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Abstract
This article addresses the problem of air traffic service (ATS) pricing over a domestic air transportation system
with either private or public ATS providers. In both cases, to take into account feedback effects on the air
transportation market, it is considered that the adopted pricing approaches can be formulated through
optimization problems where an imbedded optimization problem is concerned with the supply of air
transportation (offered seat capacity and tariffs for each connection). Under mild assumptions in both
situations the whole problem can be reformulated as a mathematical program with linear objective function
and quadratic constraints. A numerical application is performed to compare both pricing schemes when
different levels of taxes are applied to air carriers and passengers.
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1. Introduction
During the last decades, many studies in the field of Operations Research have been dedicated
to the air transport sector by considering problems of planning, operation and pricing. In
general, these studies consider the immediate effects of the decisions without taking into
account indirect effects such as feedbacks which can be set up between the various actors of
air transport. This has led to strategies which on the long term revealed to be largely
suboptimal due to the unexpected reaction of other involved economic agents [1,2]. Thus, in
this study a global approach including air traffic control, airports, airlines and passengers is
developed for the pricing of the air navigation services as well as airport services considered
as a whole as Air Traffic Services (ATS). The main ATS charges (en-route, approach and
aerodrome charges) are collected for both air navigation and airport services. These different
charges may also include provisions to reduce nuisances in the vicinity of airports as well as
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other environmental impacts. These charges have been established in general on an empirical
basis to cover broadly ATS costs without taking into consideration the reaction of the
different actors of air transportation (Figure 1).

Here, two new pricing mechanisms are developed according to some fundamental
assumptions:

– the main objective of airlines when defining their air transportation supply is to
maximize their profit over an annual exercise;

– the main objective of a public ATS provider is to promote air transportation measured
in flows of transported passengers while covering their operations costs;

– the main objective of a private ATS provider is to maximize his own profit while taking
into account the profitability of the airline sector.

The revenue of the airlines depends directly of the price of their air tickets rates which
should cover their operating costs which includes beyond fuel, crew andmaintenance costs,
their ATS charges. These ATS charges represent today between 10% and 20% of the
operational costs of airlines. Thus, the pricing of ATS services has a global influence on
ticket prices and affects the levels of demand for air transport (transport of passengers and
freight).

In this study is considered the frequent case of a domestic air traffic area, presenting some
international connections, being under the control of a single ATC provider. In general, air
cargo and business aviation represent small shares of air transportation with activity levels
rather inelastic with respect to the variation of ATC charges, so the focus is here on
commercial flights operated by local airlines to transport passengers through the domestic
network of air routes linking the different airports.

The cases where ATS operators are private or public are analyzed and particularized in
this study. In both cases it seems essential to take into account the profit maximization
behavior of the airlineswhen dimensioning their air transportation service levels (flights with
associated frequencies and capacities) and setting their pricing policy. In order to limit the
complexity of this study, the airlines sectors are considered as a whole without taking into
account competition among them. This leads to the formulation of two-levels nonlinear
optimization problems [3–5] which can be treated using already well established bi-level
programming techniques [6–8].

For many high traffic airspaces, ATS pricing has been considered a potential tool to cope
with saturation [9]. Recently, research studies considering the modulation of air navigation
charges to cope with capacity and peak-loading pricing through a bi-level approach have
been published, [10–12], where short term feedback effects between the ATS pricing and the
airlines demand for ATS services are analyzed. Using a general bi-level pricing scheme [13],
other studies have introduced the network dimension of ATS pricing, [14,15].

Optimization of ATS providers’ fees

 Optimization air 

Airline Transportation Offer 

     (Follower) 

vu πu, fu, φu 

Figure 1.
Two-level Decision-

Making Process.
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In the present study, the adopted long term analysis allows to introduce a third decision
level which takes into account the final users (i.e. the passengers) reaction to ATS charges
through their demand function.

2. Current pricing practice for ATC/ATM
Air navigation services (ATC/ATS service providers) finance in general their activities by
charging airlines using their airspace. OACI publishes periodically updated general guidelines
for pricing, [16]. The air navigation charges represent a significant portion of the cost of a flight
for an airline [17], which has to increase ticket prices to cover them. These charges often
represent between 10% and 20% of the cost of a flight, [18]. The Chicago Convention of 1947
which founded ICAO, has given the basis of the current charging systems for air navigation
services. A detailed formula for the calculation of air traffic charges was not proposed at that
time, but it was recommended to the states to establish a method to calculate the amount of
charges to cover the costs of using specialized manpower and equipment (computers, radars
and communication systems) to ensure the safety of air traffic. Different charges are collected
today for air navigation (route, approach and aerodrome charges) and other airport services.

