtsW¢fm wRIdl 4

M,
(14g2) ™"

(3.6)

< () (0-ar),
Now, we divide the proof into the following steps:
Step I: We prove that there exists a constant R > 0 such that F(2z) C Q2p.

If this is not true, then for each 7 > 0, there will exist u, €, and f, €/ such that
|(Fu,(8,))]| > 7. If t, €]0, 1], then by (3.3), (3.6), and (H3) we have
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MM,

L WIS
r(g)1+g)™"

[[(Fur) ()| <M (Jluo]| + @ [|er — O] + [|g(O)]] +

(3.7
* MM, ~
<M(©@'r + ||uo|| + ||g(0)|| + ————————a1+®)0-0),
r(@)(1+4g,)"™
Ift, €t se], k=1,2,...,m, then by (3.4) and (H4), we obtain
| (For) G| = (ra(r, s (8)))
<Ky llu ()N + N7, 0)] 33

<K,r+p,

where f = max;_12__n{SUDie ||7:(¢, 0)| }. Ift, € (Sp, tenn], £ =1,2,...,m,thenby (3.3),(3.6),
and (H4) we have

1(Fuy) (G)|| < M(Kyr + ) +M/r (tr = )" If (5,20, (5), Gty (s)) | s

(39)
MMy (1+4)(1-01)

r(g)(1+g2)""

Combining (3.7)~(3.9) with the fact » < || (Fu,)(¢)||, we obtain

<MK, r+p)+

MMy egean

r < ||(Fup) ()| <M (@7 + lluol| + llg(O)I] + M (Kr + p) +W

(3.10)
Dividing both sides of (3.10) by » and taking limit as » — oo, we have
1<M(a" +K), (3.11)
which contradicts (3.2).
Step II: We prove that the operator Fi : 2 — Qp is Lipschitz continuous.
For t €10, t] and u, v € Qp, using (3.4) and (H3) we have
[ (Fyae) () — (Fy) (1) || < Mg () — g) | <Ma ||u — v 3.12)

For te (ty,sp], k=1,2,... ,mand u,v € Qp, by (3.4) and the assumption (H4), we obtain
[(Fr)(t) = (Fro) (0[] < K, [[u(t) — v(@)]| <MK ||u —v]|. (3.13)

For t € (sp, tp11], k= 1,2,...,mand u,v € Qp, using (H4), we have
(| (Fr2e) (2) — (Fro) (O <M |[ri(se, u(sk)) — 7w, 0(s0)) || < MK ||ue — 0] (3.14)

From (3.12)—(3.14), we obtain
[Py — Fro|| <MK ||u — o], (3.15)

where K™ := m{K,a"}.



Step III: In this step, we prove that F» is continuous on 2.

Let {u,} be a sequence in 2 such that lim,,_, %, = u in £2z. By the continuity of nonlinear

term f with respect to second and third variables, for each s €/, we have
1imf(s, Mn(s)a GMM(S)) = f(S, M(S), GM(S))

So, we can conclude that
Sup“f(sa ”n(s): G”n(s)) 7][(37 M(S), GM(S))” - 0 as 71— oo.
te]

For se sy, t]and t € (s, try1], 2=0,1,2,...,m, by (3.16) and (3.17), we obtain

[[(Fat ) (1) — (Fa) (D)
M

Sm /S: (t — $)I (S, 1 (S), Gun(s)) — £ (s, u(s), Gu(s))||ds

a5, Gen(5)) (5, Guts))|

-0 as n— co.

Hence,

|Fouy — Foul] >0 as n— o,
which means that F5 is continuous on Q5.
Step IV: Now, we show F; : Qp — Qp is equicontinuous.

ForanyueQpand s, <t <t'" <ty fork=0,1,2,... m, we have

[(F) (") — (Fae) (£)]] = | / (" =)V (" = s)f(s,u(s), Gu(s))ds

- /ﬂ - s)q_1 V(" —s)f(s,u(s),Gu(s))ds||
< [ (" =) V(" = 5)f (s,u(s), Gu(s))ds|
+1 /t (¢ =)™ = (¢ = )" V(" =)f (s, u(s), Gu(s))ds]|

+ 1 / (' =)' V(" =) = V(' = 5)f (s, u(s), Gu(s))ds]|
=h+5L+1,

where,

L= / (' — SV — $)f (s,u(s), Guls) s

L= / [(t" =) — (' — )"V (" = $)f(s,u(s), Gu(s))ds]|,

3.16)

3.17)

3.18)

319

(3.20)

Mild solutions
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26{%2 L=]| / (' =) V(" —s) = V(' —9)f(s,u(s), Gu(s))ds|.

Now, we only need to check that I;, I, and /5 tend to 0 independently of # € Qp when " — t'.
By (3.6), we have

MM n_ p\(+a2)(1-q1
- 1-q1 £ t)
r'(g)(1+gz)

For I, by (H2), Lemma 2.3, Holder inequality, and [22], we get that

1-¢1

)50 as '=t.