In the case of Europe, in the context of the Single European Sky operation [19], the central
office for en-route charges (CRCO) of Eurocontrol is in charge of computing and collecting the
charges paid by airspace users and of reassigning them to member countries traffic services.
The following empirical formula has been used to compute the charges Ri received by each
state from a given flight:

Ri ¼ Ti

Di

100
3

ffiffiffiffiffi
M

50

r
(1)

where n is the number of considered states, Ti is the unit rate adopted by state i, Di is
the distance flown in kilometers by that flight in the airspace of the state i, and M is the
maximum take-off weight in tons of the aircraft used in that flight. This unit rate varies in
European countries from 22 (Ireland) to 90 (Belgium) Euros.

In United States, the Federal budget covers all operations and investment costs related
with ATS/ATM since there are today no effective fees or charges for the users of the US
airspace. The airspace and its resources are free for any plane of any size that conforms to the
Federal Administration rules [20]. However, the air tickets comprise a set of taxes relatedwith
this use and which are collected by airlines. The exception is with flights that transit the US
controlled airspace without departing or landing in United States. In that case the overflight
charges consider different rates for the en-route and oceanic components of a flight. Different
rates expressed per 100 nautical miles measured along the great circle distance between the
entry and the exit points in the US-controlled airspace are applied. The charges are calculated
with the formula which does not consider the mass or size of the aircraft:

Rij ¼ rE *DEij=100þ rO *ODij=100 (2)

where Rij is the total fee charged to aircraft flying between entry point i and exit point j,
DEij is the total distance flown through each segment of en-route airspace between entry
point i and exit point j, DOii is the total distance flown through each segment of oceanic
airspace between entry point i and exit point j, rE and rO are the en-route and oceanic
rates, respectively around 60 and 25 US$. The FAA review these rates at least once every
two years and adjust them to reflect the current cost and volume of the services provided.

With the perspective of privatization of air navigation services inUnited States, a systemof
charges should be implemented for all users of the US airspace. Given the monopolistic nature
of air navigation services, its charges should be regulated in order to avoid unfair pricing and
to allow aviation users to pay the cost of the services to the air navigation service provider.
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From the above it appears that the current practice to establish charges for air navigation
services does not take into account important factors related with the offer and the demand
for air transportation:

– the structure of the operated air traffic network as a whole or with respect to each
airline,

– the influence of air navigation charges on ticket fares and the level and structure of
demand.

To take into account these two factors, in this study it is considered that the pricing approach
adopted by public ATS providers can be formulated as an optimization problem through a bi-
level optimization structure.This approach allows the consideration of the interactions between
the different economic agents involved in air transportation. Then, reactive levels for supply by
the airline companies and for demand by users as a result of the variation of ATS charges and
air tickets prices can be taken into account when defining the air navigation charges.

3. Definitions and assumptions
LetU be the set of local connections and letE be the set of international connections. Let πu be
the mean price for a seat on local connection u∈U and let πe be the mean price of a seat on an
international connectione∈E. Then the potential demands for local connections u∈U are
supposed to be given by du ¼ Duðπ; f Þ where fu is the annual flow of aircraft on local

connection u. HereDu is a demand function which is supposed to be of class C∞ from ðRþÞ2jU j

to Rþ where marginal variations of frequency and prices parameters are such that:

for u∈U : vDu=vπu ≤ 0; for v∈U ; v≠ u : vDu=vπv ≥ 0 and jvDu=vπuj >> vDu=vπv (1-a)

for u∈U : vDu=vfu ≥ 0; for v∈U ; v≠ u : vDu=vfv ≤ 0 and vDu=vfu >> jvDu=vfvjÞ (1-b)

The potential demands on international connections e∈E are supposed to be given by

de ¼ Deðπe; feÞwhere De is supposed to be a C∞ function from ðRþÞ2 to Rþ where:

vDe=vπe ≤ 0 and vDe=vfe ≥ 0 (2-a)

It is also supposed that the fields ðDu; u∈UÞ and ðDe; e∈EÞ are invertible with respect to
ðπu; u∈UÞ and ðπe; e∈EÞ. Let fu be the satisfied demand for local connection u∈U and let
fe be the satisfied demand on international connection e∈E, they should meet capacity and
potential demand constraints given in equation (3):

fu ≤ minfKu$fu;Duðπ; f Þg andfe ≤ minfKe$fe; Deðπe; f Þeg (3)

where Ku is the mean seat capacity of flights on local connection u, fe is the annual flow of
aircraft and Ke is the mean seat capacity of flights on international connection e.

Let us define here different parameters to allow the quantification of the annual revenue of
the ATS provider and the airline sector:

– Let vu be the ATS fee applied on a flight operating the local connection u∈U and ve be
the ATS fee applied on flights operating the international connectionse∈E.

– LetCF
ATS be the fixed cost associatedwith ATS in the considered area, σu be the variable

average cost associated with ATS for a local connection u∈U and σe be the variable
average cost associated with ATS for an international connectione∈E.

– Let λU be the tax rate applied to the users of air transport on local connection u∈U and
let αint be the part of this tax transferred to the ATS providers.
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– Let λE be the tax rate applied to the users of international flights along e∈E and αext be
the part of this tax transferred to the ATS providers.

The annual economic return for the ATS operators, RATS, is then given by:

RATS ¼
X
u∈U

ððvu � σuÞfu þ αintλUfuπuÞ þ
X
e∈E

ððve � σeÞfe þ αextλEfeπeÞ � CF
ATS (4)

Let CF
ALS be the fixed cost of the airlines sector operating U and a part of E, let cu be the

average operating cost for a flight along connection u∈U and ce be the average operating
cost for a flight along connectione∈E. Then, the annual economic return for the airlines
sector, RALS, is given by:

RALS ¼
X
u∈U

ðπuð1� λU Þfu � ðcu þ vuÞfuÞ þ μ$
X
e∈E

ðπeð1� λEÞfe � ðce þ veÞfeÞ � CF
ALS (5)

where μ∈ ½0; 1� is the proportion of international traffic operated by local airlines. Given the
total fleet of aircraft, the adopted theoretical fleet capacity for network U, FU, is such as for
any frequency distribution ffu; u∈Ug:X

u∈U

Lufu ≤ FU (6)

where Lu is the block time associated to connection u∈U.

4. ATS pricing through multi-level approach
In this study it is considered that the definition of ATS charges must take into account the
reaction of the airlines sector since these charges constitute a noticeable part of their
operational costs. In the case of a public ATS provider, the final objective when fixing ATS
charges is supposed to be the maximization of the total volume of passenger flows while
considering the maximizing profit behavior of the airline sector and insuring budget
equilibrium for the ATS provider. The main objective of a private ATS provider is in general
to maximize its profit while providing acceptable conditions to the airlines sector to continue
or develop its air transport activity. Here it is supposed that international flights fe ∈E
are fixed by international agreements while πe ∈E are fixed by the international market.
Once the ATS fees ðνu; u∈U ; νe; e∈EÞ have been fixed, the airlines sector is supposed
to fix his air transport supply to solve the following domestic problem with respect to
fðfu; πu; fuÞ; u∈Ug:

max
fu; πu; fu

X
u∈U

ðπufu � ððcu þ νuÞfuÞ (7)

with

0≤fu ≤Ku$fu fu ≤Duðπ; f Þu∈U (8)X
u∈Ui

Lufu ≤FU (9)

and πu ≥ 0; fu ≥ 0 u∈U (10)

Let f*ðνÞ; π*ðνÞ; f *ðνÞ be the solution of the above problem, then this solution will be
profitable for the airline sector if:
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X
u∈U

�
π*
uð1� λUÞf*

u � ðcu þ vuÞf *u Þ þ μ$
X
e∈E

ðπeð1� λEÞfe � ðce þ veÞfeÞ � CF
ALS ≥ 0 (11)

In the case of a public ATS provider, the problem of optimization of the pricing of ATS can be
formulated in the following way:

max
vu;u∈U

X
u∈U

fuðνÞ þ
X
e∈E

fe (12)

with:

RATS

�
f*ðνÞ; f *ðνÞ; v

�
≥Rmin

ATS (13)

RALS

�
π*ðνÞ; f *ðνÞ; f*ðνÞ; ν

�
≥Rmin

ALS (14)

and νu ≥ 0 u∈U (15)

where Rmin
ATS is the minimum acceptable economic return for the ATS operator and Rmin

ALS is the
minimum acceptable economic result for the airlines sector.

In this study, constraints on the economic result of the international airline companies are
not considered. It is also supposed that ATS/ATM costs remain lower than a certain
percentage of the revenue on an international connection:

vefe ≤ ηefeπe with 0 < ηe < 1 e∈E (16)

In the case of a private ATS provider, the problem of optimization of the pricing of ATS can
be formulated in the following way:

max
vu;u∈U

RATS

�
f*ðνÞ; f *ðνÞ; v

�
(17)

with:

RALS

�
π*ðνÞ; f *ðνÞ; f*ðνÞ; ν

�
≥Rmin

ALS (18)

and

νu ≥ 0 u∈U (19)

where Rmin
ALS is the minimum acceptable economic result for the airlines sector. In this case,

ve; e∈E are such as:

vefe ¼ ηefeπe with 0 < ηe < 1 e∈E (20)