10

t 1
Lp | [0 =97 =97 | pwie

1
L(JR)

1-q1

s]r”éf ( / s - S)‘“}dS)

MM
_l—l_(h[(t/)l+qz _ (t//)qu + (l‘” _ t/)1+qz]1*¢h
r'g)(1+4¢2)
MM
Sl—l_ql(t” o t/)(1+qz)(1*111) >0 as ' >t.
I'g)(1+q2)

For { = sy, it is easy to see that I3 = 0. For # > s; and € > 0 small enough, by (H2), Lemma
2.3, and the equicontinuity of 7'(¢), we estimate

L<|| / ) (=) V(" —s) = V(E — $)If(s, u(s), Gu(s))ds]|
+ll /ﬂ_ (t' =) V(" —s) = V(' —8)If(s,u(s), Gu(s))ds||

S/ I = s)"F (s,u(s), Gu(s))|ds sup V(' —s) = V(£ ~9)]

Sk SE[sp ' —¢€]

oM 1
+— t =) f(s, u(s), Gu(s))||ds

a7 I =5 o) Guto))

M L+g: T2\ 1 ,
<L () - &) sup [V —s) — V(T - 5)l|
(1 +(Iz)1 n SE[sp ' —¢]

. 2MM

()1 + )"

Asaresult, || (Fou) (") — (Fou)(')|] — Oindependently of « € Qrast” — ¢, which means that
Fy - Qp — Qp is equicontinuous.

e)l-a) 0 as ¢ —t.

Step V: We show that F' : Qp — Qp is a p-set contractive map.



For any bounded set D C 2p, by Lemma 2.7, we know that there exists a countable set
Dy = {u,} c Dsuch that

a(F>(D)) < 2a(F2(Dy)). 321)
Since Fy(Dy) C F(£2g) is bounded and equicontinuous, by Lemma 2.5, we get
a(Fz(Dy)) = max a(Fy(Dy)(1)). (3.22)

telsptp1),k=0,12,....m

For every t € [s, tr1], £ =0,1,2,...,m, by Lemma 2.6, the assumption (H5) and (3.1), we
have

a(Fy(Dy) (1)) = a({ /; (t =)V (t = $)F (s, tn(S), Guy, (s))ds})

% t _ ¢yl
< ra J, (t =) a({f (s, un(s), Gu,(s))})ds 3.23)
5% 5 (t— s)q_1 [Lea(Do(s)) + Nea(GDo(s))]ds.
Meanwhile, we have
a(GDy(s)) <a(GDy) < [|Glla(Dy) < G'a(Dy) <G a(D). (324
Therefore,
2M " p 2ML
a(Fy(Dy) (1)) < m (Lp + NG )ty — sp)'a(D) sma(D). (3.25)
From (3.21) and (3.25), we obtain
4ML
From (3.15) and Lemma 2.8, we know that for any bounded set D C 2,
a(Fy (D)) < MK*a(D). (3.27)
Therefore, by (3.26) and (3.27), we obtain
a(F(D)) <a(F1(D)) + a(F2(D)) <M <K* + %) a(D) = Aza(D). (3.28)

Now combining (3.28) with (3.2) and Definition 2.9, we get that F': Qr — Qp is a p-set-
contractive map with p = Ay. Hence Lemma 2.10 implies that F has at least one fixed point
u € Qp, which is a PC-mild solution of (1.1). O

Next, we present an example to illustrate our main result.

Example. Consider the following fractional partial differential system with non-
instantaneous impulses and nonlocal conditions:
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?6%2 ‘Dhu(t,x) + aa—;u(t, x)
2151+ ” /—e u(s, x)d xe(O,l),te(O,%}u(g,l];
12 u(t,0) = u(t,1) =0, teo,1; 329)
u(t,x) = e—z—@ % xe(0,1),te (%, %};
(0, %) + i;u(ix) = (), xe0,1].

Let X = %[0,1] and Au = u" with D(A) = {u€X : u,u are absolutely continuous and

u' €X,u(0) = u(1) = 0}. It is well known by [17], that —A generates an equicontinuous
Cosemigroup T(#)(t>0)on X, and || T(¢)]| <1, for any t>0. Let a =t = 1,4 = 5o = 0,
t =1 s1 = Z By putting

u(t) = ut, ),

1 et B
f(t,u(t),Gu(t)):%ﬁu(tp)—}-/o o0 uls, ),

the parabolic partial differential equation (3.29) can be rewritten into the abstract form of (1.1)
for m = 1. It is easy to verify that the assumptions (H1)-(H5) and condition (3.2) hold with

1 1 ¢! 1
q_évM_lv ¢(t)_%1+et+%7 W7(7)_77
4
— o K=K, =3 L=002 A=089<1, A,=053<1,

Therefore, Theorem 3.1 is applicable, so the system (3.29) has at least one PC-mild solution.
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