In both cases, the ATS pricing problem configure a bi-level optimization problem, where the
leader is the ATS supplier and the follower is the airlines sector. This leads to the two-level
scheme:

5. Air transport supply optimization by the airlines sector
If it is supposed that on each link supply is not chosen superior to potential demand,
conditions (8) can be rewritten as:

fu ¼ Ku$f andKu$fu ≤ Duðπ; f Þ u∈U (21)
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since any overcapacity over a link will be an additional cost for the airlines and then the
effective transported flow along link uwill be equal to the offered capacity on that link. Then
the airlines sector problem (7)–(10) can be rewritten as:

max
πu;fu

X
u∈U

ðπuKu � ðcu þ νuÞÞfu (22)

under constraints (9), (10) and (21).
It appears that for any given feasible frequency distribution, maximizing the profit of the

airlines sector will lead to increase πu on each link. According to properties (1�a) and (1�b) of
the demand functions, this will lead to a diminution of demand which will end when:

Ku$fu ¼ Duðπ; f Þ u∈U (23)

Then, here it is considered that an efficient behavior for airlines will be to provide a supply no
greater than the expected demand while all expected profitable demand should be satisfied.
This leads to the equilibrium conditions:

fu ¼ Ku$fu ¼ Duðπ; f Þ ∀u∈U (24)

Considering the invertibility property of ðDu; u∈UÞwith respect to ðπu; u∈UÞ, from (24), a
bijective mapping F from π ∈RjU j to f ∈RjU j can be defined, so that:

f ¼ FðπÞ andf ¼ K$FðπÞ (25)

where K ¼ diagfK1; � � � ;KjU jg.
Then problem (7)–(10) is replaced by:

max
πu ;u∈U

X
u∈U

ðπu$Ku � ðcu þ νuÞ$ÞFuðπÞ (26)

under X
u∈U

Lu$FuðπÞ≤FU (27)

and

πu ≥ 0 u∈U (28)

In this study we consider particularly the case in which F is an affine function with respect to
π such as:

FðπÞ ¼ f0 �Φ$π (29)

where Φ is a square matrix of dimensions jU j.
Then we get for the airlines sector the following linear quadratic optimization problem:

max
πu;u∈U

πtQ π þ Ptπ þ Rwith St π ≥Tandπ ∈ ðRþÞjU j
(30)

where
Q ¼ KΦ; P ¼ −

�
Φtðcþ νÞ þ Kf0 Þ;

R ¼ ðcþ νÞt f0 ; S ¼ ΦL andT ¼ LtΦπ
(31)
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Problem (30) is a linear quadratic problem which can be numerically solved easily by using
algorithms such as [22,23]. However, adopting some rather credible assumptions, the
solution of this problem can be turned analytic. For instance, taking into account relations
(1�a):

Φuu > 0 ∀u∈U ; Φuv ≤ 0 and jΦuvj << Φuu ∀u; v∈U ; u≠ v (32)

and considering that K is a diagonal matrix, it is expected that matrix Qs given by
Qs ¼ ðQþ QtÞ=2 will be a definite positive symmetric matrix. Here it is also useful to
assume that:

ΦuuLu >
X
v≠u

ΦuvLv ∀u∈U (33)

so that S is a positive vector and that:

FU ≥ Ltf0 (34)

Then S is a positive vector and T is a positive scalar see (27), (29), so that the capacity
constraint vanishes and the solution of problem (30) is given by:

π� ¼ � 1

2
ðQsÞ−1P (35)

or

π� ¼ 1

2
ðQsÞ−1ðΦtðcþ vÞ þ Kf0 Þ (36)

6. Optimal mean ticket rates by the airlines sector
Now assuming that the whole airlines sector adopts as reference price a mean ticket rate per
flown hour p, so ticket rates are defined such as:

πu ¼ Lup u∈U (37)

problem (26)–(28) can be rewritten as a scalar optimization problem:

max
p∈Rþ

gðν; pÞ under hðpÞ≤FU (38)

where:

gðν; pÞ ¼ p$LtK$FðL$pÞ and hðpÞ ¼ Lt$FðL$pÞ (39)

In the case in which F is an affine function, see relation (29), and thatΦ is such as (32) then the
optimization criteria of problem (38) becomes:

max
p∈Rþ

αp2 þ βpþ γ; p≥ δ (40)

with

α ¼ �LtKΦL; β ¼ �ðLtKf0 þ ðcþ νÞtΦLÞ (41)

and
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γ ¼ �ðcþ νÞt:f 0; δ ¼ ðLtf 0 � FU Þ
��

LtΦLÞ (42)

Since α is expected to have a negative value, the general solution of this problem is given by:

p* ¼ max
n
δ;

�β

2α

o
(43)

Or

p* ¼ max

��
Ltf 0 � Fu

�
LtΦL

;

�
LtKf0 þ ðcþ νÞtΦLÞ

2LtKΦL

	
(44)

Then, the ATS fees will have an influence on the transportation fares chosen by the airlines
sector if the maximum of (44) is given by the second term, this can be written:

νtΦL≥ ε (45)

with

ε ¼ Lt



2
LtKΦL

LtΦL
� K

�
f0 � 2

LtKΦL

LtΦL
FU � ctΦL (46)

The optimal ticket rate p* is given in that case by:

p* ¼ p0 þ ρt$ν (47)

with

p0 ¼ Lt

2LtKΦL

�
Kf0 þΦtc

�
and ρ ¼ ðΦLÞt

2LtKΦL
(48)

and the optimal frequencies and expected demand are given by:

f
*ðνÞ ¼ g*0 � Gν$ν andf

*ðνÞ ¼ Kf *ðνÞ (49)

with

g*0 ¼ f0 � p0ΦL andGν ¼ ΦLρt (50)

The optimal frequency and expected demand are such as:

f * ¼


1�ΦLLt

LtΦL

�
f0 þ ΦL

LtΦL
FU andf* ¼ Kf * (51)

7. Pricing of ATS with a public supplier
Here it is supposed that the market conditions for international connections are already
established so that their economic return for the airlines sector and the ATS provider are
already known. According to relations (12)–(15), when considering that condition (45) holds,
the problem of optimization solved by the public ATS provider to choose a level for the ATS
fees such as demand is promoted can be rewritten under the form:
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min
v

KtGν ν (52)

with the constraints:

vt NT vþMT vþ zT ≥ 0 (53)

vtNA vþMA vþ zA ≥ 0 (54)

νu ≥ 0 ∀u∈U (55)

where

NT ¼ �Gν þ αintλUG
t
vK Lρt;

MT ¼ ð1� αminλUρL
tKÞg*

0
þ Gt

vðσ þ αintλUK Lp0Þ
(56)

zT ¼
X
e∈E

ððve � σeÞfe þ αextλEfeπeÞ � CF
ATS � αintλUL

tKg*
0
� σtg*

0
� Rmin

ATS (57)

NA ¼ ð1� ð1� λU ÞρtLtKÞGν;

MA ¼ ð1� λU ÞLtKðg*
0
ρt � p0KGνÞ þ ctGν � g*

0

(58)

zA ¼ ðð1� λU Þp0LtK � ctÞ$g*
0
þ μ$

X
e∈E

ðπeð1� λEÞfe

� ðce þ veÞfeÞ � CF
ALS � Rmin

ALS

(59)

In general, NT is definite negative, whereas NA is definite negative. Solution methods can be
found in [21,22].

Figure 2 illustrates the two-dimensional case (two air links operated in a single sector of air
traffic control) (Figure 3):

The feasible region is represented by the area which is the intersection of the profitability
areas of the airlines sector (ALS) and of the ATS (ATC). Here the demand level lines are
straight lines parallel to Δ, whereas the optimal solution is at point A.

In the case in which the solution of (52)–(55) does not satisfy condition (45), the volume of
demand is fixed and given by (51). Then the optimum problem reduces to finding a feasible
solution to the linear set of constraints with respect to ν given by:

f *t$νþ
 
αintλU

X
u∈U

f*
uπ

*
u � σt$f * þ

X
e∈E

ððve � σeÞfe þ αextλE
X
e∈E

feπeÞ � CF
ATS � Rmin

ATS

!
≥ 0

(60)

f
*t:vþ

 X
u∈U

p*Luð1� λU Þ$f*
u � ct$f * þ μ$

X
e∈E

ðπeð1� λEÞfe

� ðce þ veÞfeÞ � CF
ALS � Rmin

ALS

!
≥ 0

(61)

νtΦL≤ ε (62)

with (55) where p* is given by (44), f * and f*
are given by (51).

Pricing
schemes for air
traffic services

99



Now considering that ATS fees are established on a flown time basis, an ATS rate per flown
hour v can be introduced such as:

νu ¼ Lu vu∈U (63)

which is solution when (45) is satisfied of the scalar optimization problem:

min
v∈Rþ

KtGν Lv (64)

under the constraints:

ðLtNTLÞv2 þ ðMTLÞvþ zT ≥ 0 (65)

ðLtNALÞv2 þ ðMALÞvþ zA ≥ 0 (66)

ðLtΦLÞv≥ ε (67)

If the feasible set associated to constraints (65)–(67) is empty, the ATS supplier can adopt the
solution of the scalar optimization problem:

max
v∈Rþ

f *t$ν (68)

under the constraint

Figure 2.
Solution for public
ATS supplier (bi-
dimensional case).

Figure 3.
Solution for private
ATS supplier (bi-
dimensional case).
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vtΦL≤ ε (69)

with (44) where p* is given by (51), f * and f*
are given by (51).

8. Pricing of ATS with a private supplier
According to relations (17)–(19), considering that condition (35) holds, the problem of
optimization solved by the public ATS provider can be rewritten under the form:

max
v∈ðRþÞjU j

vt NT vþMT vþ zT (70)

under the constraints:

vt NA vþMA vþ zA ≥ 0 (71)

ðLtΦLÞv≥ ε (72)

Here also, solution methods can be found in [21,22].
The feasible region is represented by the area which is the intersection of the profitability

areas of the airlines sector (ALS) and of the ATS (ATC). Here the demand level lines are not
represented, the profit level lines are parameterized by the profit level, whereas the optimal
solution is at point B. If the feasible set associated to constraints (57) and (58) is empty, the
ATS supplier can adopt the solution of the scalar optimization problem (68), (69) with (55)

where p* is given by (44) while f * and f* are given by (51).

Here also, if we are interested in theATS rate per flown hour v, the problem of optimization
solved by the public ATS provider can be rewritten under the scalar form:

max
v∈ðRþÞjU j

ðLt NT LÞv2 þ ðMT LÞvþ zT (73)

under the constraints:

ðLtNA LÞv2 þ ðMA LÞvþ zA ≥ 0 (74)

ðLtΦLÞv≥ ε (75)

9. General solution algorithm
The problem considered in Section 5 with a linear criterion and quadratic constraints can be
considered to be a special case of a non convex linear programwith LMI constraints [23] such
as:

min ctzunderM 1ðzÞ≥ 0 and; M 2ðzÞ≥ 0 (76)

where c∈Rm is given and where:

MjðzÞ ¼ Mj
0 þ

Xm
i¼1

ziM
j
i j ¼ 1; 2 (77)

Mj
i j; i ¼ 0 tom; j ¼ 1; 2 are symmetric matrices.
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Observe also that problem (70)–(72) can be rewritten in this formalism by replacing (70) by:

maxwwith vt NT vþMt
T vþ zT � w≥ 0 (78)

where w is the level of the objective function.
General non convex problem (76) and (77) can be solved through an ellipsoid algorithm

which has been developed in the field of LMI’s [24]. At start it is supposed that an ellipsoid E0

in Rm contains the feasible set and hence the optimal solution. A cutting plane crossing the
center zcð0Þ of this ellipsoid is chosen so that the optimal solution lies in one of the half spaces
of Rm given by:

fz∈Rm : νð0Þtðz� zcð0ÞÞ≤ 0g (79)

where νð0Þ is a non zero vector ofRm. Then an ellipsoidE1 with minimum generalized volume
and containing the half ellipsoid given by:

E0 ∩ fz∈Rm : νð0Þtðz� zcð0ÞÞg (80)

is constructed. The size of this ellipsoid is smaller than the one of the previous ellipsoid and
contains the solution. This process can be repeated until a required accuracy is achieved.

Given an ellipsoid Ek given by:

fz∈Rm : ðz� zcðkÞÞtA−1
k ðz� zcðkÞÞ≤ 1g (81)

where Ak is a symmetric definite positive matrix, the minimum volume ellipsoid Ekþ1

containing the half ellipsoid:

E0 ∩ fz∈Rm : νðkÞtðz� zcðkÞÞ≤ 0g (82)

is given by

fz∈Rm : ðz� zc ðkþ 1ÞÞtA−1
k ðz� zcðkþ 1ÞÞ≤ 1g (83)

where:

zcðkþ 1Þ ¼ zc ðkÞ � 1

mþ 1
Akwk (84)

wk ¼ vk

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
νtk Akvk

q
(85)

and

Akþ1 ¼ m2

m2 � 1



Ak � 2

mþ 1
Akwkw

t
kAk

�
(86)

Then considering at step k a point νk inRm, two cases can be considered:

– either M 1ðy
k
Þ≥ 0 and M 2ðy

k
Þ≤ 0, in that case one takes νk ¼ c and the half space:

fz∈Rm : νtkðz� y
k
Þ > 0g (87)

can be deleted since there ctz ¼ cty
k
and points z cannot be solution of the optimization

problem.
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– orM 1ðy
k
Þ < 0 orM 2ðy

k
Þ > 0, there exists a non zero vector u of Rn such that according

to the case:

utðM 1
0 þ

Xm
i¼1

ziM
1
i Þ < 0 or utðM 2

0 þ
Xm
i¼1

ziM
j
i Þ > 0 (88)

then choosing:

νki ¼ −utMj
i u; i ¼ 1 tom (89)

we have for every z∈Rm such that νtkðz− y
k
Þ≥ 0:

utM 1ðzÞu ¼ utM 1ðy
k
Þu� νtkðz� y

k
Þ < 0 or utM 2ðzÞu ¼ utM 2ðy

k
Þu� νtkðz� yk Þ > 0

(90)

The feasible set will be in the half space:

fz∈Rm : νtkðz� y
k
ð0ÞÞ < 0g (91)

and νk allows to define the cutting plane at point νk. Then the whole process is repeated until
the size of the ellipsoid becomes sufficiently small to insure accuracy of the solution. It can be
shown [5] that convergence is exponential.

10. Numerical application
To illustrate the proposed approach, we consider the case of the air traffic area represented in
Figure 4.

Table 1 provide the adopted values for the main parameters of the considered air traffic
network:

Link u 1 2 3 4 5 6 7

Lu (hours) 2 1 1 2 1 1 2
Ku (seats) 100 100 100 100 100 100 200
cu (Euros) 8000 4000 4000 8000 4000 4000 16000

Figure 4.
The considered air

traffic network.

Table 1.
Adopted values for air
links delays, capacity

and costs.
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Here demand is supposed to depend only on the average price of tickets. Relation (92)
display the average daily demand for each link.

Dð;Þ ¼

2
666666664

100
80
60
100
40
70
120

3
777777775
�

2
666666664

0:010 0:000 0:000 0:000 0:000 0:000 0:0000
0:000 0:010 0:000 0:000 0:000 0:000 0:000
0:000 0:000 0:013 0:000 0:000 0:000 0:000
0:000 0:000 0:000 0:012 0:000 0:000 0:000
0:000 0:000 0:000 0:000 0:0012 0:000 0:000
0:000 0:000 0:000 0:000 0:000 0:010 0:000
0:000 0:000 0:000 0:000 0:000 0:000 0:007

3
777777775

2
666666664

π1

π2

π3

π4

π5

π6

π7

3
777777775

(92)

CF
ATS ¼ 85000; Rmin

ATS ¼ 130000; CF
ALS ¼ 1020000; Rmin

ALS ¼ 1550000

Minimum returns for the ATS and the ALS have been taken equal to 1550 000 Euros and 130
000 Euros respectively while fixed costs for ATS and ALS have been taken equal to 85 000
Euros and 1 020 000 Euros respectively.

Tables 2 and 3 displays the obtained results for different values of σ0 and λ given in %,
unit for the ATS service rate v is Euros per flight hour, units for mean tickets prices πi are
Euros. Decreases of fuel costs and other expenses which are included in CF

ALS andC
F
ATS have

been considered allowing to introduce higher levels for Rmin
ALS andR

min
ATS. With the following

values,CF
ATS ¼ 82000Euros,Rmin

ATS ¼ 132000Euros,CF
ALS ¼ 1000000Euros,Rmin

ALS ¼ 1560000
Euros, the resulting pricings are given in Table 4 and 5.

11. Discussion of the results
In all the considered numerical cases, the adopted solution algorithm (Section 9) produced the
optimal solution in a reduced number of iterations. This has allowed to consider large range of
variations for the average ATS costs (σ) and for airlines tax rate (λ) while sensitivity analysis
with respect to other relevant parameters could be performed. A global view of prices at the
network level is obtained which is of interest for both the ATS and the airlines sector. In the
considered demand structure (relation 92) no competition has been introduced between
destinations but this situation could have been tackled easily by the proposed approach. In

σ0 λ ν π1 π2 π3 π4 π5 π6 π7

20 0.10 108.06 216.12 108.06 108.06 216.12 108.06 108.06 216.12
0.15 105.14 210.28 105.14 105.14 210.28 105.14 105.14 210.28
0.20 102.22 204.44 102.22 102.22 204.44 102.22 102.22 204.44
0.25 99.3 198.6 99.3 99.3 198.6 99.3 99.3 198.6

30 0.10 118 236 118 118 236 118 118 236
0.15 115 230 115 115 230 115 115 230
0.20 112 224 112 112 224 112 112 224
0.25 109 218 109 109 218 109 109 218

40 0.10 128 256 128 128 256 128 128 256
0.15 125 250 125 125 250 125 125 250
0.20 122 244 122 122 244 122 122 244
0.25 119 238 119 119 238 119 119 238

50 0.10 138 276 138 138 276 138 138 276
0.15 135 270 135 135 270 135 135 270
0.20 132 264 132 132 264 132 132 264
0.25 129 258 129 129 258 129 129 258

Table 2.
Pricing results for the
public ATS case.
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σ0 λ ν π1 π2 π3 π4 π5 π6 π7

20 0.10 136.5 273 136.5 136.5 273 136.5 136.5 273
0.15 142 284 142 142 284 142 142 284
0.20 149 298 149 149 298 149 149 298
0.25 155 310 155 155 310 155 155 310

30 0.10 136.5 273 136.5 136.5 273 136.5 136.5 273
0.15 142 284 142 142 284 142 142 284
0.20 149 298 149 149 298 149 149 298
0.25 155 310 155 155 310 155 155 310

40 0.10 136.5 273 136.5 136.5 273 136.5 136.5 273
0.15 142 284 142 142 284 142 142 284
0.20 149 298 149 149 298 149 149 298
0.25 155 310 155 155 310 155 155 310

50 0.10 136.5 273 136.5 136.5 273 136.5 136.5 273
0.15 142 284 142 142 284 142 142 284
0.20 149 298 149 149 298 149 149 298
0.25 155 310 155 155 310 155 155 310

σ0 λ ν π1 π2 π3 π4 π5 π6 π7

20 0.10 107 214 107 107 214 107 107 214
0.15 104 208 104 104 208 104 104 208
0.20 102 204 102 102 204 102 102 204
0.25 99 198 99 99 198 99 99 198

30 0.10 117 234 117 117 234 117 117 234
0.15 114 228 114 114 228 114 114 228
0.20 112 224 112 112 224 112 112 224
0.25 109 218 109 109 218 109 109 218

40 0.10 127 254 127 127 254 127 127 254
0.15 124 248 124 124 248 124 124 248
0.20 122 244 122 122 244 122 122 244
0.25 119 238 119 119 238 119 119 238

50 0.10 137 274 137 137 274 137 137 274
0.15 134 268 134 134 268 134 134 268
0.20 132 264 132 132 264 132 132 264
0.25 129 258 129 129 258 129 129 258

σ0 λ ν π1 π2 π3 π4 π5 π6 π7

20 0.10 121 242 121 121 242 121 121 242
0.15 127 254 127 127 254 127 127 254
0.20 134 268 134 134 268 134 134 268
0.25 140 280 140 140 280 140 140 280

30 0.10 121 242 121 121 242 121 121 242
0.15 127 254 127 127 254 127 127 254
0.20 134 268 134 134 268 134 134 268
0.25 140 280 140 140 280 140 140 280

40 0.10 121 242 121 121 242 121 121 242
0.15 127 254 127 127 254 127 127 254
0.20 134 268 134 134 268 134 134 268
0.25 140 280 140 140 280 140 140 280

50 0.10 121 242 121 121 242 121 121 242
0.15 127 254 127 127 254 127 127 254
0.20 134 268 134 134 268 134 134 268
0.25 140 280 140 140 280 140 140 280

Table 3.
Pricing results for the
private ATS case in

Europe.

Table 4.
Pricing results for the

public ATS case.

Table 5.
Pricing results for the
private ATS case in

Europe.

Pricing
schemes for air
traffic services

105



the considered numerical case developed in this section, public ATS provides in general
better results for travellers (lower ticket fares) than private ATS, airlines results remain
stable (lower fares compensated by higher demand) while ATS results are lower in the public
case. According to tax levels, fares can be modified (þ or �) up to 15% and demand can be
modified (þ or�) up to 10%.However, adopting different values for the parameters aswell as
considering different network structures, could lead to different conclusions.

12. Conclusion
In this article we addressed the complex problem of ATS pricing at network level by
integrating within a new multilevel framework the behavior of the different involved
economic agents. Then, it has been possible to take into account the reactivity of supply by
the airline companies and of demand by users as a result of the variation of ATS charges and
air tickets prices.

The proposed framework allows in particular to tackle the issue of having either a public or a
private ATS provider by introducing differentiated objectives depending of the nature of the
ATS provider and leading to different optimization problems. This has resulted in the
formulation of two different multilevel programming problems with a common lower level
problem associated with the profit maximization behavior of the airline sector. This lower
problemhas been tackled on amultidimensional basis. It has been shown thatwhenmean spatial
rates are considered, it is possible under mild assumptions to solve analytically this problem.

The higher problems associated to the behavior of a private or a public ATS provider,
result in quadratic constrained optimization problemswhich can be easily solved numerically
using a specialized version of the ellipsoid algorithm.

The proposed approach allows for different sets of cost and demand parameters, the
extensive comparison of the optimal solutions in terms of expected aircraft/passengers flows
for the whole network and in terms of economic returns for the ATS provider and the airline
sector.

The complexity of the considered issue has been tackled by designing a multilevel
solution approach which produces, through the successive resolution of reduced numerical
problems, a sound basis for decision by public authorities to pursue efficiency and fairness at
network level for ATS pricing.
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